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Main themes
• Intro: adiabatic gauge potential. Counter-diabatic (CD) and 

Fast-Forward (FF) driving in classical and quantum systems.

• (Quantum) Curling. Floquet realization 
of CD/FF driving. Adiabatic/isothermal 
state preparation. Experiments

• (Quantum) dressing. Variational 
Schrieffer-Wolff transformation. Effective 
Hamiltonians. Numerical Simulations

• Highly directional adiabatic landscapes.

• Efficient heat engines.



Moving frame transformations in classical systems. 

Galilean transformation. Particle in a moving potential

F

Solving the problem in the Lab frame is difficult 
– time dependent potential, moving boundary 
conditions, …

Can go instead to the moving frame, define a new coordinate

⇠(t) = x(t)�X0(t)
<latexit sha1_base64="jwMY2kRmsJgO45EUvrITSydtff0=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQF5aZKuhGKLpxWcE+oB2GTJppQzOZIbkjLaW/4saFIm79EXf+jWk7C209kNzDOfeSmxMkgmtwnG8rt7a+sbmV3y7s7O7tH9iHxaaOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg381tPTGkey0cYJ8yLSF/ykFMCRvLtYnfEy3B2MzLXedt3TPHtklNx5sCrxM1ICWWo+/ZXtxfTNGISqCBad1wnAW9CFHAq2LTQTTVLCB2SPusYKknEtDeZ7z7Fp0bp4TBW5kjAc/X3xIREWo+jwHRGBAZ62ZuJ/3mdFMJrb8JlkgKTdPFQmAoMMZ4FgXtcMQpibAihiptdMR0QRSiYuAomBHf5y6ukWa24F5Xqw2WpdpvFkUfH6ASVkYuuUA3dozpqIIpG6Bm9ojdrar1Y79bHojVnZTNH6A+szx9kNZK4</latexit>

New effective moving Hamiltonian with a static potential and an extra Galilean term

Hm =
p
2

2m
+ V (⇠)� Ẋ0p

<latexit sha1_base64="AYxgrU+CfEeVRlPiliRVN00J74Q=">AAACDHicbVDLSgMxFM34rPVVdekmWISKWGZGQTdC0U2XFewDOmPJpJk2NJkMSUYsQz/Ajb/ixoUibv0Ad/6NaTsLbT0QOJxzLjf3BDGjStv2t7WwuLS8sppby69vbG5tF3Z2G0okEpM6FkzIVoAUYTQidU01I61YEsQDRprB4HrsN++JVFREt3oYE5+jXkRDipE2UqdQrHb4ZRrfuZ4wMejy0XGj5D3QoxOvKzRsdWwYm5RdtieA88TJSBFkqHUKX2YYJ5xEGjOkVNuxY+2nSGqKGRnlvUSRGOEB6pG2oRHiRPnp5JgRPDRKF4ZCmhdpOFF/T6SIKzXkgUlypPtq1huL/3ntRIcXfkqjONEkwtNFYcKgFnDcDOxSSbBmQ0MQltT8FeI+kghr01/elODMnjxPGm7ZOS27N2fFylVWRw7sgwNQAg44BxVQBTVQBxg8gmfwCt6sJ+vFerc+ptEFK5vZA39gff4A9AKZow==</latexit>

The problem is much simpler in the new frame. 
The Galilean term vanishes in the slow limit;  
recover the classical adiabatic theorem.



Counterdiabatic (transitionless) driving.

(M. Demirplak, S. A. Rice (2003), M. Berry (2009), S. Deffner, A. Del Campo, C. 

Jarzynski,.. (2010+), A. Clerk (2016+), vast literature in NMR).

