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The Witten-Reshetikhin-Turaev (WRT) Quantum Invariants

Recall the Witten-Reshetikhin-Turaev Quantum Invariant:
ZU (M, L,)\) e C

erc {23, ...}
e M closed oriented 3-manifold
e I C M embedded link, each component colored by representations A of SU(2)

These invariants Z(") are precise mathematical construction of Witten's SU(2)
quantum Chern-Simons theory (r = k + 2):

ZON (M, LA " =" exp (2mik CS(A)) tr A (Holz, (A)) DA
A€Asy(2)/9sU(2)

where

o Agy(2) space of all connections in a principal SU(2) bundle over M

® Gsu(2) group of gauge transformations in the principal bundle over M
e Holy, (A) holonomy around L w.r.t. A € Agyz)-
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The Witten-Reshetikhin-Turaev (WRT) Quantum Invariants

Recall the Witten-Reshetikhin-Turaev Quantum Invariant:
ZU (M, L,)\) e C

erc {23, ...}
e M closed oriented 3-manifold
e I C M embedded link, each component colored by representations A of SU(2)

These invariants Z(") are precise mathematical construction of Witten's SU(2)
quantum Chern-Simons theory (r = k + 2):

ZU(M, LX) "= exp (2mik CS(A)) tr A (Hol (A)) DA

A€Asy(2)/9sU(2)

where

o Agy(2) space of all connections in a principal SU(2) bundle over M

® Gsu(2) group of gauge transformations in the principal bundle over M
e Holy, (A) holonomy around L w.r.t. A € Agyz)-

e [ ... DA Still no known mathematical definition of Feynman path integrals!
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Quantum Chern-Simons theory
Z(") 2 4+ 1 dimensional Topological Quantum Field Theory:

o 2 dim. part of Z("): Modular functor
. A, finite label set for Z(") with involution TiAr = Ay

Category of closed oriented - .
AQR {surfaces with A,-labeled } — {Category of finite dim }
vector spaces over C

marked points

CZON(E A, ) 2 Z0 (ST, AL)* £ = with reversed orientation.
- ZM) (S, \) & D,ca, ARIONTRTIIDN)| 3¢ glue of blow up of ¥ at two
parked points.
e 3 dim. part of Z("):

X : compact 3—manifold
(L,0L) C (X,0X) : oriented link
A : Ap-labeling of L
ZU(X, L, \) € Z() (80X, 0L, ON)
o Z(") satisfies the Atiyah-Segal-Witten T.Q.F.T. axioms:
ZM(X1, L1, M) 0 2 (X2, La, A2) = Z (X1 U X2, L1 Up La, A1 Ug A2)
2 dim. Modular Functor part determines entire TQFT.
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The three different approaches to the WRT-TQFT (Conjectured by Witten):

Geometric

Modular Quantization

Conformal
Field
Theory

Tsuchiya-Ueno-Yamada
A.-Ueno

The modular Functor

Z(”')

Tensor
Categories

Reshetikhin-Turaev

of Moduli Spaces
of flat connections

Witten, Hitchin, Thaddeus, Jeffrey, ...
Wentworth, Szenes, Ramadas, ... (
A.-Bjerre, A.-Henke, ...

The modular Functor The modular Functor

IR

Z(T)

MTC CFT

—_
— 1R
~

Beauville, Sorger, Pauly, ... Dim. agree
Laszlo (g>2) Iso of MCG rep.
A.-Henke (g=0) Iso of MCG rep.
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Khovanov type
Homologies
Categorifying

R+~
R e~

Link invariants

Categorification

Rest???

Decat.

Geometric
Quantization

of Moduli Spaces
of flat connections

Modular
Tensor
Categories

Conformal
Field
Theory

Witten, Hitchin, Thaddeus, Jeffrey, ...
Wentworth, Szenes, Ramadas, ...
.-Bjerre, A.-Henke, ...

Reshetikhin-Turaev

Tsuchiya-Ueno-Yamada
A.-Ueno

>

The modular Functor The modular Functor ( ) The modular Functor

Z(’I‘) Z(T)

=3 Z(")
MTC \ CFT / I \ MS /
Beauville, Sorger, Pauly, ... Dim. agree

IR

Laszlo (g>2) Iso of MCG rep.
A.-Henke (g=0) Iso of MCG rep.
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Picard-Lefshetz theory, resurgence and TQFT

Resurgence in TQFT: In a number of different publications Witten, Garoufalidis,
Gukov-Marino-Putrov and Gukov-Pei-Putrov-Vafa, Garoufalidis-Gu-Marino-Wheller
have proposed/argued one can in lots of examples apply the theory of Resurgence to
the partition function of SU(2) Chern-Simons theory (r = k + 2)
ZO (= exp (2mikCS(A)) DA
A€Asy(2)/9sU(2)

by thinking of

Asu(2)/9su(2) C AsL(z,c)/9sL(2,0)-
as a real "middle dimensional cycle" and decomposing it into