F Hm =
p
2

2m
+ V (⇠)� Ẋ0p

<latexit sha1_base64="AYxgrU+CfEeVRlPiliRVN00J74Q=">AAACDHicbVDLSgMxFM34rPVVdekmWISKWGZGQTdC0U2XFewDOmPJpJk2NJkMSUYsQz/Ajb/ixoUibv0Ad/6NaTsLbT0QOJxzLjf3BDGjStv2t7WwuLS8sppby69vbG5tF3Z2G0okEpM6FkzIVoAUYTQidU01I61YEsQDRprB4HrsN++JVFREt3oYE5+jXkRDipE2UqdQrHb4ZRrfuZ4wMejy0XGj5D3QoxOvKzRsdWwYm5RdtieA88TJSBFkqHUKX2YYJ5xEGjOkVNuxY+2nSGqKGRnlvUSRGOEB6pG2oRHiRPnp5JgRPDRKF4ZCmhdpOFF/T6SIKzXkgUlypPtq1huL/3ntRIcXfkqjONEkwtNFYcKgFnDcDOxSSbBmQ0MQltT8FeI+kghr01/elODMnjxPGm7ZOS27N2fFylVWRw7sgwNQAg44BxVQBTVQBxg8gmfwCt6sJ+vFerc+ptEFK5vZA39gff4A9AKZow==</latexit>

The last term is time dependent (to start moving 

need to accelerate). It causes all non-adiabatic 

effects: friction, irreversibility, extra energy 

absorption from walls, … 

Idea: introduce a new counter term to the original (Lab frame) Hamiltonian 

H ! HCD = H + Ẋ0p
<latexit sha1_base64="ZYQG7+csAvaUOIeErlvDVRlb+p8=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpmpgm6EYl3MsoJ9QGcYMmnahiaZIckIZejGjb/ixoUibv0Hd/6NaTsLbT0QOJxzDzf3RAmjSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnEpMGjlks2xFShFFBGppqRtqJJIhHjLSiYW3itx6IVDQW93qUkICjvqA9ipE2Umgfeb6OoRdmvuSwdju+9s78bqxhO3RgEtolp+xMAReJm5MSyFEP7S8TxiknQmOGlOq4TqKDDElNMSPjop8qkiA8RH3SMVQgTlSQTa8YwxOjdGEvluYJDafq70SGuFIjHplJjvRAzXsT8T+vk+reVZBRkaSaCDxb1EsZNIdPKoFdKgnWbGQIwpKav0I8QBJhbYormhLc+ZMXSbNSds/LlbuLUvUmr6MADsExOAUuuARV4IE6aAAMHsEzeAVv1pP1Yr1bH7PRJSvPHIA/sD5/ANChltk=</latexit>

In the moving frame we get HCD,m = HCD � Ẋ0p =
p
2

2m
+ V (⇠)

<latexit sha1_base64="LhRCligeNz3vy5nP7EIy7UvdnoQ="></latexit>

The moving CD Hamiltonian is static for any !"($). Dynamics is 

completely adiabatic! 



Fast-forward driving (many existing applications)

F Need to realize:

HCD =
p
2

2m
+ V (x�X0) + Ẋ0p

<latexit sha1_base64="6zdU6P+noeth8yRgEXf2v4hqx5o=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoVMvMKOhGKNZFlxXsAzp1yKRpG5rMDElGLEN/wo2/4saFIm4Fd/6NaTsLrR4IHM45l5t7/IhRqSzry8gsLC4tr2RXc2vrG5tb5vZOQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+sDLxm3dESBoGN2oUkQ5H/YD2KEZKS555VPUSV3BYuRpfJNGt44Y6DR0+LjYK98ctzzosut1QQc1g5Jl5q2RNAf8SOyV5kKLmmZ96GMecBAozJGXbtiLVSZBQFDMyzrmxJBHCQ9QnbU0DxInsJNOrxvBAK13YC4V+gYJT9edEgriUI+7rJEdqIOe9ifif145V77yT0CCKFQnwbFEvZlCFcFIR7FJBsGIjTRAWVP8V4gESCCtdZE6XYM+f/Jc0nJJ9UnKuT/Ply7SOLNgD+6AAbHAGyqAKaqAOMHgAT+AFvBqPxrPxZrzPohkjndkFv2B8fAPbK5y3</latexit>

Not always easy unless we are dealing with charged 
particles. Need to couple to the momentum  

Obtain an equivalent CD Hamiltonian with a counter-gravitational force.