"middle dimensional Picard-Lefshetz thimbles"

in this path integral setting.
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The Reshetikhin-Turaev formula for the colored Jones polynomial via
Quantum R-matrices

in(-L
Recall r € {2,3,...}. Quantum integers are [I] = Z:Ei; and [I]! = Hizl[l}

Let £=17, U{0}and A, ={AEL|0<2X+1< 1}
For A€ A, let VN be a complex v.s. of dim. 2\ + 1, basis e(/\) indexed by

i

i€ By ={-A\-A+1,... A}

For v, u € L consider the braiding isomorphism

CE(,p): VW @V o v gy, I< l;’

. I
Given by I,U/ w\
C* (v, p) (el(u) ® 65-”)) _ ZC(‘“ u)f;feﬁf‘)@eg’), M 1%

CH v = o3y CTw )iy = o7
[v + w]![p — ]! 1+ ][y — w]!
[w — [ + 2! [ — 5]! [v— gt + g]t v — ]!
o 5 (415 —2(w—1) (i—j) = (w—1) (w—i+1)) e (415 =2(v—=5)(j=1) = (v=3) (v=3+1))
w >, v 27,
Cy: . C_: .
j=>wv 1> w
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The Reshetikhin-Turaev formula for the colored Jones polynomial via
Quantum R-matrices

Let E,C,U_,N_ and K are the set of edges, crossings, cups, caps and kinks of a link
diagram Dy, of a framed link L and define

1
I={j:Ew~— §Z | j(e) € By, Ye€ E, C4,C_ satisfied Vc € C}.
:O(L) is given by

The Jones polynomial of the framed link L colored by A € A

€in,— (¢) €in,+(c)
JO(L) = TA (1)) =

-

e e c e(e J(ein, - (€)):d(€in,+ (c))

out, - (¢) €out, + (¢) Z (H ol >(>\1<c>v’\T(c))j(em,,<c));j(eol,+(c))
JEL \ceC

i
11 o 22 (u) 11 2 j(n)
d m m d- wEU_ nen_

The(k)(2A(k)+1)(A(k)+1)
. Il
\ keK

Quantum Chern-Simons Theory and Resurgence
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The WRT quantum invariant via quantum R-matrices

For A e AT and o(L) = signature of the framed link L, we set

(st o\ @I+
w=( I1 M>, «(L) = emi* o D) (\/fsinm)

Lemo (L)

Theorem (Reshetikhin and Turaev)

ZOMn = «(L) S NI (WD)
xeazo®)

is an invariant of M = M7, the oriented closed three manifold obtained by doing
surgery on the framed link L in S3.

Similarly, if L = Ls U L. and if we choose A\ € A:O(LC) then

ZO(My, Le, ) = +(Ls) D0 IO (L)

HeA"'O(Ls)

where M, is obtained by surgery on L.
From now on we simply write
* = *(L)
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Faddeev's quantum dilogarithm

Recall Faddeev's quantum dilogarithm S., with parameter v given by
ey

1
S z:exp(f/‘ %dga.
") 4 Jayic sinh(my) sinh(yy)y

for |Re(z)| < v+ =, and v € (0,1). )
e For Re(y) > 0, Sy is a meromorphic function and (1 + €**)S,(z 4+ v) = Sy(z —7)
2 w = BQbe,q _ eiwbz
8 2 (—2mibz) = (Wb L)oo ,

(@ 2 i

2
2 i are | iz Im(b%) >0
4,97 )oo w=e b ,g=e b2

)

Introduce the following normalized version of the Faddeev's quantum dilogarithm

5 (5 = = @241

S“/(7r -7)
We are going to set v = 7/r, then the function 5’7 has poles at z = —1,—2,... and
zeros at z = r,r + 1,.... In particular, we observe that
1
Zr =
5, (==)

is 1 in zero and zero on all other integers.

Further we have that )
e%m(m«kl) 5
[m]! = ———=+—5(m)
(2isin(%))™
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Meromorphic extension of the quantum R-matrix

Rt e M(C? x C%)

Sy (y1 + 24) Sy (y2 — 23)
Sy(z4 — 21) Sy (y1 + 21) S~ (y2 — 22)
B%Q+(y1’y2151>22153>z4)
Sy(=(21 + 22 — 23 — 24)?)
Sy (y2 + 23) Sy (y1 — 24)
Sy (23 — 22)Sy (y2 + 22) S, (y1 — 21)
e%@—(ylvymzhzmz?’,@)

Sy(—(21 + 22 — 23 — 24)2)

RY(y1,y2,21,22,23,24) =

R™(y1,y2,21,%22,23,24) =

Here Q+ are explicit quadratic fn's of y1,yo2, 21, 22, 23, 24.