HCD =
⌘
2

2m
�

�
�
�mẊ
2
0

2
+ V (x�X0)�mẌ0x

<latexit sha1_base64="UkK0pb8kkVUwm2gelRLsUathUwY="></latexit>

Define a different fast forward Hamiltonian to realize in the lab 

HFF =
p
2

2m
+ V (x�X0)�mẌ0x

<latexit sha1_base64="oIvIFhT6uBTvTufYmBFfp4o6h+U="></latexit>

This Hamiltonian has a shifted momentum of the 
particle, but it coincides with the correct 
momentum in the beginning and the end  of the 
protocol if "̇# $ = 0. Same initial and final states.

Do another (time-dependent) canonical transformation (recall electromagnetism)

p+mẊ0 = ⌘
<latexit sha1_base64="0RrAwvVgi5MYfr60wPYgzLvXMak=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCWpgm6EohuXFewD2hAm00k7dDIJMzdKif0UNy4UceuXuPNvnLZZaOuBgcM593DvnCARXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5up335gSvNY3sM4YV5EBpKHnBIwkm+Xk9MI9/ox4I7vXPUYEN+uOFVnBrxM3JxUUI6Gb3+ZPE0jJoEKonXXdRLwMqKAU8EmpV6qWULoiAxY11BJIqa9bHb6BB8bpY/DWJknAc/U34mMRFqPo8BMRgSGetGbiv953RTCSy/jMkmBSTpfFKYCQ4ynPeA+V4yCGBtCqOLmVkyHRBEKpq2SKcFd/PIyadWq7lm1dndeqV/ndRTRITpCJ8hFF6iOblEDNRFFj+gZvaI368l6sd6tj/lowcozB+gPrM8fs3yS/g==</latexit>

This is simply a change of variables



Without counter term With counter term

A waiter implementing a FF driving protocol to 
avoid food spillage in a complex system 



General approach: Need to find a canonical transformation where 
the Hamiltonian is time independent (up to possible energy shifts)

@x

@�
= �@A�

@p
,

@p

@�
=

@A�

@x
<latexit sha1_base64="nx8Ovz08+h/yGkWttS9F7caHl2w="></latexit>

Gauge potential, a generator of continuous canonical transformations

Easy to check that in this way we 
preserve the Poisson brackets.

Equations of motion

dx

dt
=

@x

@t
+ �̇

@x

@�
=

@H

@p
� �̇

@A�

@p
=

@Hm

@p
,

dp

dt
= �@Hm

@x
<latexit sha1_base64="XfGx4gBGKBrgCcHmD4ppsbhgfI8="></latexit>

Hm = H � �̇A�
<latexit sha1_base64="z1wbOOgRPlCY5Qm+A2AkLOuwKDE=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpJUQTdC1U2XFewDmhAmk0k7dDIJMxOhhH6BG3/FjQtF3Lp25984abPQ1gMDh3PvuXPv8RNGpbKsb6O0srq2vlHerGxt7+zumfsHXRmnApMOjlks+j6ShFFOOooqRvqJICjyGen549u83nsgQtKY36tJQtwIDTkNKUZKS55Za3nRVevUCWIFHaZ9AYJOhNQIIwavvULyzKpVt2aAy8QuSBUUaHvml56I04hwhRmScmBbiXIzJBTFjEwrTipJgvAYDclAU44iIt1sds4U1rQSwDAW+nEFZ+pvR4YiKSeRrzvzTeViLRf/qw1SFV66GeVJqgjH84/ClEEVwzwbGFBBsGITTRAWVO8K8QgJhJVOsKJDsBdPXibdRt0+qzfuzqvNmyKOMjgCx+AE2OACNEELtEEHYPAInsEreDOejBfj3fiYt5aMwnMI/sD4/AGhx5s6</latexit>