C* (v, Wi = R (v, 4, 5,0, w)
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Definition

Let J(Dy), € M(CC x CE) be given by

J(Dp)r(y,z) =
Teec B Wie) Yr(e) Zeim, — () Zein 4 (€)1 Zeout, — (€)1 Zeont, 4 (<))
HeeE cot(m(ze + ye))

Let I'y be a contour in the complex plan close to the real axis, which encircles
{=A,=A+1,...,A=1,A}
. FDL = HeeEF,\(e) C CE,

Theorem (A. & Mistegaard)

J(L) = / J(DL)r(02) N\ dee
zEl"DL ecE

e I, C Cis a contour in C close to the real axis, which encircles {1,...,7}.

Theorem (A. & Mistegaard)

(2yy+ D)7

sin(
J$(Dy) IT Wcot@wyy) N dyy
vEmo(L) v yemo(L)

= ™ - = =

ZU (M) = */
Y

ef;ro(L)
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Picard-Lefshetz theory, resurgence and TQFT

Resurgence in TQFT: In a number of different publications Witten, Garoufalidis,
Gukov-Marino-Putrov and Gukov-Pei-Putrov-Vafa, Garoufalidis-Gu-Marino-Wheller
have proposed/argued one can in lots of examples apply the theory of Resurgence to
the partition function of SU(2) Chern-Simons theory (r = k + 2)
ZO (= exp (2mikCS(A)) DA
A€Asy(2)/9sU(2)

by thinking of

Asu(2)/9su(2) C AsL(z,c)/9sL(2,0)-
as a real "middle dimensional cycle" and decomposing it into

"middle dimensional Picard-Lefshetz thimbles"

in this path integral setting.
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Finite dimensional model

We have just derived the following finite dimensional model

z( (M) :*/ ) Z(Dp)r(y,2)  \  dyy )\ dze
(y,2)€l70 xI'pp, yEmo(L) eclE
where
sin( Ryy+1)m
T
Z(Dp)r(y,2) = J(DL)r(v,2) ] T(Lr)cot(%ryw)

YEmo (L)
o™ w1y, ccmo®) x P

is a middle dimensional cycle in this finite dimensional affine space.

Recall that
[mo(L)[+1
- = eTri3(rT—2)(7(L) (\/55111(71-))
r T
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Finite dimensional model

We have just derived the following finite dimensional model

ZW(ML):*/ Z(Dp)r(y,2) N\ dyy )\ dze

(yyz)Gf‘IO(L)XFDL

yEmo(L) eclE
where
sin((271’7+1)77
T
Z(Dp)r(y,2) = J(DL)r(v,2) ] T(Lr)cot(%ryw)
YEmo (L) r

o™ w1y, ccmo®) x P

is a middle dimensional cycle in this finite dimensional affine space.

Question: In what sense might
Recall that &

s(r2) 5 lwo(L)]+1 J(DL)r, Z(Dr)r € M(C™0L) xCF)
— i a(L) 2T
= (\/:sm(r )> be an invariant of L and M,

respectively?
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Conjectures about Z(") and resurgence as a Rosetta stone

Main conjectures concerning the WRT-TQFT:

© The asymptotic expansion conjecture: relating Z(") to classical Chern-Simons
theory.

ZON(M) ~roo Y exp(2mirf)r@oby(1 + Zp(r~t)).
0€CSgy(2)

where Zy(r~1) = 0(91)7“_1 + céz)r_Q +...

Here ~,_ oo means

ZOM) = > exp@mird)r®oby(1+ Z5 (r~1)| < CortTtT vre{2,3.. ),
0€CSgy(2)

where Cf, are some constants and

L
d=max{dg}, Zf(r )= Zcée%ﬁ[
=1

Jgrgen Ellegaard Andersen Quantum Chern-Simons Theory and Resurgence



Conjectures about Z(") and resurgence as a Rosetta stone

Main conjectures concerning the WRT-TQFT:

© The asymptotic expansion conjecture: relating Z(") to classical Chern-Simons
theory.

@ The volume conjecture: relating Z(") to hyperbolic geometry.
Kashaev's original volume conjecture (in the MM formulation):

tog((LUNETII]) Loy — g

1
1i — -
e AO) (™) T 2n

A—00 A
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Conjectures about Z(") and resurgence as a Rosetta stone

Main conjectures concerning the WRT-TQFT:

© The asymptotic expansion conjecture: relating Z(") to classical Chern-Simons
theory.

@ The volume conjecture: relating Z(") to hyperbolic geometry.

@ Integrality and categorification of Z("): The GPPV invariant of a 3-mfd. M
(defined as a string theory BPS index) with a spin€ structure a is an essential
integer power series

Zu(M; q) € 27CQA“ZHQ]L

where Ay € Q, ¢ € Z4. Conjecture: There exists a homology theory He o (M;a)
s.t.

Za(M;q) =27°¢% > " (—=1)¢? dim (H; ;(M;a)).
i
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Conjectures about Z(") and resurgence as a Rosetta stone

Main conjectures concerning the WRT-TQFT:

© The asymptotic expansion conjecture: relating Z(") to classical Chern-Simons
theory.

@ The volume conjecture: relating Z(") to hyperbolic geometry.

@ Integrality and categorification of Z("): The GPPV invariant of a 3-mfd. M
(defined as a string theory BPS index) with a spin€ structure a is an essential
integer power series

Za(M; q) € 27CQA“ZH‘1]L

where Ay € Q, ¢ € Z4. Conjecture: There exists a homology theory He o (M;a)
s.t.

Za(M;q) =27°¢% > " (—=1)¢? dim (H; ;(M;a)).
i

The asymptotic expansion of the TQFT Z("), the volume conjecture and
Za(M;q) are connected via resurgence.
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Conjectures about Z(") and resurgence as a Rosetta stone

Main conjectures concerning the WRT-TQFT:

© The asymptotic expansion conjecture: relating Z(") to classical Chern-Simons
theory.

ZON(M) ~roo Y exp(2mirf)r@oby(1 + Zp(r~t)).
0€CSgy(2)

where Zy(r~1) = 0(91)7“_1 + céz)r_Q +...

Here ~,_ oo means

ZOM) = > exp@mird)r®oby(1+ Z5 (r~1)| < CortTtT vre{2,3.. ),
0€CSgy(2)

where Cf, are some constants and

L
d=max{dg}, Zf(r )= Zcée%ﬁ[
=1
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Resummation of divergent power series

o Divergent series: In mathematical physics divergent series are common and many
examples comes from path integrals.
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Resummation of divergent power series

o Divergent series: In mathematical physics divergent series are common and many
examples comes from path integrals.

o Problem: Given a divergent power series
p(z) € 2 Cll=71]).
we want to construct a holomorphic function (D = domain in C such that
oo € D)
peO(D)
having ¢ as an asymptotic expansion, i.e. Ym € N
B(z)=poz l + -+ omz T 4 0(zT" ).

o Borel-Laplace resummation is (sometimes) a solution to this problem.

Jgrgen Ellegaard Andersen Quantum Chern-Simons Theory and Resurgence



The Borel transform B

Definition

The Borel transform
B:z7'Cllz" 1] - C[[¢]]

is the C-linear extension of
¢ ¢

B ST T

Here T" is the Gamma function, which for Re(z) > 0 is defined by

(oo}
T'(z) :/ e~ glg,
0
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The Borel transform B as the inverse of the Laplace transform £

o The Laplace transform L: Let v C C be an oriented countour. Let g be a
holomorphic function. Define

£4(9)(2) = / exp(—z - O)g(¢) dC.

5

when ever this integral converges say absolutely.

Proposition

For all m € N one has
Lg, o Blzzm™ ) =zm1

BoLg, (™) =¢™.
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Borel-Laplace resummation ¢ — L o B(yp)

Let p(z) € 27 1C[[z71]]. Assume B()({) extends to an analytic function of
appropriate bound along v(0) = exp(i6)R4.. Consider

o(z et o 2) = e ¢? .
(=) % L6y 0 B(9)(2) L P OIORE:

Jgrgen Ellegaard Andersen Quantum Chern-Simons Theory and Resurgence



Borel-Laplace resummation ¢ — L o B(yp)

Proposition

Let p(z) € 27 1C[[z71]]. Assume B()({) extends to an analytic function of
appropriate bound along v(0) = exp(i6)R4.. Consider

o(z et o 2) = e ¢? .
(=) % L6y 0 B(9)(2) L P OIORE:

The function $(z) is analytic on Re(zexp(i0)) > 0 and has ¢(z) as Poincaré
asymptotic expansion

B(2) ~|z]m00 #(2) € 27 ICllz 7).
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Picard-Lefshetz theory and resurgence

o Picard-Lefshetz theory and resurgence: Let f € O(X9), let w € Q¢ _ (X ?).
Let A € C*. Let Ay, ¢ = arg())) be a PL-thimble emanating from a critical
point z. of f and consider

Ta, (V) = / exp(~Af(2)) w(2)

Ay

Think of the t-plane as the set of values of f with a discrete set of critical values (here
0,t4,t_) with curves v emanating from them, along which the exponential factor is
decaying.
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lllustration of a Picard-Lefschetz thimble A(ao,7)

Below we illustrate a Picard-Lefshetz thimble A, (o) foliated by vanishing cycles
o(t) € He(f~1(t),Z) which are parallel (w.r.t. the Gauss-Manin connection) along a
curve v C Im(f)

a(v())

vﬁt)