The final ingredient. Need to find the canonical transformation, which leave 
the Hamiltonian invariant (stationary) 

{H(x(�+ ��), p(�+ ��),�+ ��), H(x(�), p(�),�)} = 0
<latexit sha1_base64="OWQih71sZwXCJ/vM51J+0OWYtu4=">AAACYHicdVFbT8IwGO2GF0SQoW/60khMIBqyoYm+mBB94RETuSRsIV3XYUN3SdupZOFP+uaDL/4SCywGQb6kyek53/nanroxo0Ka5qem53Z29/bzB4XDYumobFSOeyJKOCZdHLGID1wkCKMh6UoqGRnEnKDAZaTvTh7nev+VcEGj8FlOY+IEaBxSn2IkFTUy3uy0XXuv2UxZPHRpe4RJBLNt/QrGW6WtlpV5qwN+HXV7dm+OjKrZMBcFN4GVgSrIqjMyPmwvwklAQokZEmJombF0UsQlxYzMCnYiSIzwBI3JUMEQBUQ46SKgGbxQjAf9iKsVSrhgVx0pCoSYBq7qDJB8EevanPxPGybSv3NSGsaJJCFeHuQnDMoIztOGHuUESzZVAGFO1V0hfkEcYan+pKBCsNafvAl6zYZ13Wg+3VRbD1kceXAGzkENWOAWtEAbdEAXYPCl5bSiVtK+9bxe1ivLVl3LPCfgT+mnP5wesrM=</latexit>

, {d�H,H} = 0
<latexit sha1_base64="ClOeo2BOSjAeQE14F6i6K5s45wI=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAoWEnajoI0QtElhEcE8ILsss7OzyZDZBzN3lbDkB2z8FRsLRWzt7fwbJ49CEw9cOJxz78y9x08FV2BZ38bC4tLyymphrbi+sbm1be7sNlWSScoaNBGJbPtEMcFj1gAOgrVTyUjkC9by+9cjv3XPpOJJfAeDlLkR6cY85JSAljzz0LlhIUje7QGRMnnATh54jtAPBATXTnDNGV5anlmyytYYeJ7YU1JCU9Q988sJEppFLAYqiFId20rBzYkETgUbFp1MsZTQPumyjqYxiZhy8/E1Q3yklQCHidQVAx6rvydyEik1iHzdGRHoqVlvJP7ndTIIL9ycx2kGLKaTj8JMYEjwKBoccMkoiIEmhEqud8W0RyShoAMs6hDs2ZPnSbNStk/LlduzUvVqGkcB7aMDdIxsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4zpzB76A+PzB0FOmwA=</latexit>



d�H = @�H +
@H

@x

@x

@�
+

@H

@p

@p

@�
= @�H + {A�, H}

<latexit sha1_base64="Hz9sbUlTxCKU4zJYifOSI1J+BRA="> PztcQ</latexit>

We “simply” need to solve the equation

{@�H + {A�, H}, H} = 0
<latexit sha1_base64="5n9An/JNlKPyOqf4coeq75INUqU=">AAACKXicbVDLSgNBEJyN7/iKevQyGATBEHZV0IsQ9ZKjglEhE0LvZDYZMvtgplcIS37Hi7/iRUFRr/6IszGCGgsaiqpuurv8REmDrvvmFKamZ2bn5heKi0vLK6ultfUrE6eaiwaPVaxvfDBCyUg0UKISN4kWEPpKXPv9s9y/vhXayDi6xEEiWiF0IxlIDmildqnGlAiQZSwBjRJUmyk73AFaL+5aNQTscVD05Fuv0DobVupMy24P2fDYbZfKbtUdgU4Sb0zKZIzzdumJdWKehiJCrsCYpucm2Mry9VyJYZGlRiTA+9AVTUsjCIVpZaNPh3TbKh0axNpWhHSk/pzIIDRmEPq2Mz/d/PVy8T+vmWJw1MpklKQoIv61KEgVxZjmsdGO1IKjGlgCXEt7K+U90MDRhlu0IXh/X54kV3tVb7+6d3FQrp2O45gnm2SL7BCPHJIaqZNz0iCc3JEH8kxenHvn0Xl13r9aC854ZoP8gvPxCa8Epjo=</latexit>