Figure: Thimble A, (o) ind = 2.
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Picard-Lefshetz theory and resurgence

Picard-Lefshetz theory and resurgence: Let f € O(X?), let w € QF (X9), let A, be
a PL-thimble emanating from a critical point z. and consider

Ta, (V) = / exp(~Af(2)) w(2).
ALP

Let iA«p € £71C[[¢71]] be such that we have the asymptotic expansion

Ta,(A) ~ exp(=Af(za, ))A™2% (14+1a, (A7)

The aim of Ecalle’s theory of resurgence is to decode the information contained in the
divergent series ~
Ia, €€71CIE™)

and determine the properties of the Borel resummation of them as analystic
multi-value functions and in turn to recover from them the actual integrals Ia, (A).
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Picard-Lefshetz theory and resurgence

In particular, when we turn the argument ¢ of the expansion parameter A around,
then the «'s emanating from some critical z. point will hit some other critical point
z¢, say at o and at this point the corresponding Ia, jumps to

— ’
IAwo+e - IA«pU—e +n(ZC7 Zc) IAZPO )

hence we see that

. S o8
IA/% resurges with a multiplicity factor n(zc, z..) in IA%.

Ecalle has developed his Alien calculus precisely to determine these jumping or wall
crossing phenomenon directly from the divergent series 5.

There are new reformulations of parts of Ecalle’s Alien calculus, such as
e Analytic Wall Crossing Structure by Kontsevich-Soibelman
e Ongoing work of A. and Kontsevich on Cycle Systems and Analytic Realizations.
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Picard-Lefshetz theory, resurgence and TQFT

Resurgence in TQFT: In a number of different publications Witten, Garoufalidis,
Gukov-Marino-Putrov and Gukov-Pei-Putrov-Vafa, Garoufalidis-Gu-Marino-Wheller
have proposed/argued one can in lots of examples apply the theory of Resurgence to
the partition function of SU(2) Chern-Simons theory (r = k + 2)
ZO (= exp (2mikCS(A)) DA
A€Asy(2)/9sU(2)

by thinking of

Asu(2)/9su(2) C AsL(z,c)/9sL(2,0)-
as a real "middle dimensional cycle" and decomposing it into

"middle dimensional Picard-Lefshetz thimbles"

in this path integral setting.
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Finite dimensional model

We have just derived the following finite dimensional model

200m) =+ [

= L
(v, ) el xrp

Z(DL)(y7 Z) /\ dyv /\ dze

yE®™o (L) ecE
where
sin( (2yy+1)m
Z(Dp)(y,2) = J(Dr)(y,2)  [] Wmt(?”yv)
T

yEmo (L)
pro(E) o I'p, C cmoL) x cE

is a middle dimensional cycle in this finite dimensional affine space.

Recall that
[mo(L)[+1
* = e7ri3(rT 2)U(L) <\/551n(7r)>
r T
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Conjectures about Z(") and resurgence as a Rosetta stone

Main conjectures concerning the WRT-TQFT:

© The asymptotic expansion conjecture: relating Z(") to classical Chern-Simons
theory.

ZON(M) ~roo Y exp(2mirf)r@oby(1 + Zp(r~t)).
0€CSgy(2)

where Zy(r~1) = 0(91)7“_1 + céz)r_Q +...

Here ~,_ oo means

ZOM) = > exp@mird)r®oby(1+ Z5 (r~1)| < CortTtT vre{2,3.. ),
0€CSgy(2)

where Cf, are some constants and

L
d=max{dg}, Zf(r )= Zcée%ﬁ[
=1
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The Resurgence conjecture as a Rosetta stone

The Resurgence Conjecture:
(Garoufalidis; Gukov, Marino, Putrov; Gukov, Pei, Putrov, Vafa; A. & Mistegaard)

o

2]

Borel Resummability: The series Zy are Borel resummable, B(Zy) endless
continuable.

Generalised Volume Conjecture: The set of poles (0) of the meromorphic
functions B(Zy) satisfies that

—2m1 CSc (M) = Up (2(0) — 27i0) mod Z.

Wall Crossing: The meromorphic functions B(Zy) satisfies and are in part

determined by a Wall crossing structure.

The Z-Conjecture: The Z, GPPV invariants can be obtained from the functions

B(Zy) by a finite Laplace type transform.

AK-TQFT: 6. = CS of conjugate representation: £ o B(Zp,) = ZAK
The Radial Limit Conjecture: The WRT invariant Z(") can be (re)-obtained from
Zo as a limit Z(") = % lim_, 2xi/r Zo(q)-

Here ZAX = Andersen-Kashaev TQFT.
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Topological invariance and the definition of ZG(Y; q)

Definition (Gukov,Pei,Putrov,Vafa)

Let I" be a plumbing graph. Then there is an explicit definition of
Aa €Q, c€Zy, Za(Tsq) € 27°¢*Z[[q]],

for each spin¢-structure a on Yr.

Theorem (Gukov, Manolescu)

IfYpr = Y[ (eg. T and I are related by Neumann moves) then

Za(T; q) = Za(T'; q).
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The AK-TQFT

Theorem (Andersen & Kashaev)

For any hyperbolic knot K the AK-TQFT is determined by a Jones function
Jr,n € S(R)

parametrised by h € R, which is topological invariant of the knot.

.

Conjecture (AK-Volume conjecture)

The hyperbolic volume of S° — K is recovered as the following limit

lim 27hlog |Jx 1 (0)| = —vol(S3 — K).
h—0

.

Examples: (®p(2) = S, 2 (—27mibz) and h= (b +b~1)72)

Pu(Z —Y) omic(2y—a)
J. T :/ —— LMY TE) dy
41.0(®) R—ic Pb(y)

7 ( ) —in/3 eim(z—z)(z+) d

z)=¢e z.
" /Rf By (= +2) @2 — 2)Pb(2)
Theorem (Andersen & Kashaev)

The AK-Volume Conjecture holds for these two knots.

Jgrgen Ellegaard Andersen Quantum Chern-Simons Theory and Resurgence



The AK-TQFT

Let 2 = e27‘rbzv q= e27rib2v q’ — 672‘1rib_2 and 2 = eQﬂb_lz
Introduce
9(z,q9) = h(z,9) " H" (2,q)
G(z,q) = h(z,9)H (2,9)
where
heq) = @ Doo(=2¢"2 )3 (=27 14" %, 9)%,
’ (24, @)oo
X (—1)mgm(m+1)/2,2m+1
PACOED PR :
o) (@, Dm(2¢; )m
> m m(m+1)/2 m-+1
Z (q,q)m z71q, q)m(1 — 2)
2§12 — 15418
q12§ L. q q
Jay n(®) = ————9(2,9)G(2,q) — G(z,9)9(%,9)
27b b~
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Results: (Joint with William Elbaek Mistegaard)
Resurgence Analysis of WRT-Invariants of SF-manifolds

For a Seifert homology sphere M = X(p1, ..., pn) we prove:
@ A decomposition and idenfitication
mo(M(SL(2,R)) UM(SU(2))) = mo(M(SL(2,C))) = CSc(X).

@ Zo(q) is a resummation of the Ohtsuki series Zg

. 1

Zo(a) = —=LoB(Zo)(1/7), (g = exp2mit).
VT
@ A full asymptotic expansion of Z(g) for 7 near 1/(r — 2) implying
ZOM) = = lim  Zo(e).

m
\/Eq_>627}1,/(7‘—2)
@ An identification of the poles Q of the Borel transform B(Zo)
—2mi CSE(X) + 2miZ = Q.

Our work builds on work of Lawrence and Rozansky on Z(") (X) and is inspired by
work of Gukov, Marino and Putrov.
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Hyperbolic surgeries on the figure 8 knot

We now present in more detail the analysis leading to the above results for the
hyperbolic 3-manifolds
M(41(a/b)) = My,

with surgery link giving by the figure eight knot with surgery data a/b.

Figure: Figure eight knot 4,
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Contour integral formula for the WRT-Invariant

Choose ¢,d € Z with ad — ¢b = 1. Define

2 MJri 2_mng_ )
Xn’r(x,y) — din <%(x7nd))e 71'7,7‘( b 1T p T—TY

% Sy (=7 +27(z —y))
Sy (=7 4 27 (z +y))

cot(mrz) tan(nry).

and let

Qay) = D> Xnr(,y)

n€Z/|b|zZ
Joint with Hansen we proved

27

20y py) = erreEes [ Q2%(a,y) dyda
C1(r)xCa(r)

where c1,c2 € C* and C1(r) is a simple closed contour which encircles the set
{m/r:m=1,2,...,r — 1}, and C2(r) is a simple closed contour encircling
{(m+1/2)/r:m=0,1,...,r — 1}.
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Semi-classical expansion of the quantum dilog

The semiclassical asymptotics of S, is given by Euler’s dilogarithm: For Re(z) < m we
have

r : iz
Sy (z) = exp (2—7” Lig (—e*®) + Iy(z)) ,
IL,(2)] = 0(x)
This leads us to the following phase functions indexed by a, 8 € {0,1} and n € Z/|b|Z

_ Li2(e27ri(z+y)) _ Li2(627”.(z7y))

3% 2,) po
d 2
- % +(f%x+%+y+a+5)z+y(afﬂ).
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Identification of classical complex Chern-Simons values

Theorem (A. & Hansen)

There exists a surjection
(z,y) = [pz.y]

from the set of critical points (z,y) of the phase functions %P with ¢ 7 onto
M* (M, y,SL(2,C)). Moreover, we have that

%8 (z,y) = Scs([pe,y])) mod Z.