Then we find the Adiabatic Gauge Potential (AGP). Implement the CD driving 

and solve (nearly) all the problems in the world: efficient heat machines –

energy problem, perfect and fast analogue computers (will beat any 

quantum algorithm) – technology, eliminate dissipation – no pollution, 

quantum systems: infinitely fast adiabatic quantum computation –

cryptography, quantum phases…

One caveat: in generic chaotic systems this equation does not have a 

solution. C. Jarzynski (1995). 

There are no exact adiabatic transformations between chaotic energy 

shells.



Quantum systems. 

Same story. Replace canonical transformations with unitary basis rotations 

| i ! | ̃i = U(�(t))| i, H ! H̃ = U
†
HU

<latexit sha1_base64="RYEaIjGzaGxbeY3xgpQFrF6Vas8="></latexit>

i~dt| ̃i = U
†(H � �̇A�)U | ̃i = (H̃ � �̇Ã�)| ̃i, A� = i~(@�U)U †

<latexit sha1_base64="fZ7qmpD2GKbWJayKGaTOSMGVaJk="></latexit>

Find the particular Adiabatic Gauge Potential (AGP)

[d�H̃, H̃] = 0 )

@�H +

i

~ [A�, H], H

�
= 0

<latexit sha1_base64="ImO754BEsGtRhJlQWDOVhnOFjrc="></latexit>

Essentially need to solve the same equation. For any finite system it exists (because 
there is always U diagonalizing H) but the solution can become (exponentially) 
unstable, nonlocal, nonrealizable in chaotic systems.

Define the moving (CD) Hamiltonian like in the classical case

Hm = H � �̇A�
<latexit sha1_base64="f9dH70NopcWCiyYjGss47QQkrH8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCxUCUFCRakAkvHItGH1ESR4zitVTuJbAepivoDLPwKCwMIsbKz8Tc4bQZoOZKlo3Pvub73+AmjUlnWt1FaWl5ZXSuvVzY2t7Z3zN29joxTgUkbxywWPR9JwmhE2ooqRnqJIIj7jHT90W1e7z4QIWkc3atxQlyOBhENKUZKS5551PT4VfPUCWLlMG0LEHQ4UkOMGLz2Cskzq1bNmgIuErsgVVCg5ZlfeiBOOYkUZkjKvm0lys2QUBQzMqk4qSQJwiM0IH1NI8SJdLPpNRN4rJUAhrHQL1Jwqv52ZIhLOea+7sw3lfO1XPyv1k9VeOlmNEpSRSI8+yhMGVQxzKOBARUEKzbWBGFB9a4QD5FAWOkAKzoEe/7kRdKp1+yzWv3uvNq4KeIogwNwCE6ADS5AAzRBC7QBBo/gGbyCN+PJeDHejY9Za8koPPvgD4zPH0VVmxA=</latexit>

HCD = H + �̇A�
<latexit sha1_base64="wiBBMxVP9webY9Vcm7FG5YlNo98=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQlJJUQTdCtS66rGAf0IQwmUzboZNJmJkIJfQn3Pgrblwo4lZw5984abPQ1gMDh3PvuXPv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o3pW7zwQIWnE79U4Jm6IBpz2KUZKS5552vBSR4Swfju5apw4QaSgw7Q9QNAJkRpixOC1l0ueWbYq1hRwkdg5KYMcTc/80hNxEhKuMENS9mwrVm6KhKKYkUnJSSSJER6hAelpylFIpJtOr5rAI60EsB8J/biCU/W3I0WhlOPQ153ZpnK+lon/1XqJ6l+6KeVxogjHs4/6CYMqgllEMKCCYMXGmiAsqN4V4iESCCsdZEmHYM+fvEja1Yp9VqnenZdrN3kcRXAADsExsMEFqIEGaIIWwOARPINX8GY8GS/Gu/Exay0YuWcf/IHx+QOy353r</latexit>



Need to solve

Finding the AGP

Finding the AGP is equivalent to the minimization problem 

Can develop a variational procedure for finding gauge potentials (D. Sels, 
A.P., PNAS 2016).

the slowest locally dressed operator adiabatically 
connected to        . H. Kim, ... D. Huse 2015; M. 
Mierzejewski, P. Prelovšek, and T. Prosen 2015

Finding slow (almost conserved) operators ~ finding local adiabatic transformations.
Existence of local adiabatic transformations implies local conservation laws.



Result of the minimization: solution of the Laplace equation

Example: quantum jumper of fighting the Anderson 
Orthogonality Catastrophe (semi-open system) 

The exact AGP contains arbitrary range hoping terms

Fermi Sea
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Like with a waiter: doable but difficult. Can map to FF protocol using the 
Peierls transformation. 



Perform a phase (Peierls) transformation: 

Small velocity: potential renormalization (slowing particles in front)

Large velocity: need to locally renormalize the hopping = local time 
rescaling or the local refraction index (creating a kind of black hole)

Can realize using the Floquet engineering – a general statement.

The CD protocol is only sensitive to the velocity. The FF protocol also 
knows about acceleration  

Fast forward protocol



Snapshots of an effective potential and tunneling in FF protocol
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Numerics: half filling, 512 sites 

6

the evolution) [24, 25] showing that such estimates can
be completely overcome by the CD driving. Notice that
while the imaginary CD protocol (solid purple line) keeps
instantaneous fidelity high at all times, for the real pro-
tocol, exactly like in the waiter case, he instantaneous
fidelity at intermediate times drops to a very small value.
High fidelity is only recovered at the end of the protocol,
where the velocity �̇ becomes close to zero.

Fighting dissipation: moving an obstacle. As a final
non interacting example let us discuss moving the Eckart
potential:

Vj(�) =
V0

cosh2(j � �)/⇠
,

where the center of the potential � moves from the ini-
tial value �0 = �100 to the final value �f = 100 again
according to the protocol (14) with V0 = 2, ⇠ = 8 at half
filling and the total system size L = 1024. In the case
of the weak potential the second term in Eq. (10) can
be neglected and we find a very simple analytic solution
for the imaginary hopping amplitude ↵j ⇡ �Vj/(3J). In-
terestingly enough this solution gives very good results
even away from the perturbatuve regime, presumably be-
cause the CD drive has the strongest e↵ect in the regions
with small potential Vj where the electron density is not
suppressed. The rest of the analysis is identical to the
previous example. In Fig. 4 we show electron density as
a function of time. The right panel shows the instan-
taneous ground state density, which simply tracks the
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Figure 3. Inserting local potential. The probability to
be in the adiabatic ground state when inserting a scattering
potential quickly decays to a small value for the naive protocol
(dashed red line). By counter diabatic driving with a local
complex gauge, the state stays much closer to the ground
state and a final fidelity of about 1/2 is reached (full purple
line). A gauge equivalent real Hamiltonian, with renormalized
hopping and potential, results in the same final fidelty but is
almost orthogonal to the ground state at intermediate times
(full blue line).

position of the potential. The second panel shows the
density of the naive protocol. We can clearly see the ex-
cess density in front of the potential and the depleted
density region behind the potential as expected. For the
parameters shown the final fidelity of the naive protocol
is PGS(T ) ⇡ 5·10�128. The right panel shows the fermion
density for the CD protocol given by (11). This protocol
visibly shows much fewer excitations and consequently
much smaller energy dissipation and much higher fidelity
PGS(T ) ⇡ 4·10�5 (gaining over 120 orders in magnitude).
As in the previous example achieving so high fidelity is
simply unthinkable for such large system sizes and such
fast rates. In the supplementary information we simi-
larly analyze excess energy (heating) generated during
naive and CD protocols and show that CD protocols also
strongly suppress dissipation in the system.