In the variables
v = e71'7,17 w = e27'r7,y

the critical point equations are

—p2\?
T (lwig) . (1= 2%w)(w —v?) = v?w.
—v2w

There are finitely many solutions {(vg,wg)}, & € CSc(Mayp).
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A resurgence Theorem

Based on generalizations of resurgence results for Laplace integrals due to Malgrange
and Pham we prove

Theorem (A. & Mistegaard)

There exists power series
{Zo(z)}occs C Cllz7])

giving a full asymptotic expansion

20N (Mapp) ~rsoor Y, €270 Zg(r).
0€CS

Each Borel transform B(Zg) is resurgent with singularities ©2(0) s.t

|J (Q(6) — 27i6) = —2mi CS¢ +2miZZ.

Let FZ be the Lefschetz thimble at (vg,wg), then

/ 92,” ) dydzx
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Yoon's generalization of the Cho-Murakami potential

W4 (my, ma, wi, wr, Wy, Wa)
— T 2mi(w; —wg—my) : 2mi(wr—wg—my)
Liz(e ) + Lia(e ) . W
_ Li2(€2‘rri(wu7w,.fm7.)) _ Li2(62ﬂi(wu*wl*ml)) T wl/w’r‘
_ 6 wq
4 Li2(62wz(wd7wl+wu7w,.)) + 47‘(2(’!1)[ —wy — mr)(wr —wy — ml)7

and

W_ (my, mp, wi, wr, Wu, Wq)
= Liy (627ri(wu7wr+mr)) + Li2(627ri(wu7wl+ml))

— Lig(e2mwi=watmr)y _ Lj, (27 (wr—watmi)y 4 T
6

— Lig(e2™wa—witwu=wr)y 4 4n2 () — wy + my ) (wr — wg + my).
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Yoon's generalization of the Cho-Murakami potential

e Let Dy be a link diagram, C' the set of crossings and F' the set of complementary
regions of L.
e For each crossing ¢ consider

7o : CT0L) x CF 5 2 x 4.

We define the pre-potential function W € @((C”O(L> x CF) by

W = Z WE(C) O Te.
ceC

The Yoon-Cho-Murakami potential function of the link L is

~ 2%
Wy, w) =Wy,w) = > o= (gwwy = > == (y,w)ye.
jer OWf temo(L)

Jgrgen Ellegaard Andersen Quantum Chern-Simons Theory and Resurgence



Yoon's generalization of the Cho-Murakami potential

Define
oW
8 = {ww) eC™W x| = € 4r’L,Vf € F;
Owy
oW
—— €477, y, ¢ 7,0 € mo(L)}.
Oye
and

M’ = {p € hom(m1 (M), PSL(2,C)) | p(pe) # %Id, £ € 7o (L)}/PSL(2,C).

Theorem (Yoon)

There is a surjective holomorphic map p : 8’ — M’, and we have

—iScscop = W mod 7.
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Finite dimensional model

We have just derived the following finite dimensional model

200m) =+ [

= L
(v, ) el xrp

Z(DL)(y7 Z) /\ dyv /\ dze

yE®™o (L) ecE
where
sin( (2yy+1)m
Z(Dp)(y,2) = J(Dr)(y,2)  [] Wmt(?”yv)
T

yEmo (L)
pro(E) o I'p, C cmoL) x cE

is a middle dimensional cycle in this finite dimensional affine space.

Recall that
[mo(L)[+1
* = e7ri3(rT 2)U(L) <\/551n(7r)>
r T

Jgrgen Ellegaard Andersen Quantum Chern-Simons Theory and Resurgence



If we now apply the semiclassical asymptotics of S, :
For Re(z) < m we have (v = T)

r

Sy (z) = exp (27ri

Lis (—eiz) + O('y))

Theorem (A. & Mistegaard)

For Dy, there is a map
¥ : o) x CF — ¢cmo) x cF

such that when one applies the above semiclassical approximation to all S in J(Dry,)
one obtains the Yoon-Cho-Murakami potential function W as the phase function, e.g.

J(Dp)(¥(y, w)) = eFr W(H:w)+O()

for all (y,w) € =[x 1p ).