One-dimensional spin chain

In the previous examples we focused on free-particle
systems. We argued that because we break translational
symmetry the problems of adiabatic manipulations in
those systems are far from trivial. Let us briefly demon-
strate here that the ideas developed in this work apply
equally well to the interacting systems. Specifically we
will consider a transverse field Ising spin chain in the
presence of the longitudinal field, which is one of the
simplest non-integrable models with very rich phase di-
agram (see e.g. Refs. [26, 27]). The Hamiltonian of this
system reads

H0 = �J

X

j

�
z
j�

z
j+1 � hz

X

j

�
z
j � hx

X

j

�
x
j , (16)

where �
z
j and �

x
j are the Pauli matrices. We allow all

couplings to depend on some tuning parameter �, which
in turn depends on time. It is easy to show (see the
supplementary information) that the simplest gauge po-
tential, which has to be pure imaginary, is the magnetic
field along the y-direction:

A⇤
� = ↵

X

j

�
y
j , (17)

with ↵ satisfying

↵ =
1

2

hxh
0
z � hzh

0
x

h2
z + h2

x + 2J2
,

where prime stands for derivative with respect to �. For
J = 0 this gauge potential is exact as it is simply a gen-
erator of spin-rotations in x�z plane. However for finite
J this potential is only approximate. Analogous to the
free fermion problem, one can always remove the mag-
netic field in the y-direction by doing a virtual rotation
around the z-axis, resulting in a Hamiltonian that’s of

Beat Anderson Orthogonality Catastrophe. 
Infinite temperature minimization (easy) works very well for the ground states. 

FF

CD

Simple



P. Claeys et. al. PRL 2019. Becomes exact if !"#$ → ∞. 

Need a good general variational ansatz 

Treat the coefficients '( as the variational parameters. 

Tr
⇥
(@�H + i[A�, H])2

⇤
= min

<latexit sha1_base64="cQZAi4zPAxGiqdAUKdnipgqUs7Y="></latexit>

A simple quadratic minimization problem

Find an approximate AGP. 

Can realize this AGP using Floquet protocol. P. Claeys, M. Pandey, D. Sels, 

A.P. PRL 2019. Experiments in NV centers, stability to noise  E. Boyers et. al. 

PRA 2019.



Floquet Realization of the CD driving

Use Floquet driving to 
suppress dissipation.

Fast state preparation, 
reduced heating, 
quantum simulations, 
… 
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FIG. 2: Two equivalent description of the driving protocol: (left) sequence of sudden quenches between H0

and H1 and (right) single quench from H0 to the e�ective Floquet Hamiltonian Heff and back to H0.

external magnetic field and the Hamiltonian H1 to be interacting and ergodic:

H0 = BxHBx, H1 = JzHz + J �
zH

�
z + J⇥H⇥ + J �

⇥H
�
⇥ (7)

where, we have defined the shorthand notations::

HBx =
⇤

n sxn, Hz =
⇤

n

�
szns

z
n+1

⇥
, H⇥ =

⇤
n

�
sxns

x
n+1 + syns

y
n+1

⇥

H �
z =

⇤
n

�
szns

z
n+2

⇥
, H �

⇥ =
⇤

i

�
sxns

x
n+2 + syns

y
n+2

⇥

Let us point that this system is invariant under space translation and � � rotation around the

x � axis (sxn ⇥ sxn, s
y
n ⇥ �syn, szn ⇥ �szn). For numerical calculations we choose the following

parameters: Bx = 1, Jz = �J �
⇥ = 1

2 , J �
z = 1

40 , J⇥ = �1
4 . We checked that our results are not tied

to any particular choice of couplings.