The map W is the identity on the first factor and on the second factor it is given by

e
f—(e)
Ze =W _(e) TWii(e)r VEEE L
+ (e
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Analytic conjecture

There exist finitely many
e "abelian" contours Ty, and coefficients ng € Z, a € CS,5(M)

and
o Lefschetz thimbles Ty and coefficients ng € Z, 6 € CSpon-ap(M)
such that
zZO(M) = > na/ Z(Dp)(y,2) N\ dyy )\ dze
aeCSpM) YT vemo(L)  e€E
f Y e 200w A du N du
0ECS pon.ap(M) 10 vemo(L)  e€E
J

(Work in progress on this conjecture joint with Maxim Kontsevich)
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Resurgence for the WRT quantum invariants
ASSUMING CONJECTURE 1

Theorem (A. & Kontsevich)
IF CONJECTURE 1 IS TRUE FOR SOME LINK L THEN:

© There exists power series

{Zg(®)}ocos C Cllz™]]

giving a full asymptotic expansion

Tr(ML) ~r—yoo T4 Z e2™0 74 (r).
0e€CS

@ Each Borel transform B(Zg) is resurgent with singularities Q2(0) s.t.

| (Q(6) — 27i6) = —2mi CSc (M) + 2miZ.
6
© We have that
LoBza) = [ 200w \dze N du

0 e€EE Lemg(L)
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The Resurgence conjecture as a Rosetta stone

The Resurgence Conjecture:
(Garoufalidis; Gukov, Marino, Putrov; Gukov, Pei, Putrov, Vafa; A. & Mistegaard)

o

2]

Borel Resummability: The series Zy are Borel resummable, B(Zy) endless
continuable.

Generalised Volume Conjecture: The set of poles (0) of the meromorphic
functions B(Zy) satisfies that

—2m1 CSc (M) = Up (2(0) — 27i0) mod Z.

Wall Crossing: The meromorphic functions B(Zy) satisfies and are in part

determined by a Wall crossing structure.

The Z-Conjecture: The Z, GPPV invariants can be obtained from the functions

B(Zy) by a finite Laplace type transform.

AK-TQFT: 6. = CS of conjugate representation: £ o B(Zp,) = ZAK
The Radial Limit Conjecture: The WRT invariant Z(") can be (re)-obtained from
Zo as a limit Z(") = % lim_, 2xi/r Zo(q)-

Here ZAX = Andersen-Kashaev TQFT.
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A Seifert fibered homology 3-sphere X = X(p1, ..., n)

Let p1,...,pn € N,n > 3 be pairwise coprime and consider the Seifert fibered
homology 3-sphere with n > 3 exceptional fibers

X =3(p1,--yDn)-

p1/q
P2/ bl Pn/n

Figure: Surgery link for X.
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Complex Chern-Simons theory on X

For z € Q let [z] =z mod Z. Set P = py -+ - py,. We prove
Theorem (A. & Mistegaard)
The Chern-Simons action is injective on mo(M(SL(2,C))) and

CS3(X) =

2
{|: 47; ] : m € Z is divisible by at most n — 3 of the p; 's}.

The natural inclusion M(SL(2,R)) U M(SU(2)) — M(SL(2,C)) induces an
isomorphism on the level of g

mo(M(SL(2, R)) Unt(ury) M(SU(2))) = mo(M(SL(2, C))).
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The Borel transform and complex Chern-Simons theory

Introduce the rational function

P _ P
n P Py
Hj:1 (Z 7=z ])

G = — s D" 3 o™ € 2]
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The Borel transform and complex Chern-Simons theory

Introduce the rational function

P _ P
n P _ Pj
Hj:l (Z J z ])

(2P — z=P)"=2

G(z) = =(=1)" D xm2™ € Z[[2]].

Theorem (A. & Mistegaard)

@ The Borel transform B(Zo) is the function

4/27iP ( (c\/Z ))

———G |exp | — .
min/C P

@ Let Q be the set of poles of B(Zo). Then

B(Z0)(¢) =

7
—Q = CSE (X Z.
o c(X) +
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The resurgence formula Zy = £ o B(Zo)

Theorem (A. & Mistegaard)

Set q = exp(2mit), T € H. We have

Zo(g) = % [ e (—E) BZo)(©) dE= S xma .

m=1

Km

Figure: The integration contour I.
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The asymptotic expansion of Zo

For small t > 0 set q,; = exp (%) €bh.
12Dt

Theorem (A. & Mistegaard)

For each 6 € CS(X) 3 a polynomial in k of degree at most n — 3 with coefficients in
formal power series without constant terms

Zo(k,t) € t - Q[s, k][[t]]

giving an asymptotic expansion for small t and fixed even k

Zo(X; g 1) o 20X+ D T RIZg(k ).
0ECSE(X)

In particular the radial limit conjecture holds for X.
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A resurgence formula for Z(")

Our proof of the asymptotic expansion is based on the following resurgence lemma
where Q is the set of poles of B(Zg)

Lemma (A. & Mistegaard)

Zo(q) = Lr, o B(Zo) (%) + Z Resy—.w (e =Y/ TB(Zo)(y)).
we

As a corollary of this and the radial limit theorem, we obtain the following resurgence
formula for the WRT quantum invariant

Corollary (A. & Mistegaard)

2" = Ly, oB(Zo)(k) + > Resy=u(e "B(Zo)(y)).
weN
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