As pointed out earlier, we can expect two qualitatively di�erent regimes depending on the

period of the driving. At long periods the system has enough time to relax to the stationary state

between the pulses and thus is expected to constantly absorb energy until it reaches the infinite

temperature. This situation is similar to what happens for driving with random periods26. On the

contrary if the period is very short we can expect that the Floquet Hamiltonian converges to the

time averaged Hamiltonian. Since the whole time evolution can be viewed as a single quench to

the Floquet Hamiltonian (right panel in Fig. 2) we expect that the energy will be localized even in

the infinite time limit as long as the Floquet Hamiltonian is well defined and local. Noticing that

the commutator of two local extensive operators is local and extensive we see from Eq. (5) that

the Floquet Hamiltonian is local an extensive in each order of ME. Thus the question of whether

the energy of the system is localized in the infinite time limit or reaches the maximum possible

Floquet realization of CD Hamiltonians

U(T ) = e�iH1T1e�iH2T2 = e�iHFT
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HF =
T1H1 + T2H2

T
� i

T1T2

2T
[H1, H2] + . . .
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Need to match the CD protocol and the Floquet expansion (Floquet engineering)

One possibility

Match the coefficients to find !" through #". Realize the Floquet FF protocol



A	two	qubit	gate	
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Example: adiabatic manipulation of a two-qubit gate 



Experiments with NV centers in diamonds
(E. Boyers, ,,, A. Sushkov, arXiv1811.09762)

Goal: prepare quickly target state in the presence of noise



Performance of different protocols

Noise dependence
Floquet protocol offers 
stability with respect to 
noise.



Finding effective Hamiltonians
(with J. Wurtz and P. Claeys)

Use the variational minimization to find a non-perturbative 
Schrieffer-Wolff transformation and a low-energy effective theory.



Perturbative SW transformation: rotating frame + high frequency (van Vleck) 
expansion (M. Bukov, M. Kolodrubetz, A.P. 2016). 

August 20, 2015 Advances in Physics Floquet˙review˙v5.0

J

Figure 7. (Color online) A single particle in a tilted double well: the two wells have an energy di↵erence � and
are connected by the matrix element J .

where the operator d
†
m creates a particle on site m and nm = d

†
mdm is the particle number

operator. The tilt is given by the parameter �, while the hopping matrix element is de-
noted by J . We are interested in the limit � � J . The exact single-particle eigenenergies

of this Hamiltonian are E± = 1/2
⇣
� ±

p
�2 + 4J2

⌘
.

The Hamiltonian in Eq. (64) does not have any explicit time dependence, let alone a
periodic one. In order to make use of the Magnus (High-Frequency) expansion, we apply
a unitary transformation into the interaction picture w.r.t. the diagonal part H1 = �n2,
given by V (t) = diag (1, exp(�i�t)) in the Fock basis. We thus obtain a time-dependent
Hamiltonian in the rotating frame (interaction picture):

H
rot(t) = �J

⇣
ei�t

d
†

2d1 + e�i�t
d
†

1d2

⌘
, (65)

which is similar to Eq. (17) with the identification Bz ! 0, Bk ! �J , and � ! ⌦,
whenever the system is populated by a single particle. Notice that H

rot(t) contains only
the harmonics Hl=±1, see Eq. (43). Therefore, for this example the Magnus expansion
coincides with the High-Frequency expansion to order ⌦�1, c.f. Eqs. (42) and (46). In
the following, we choose the Floquet gauge t0 = 0.

Observe that by doing the transformation to the interaction picture we eliminate the
high-energy level from the problem at the expense of introducing an explicit time depen-
dence. This transformation is identical to the gauge transformation in electromagnetism,
where a static scalar potential can be traded for a linear in time vector potential. Now
we can apply Floquet theory to the Hamiltonian in Eq. (65). Using Eqs. (19) and (22)
we find that the full time-independent Floquet Hamiltonian coincides with the original
Hamiltonian, i.e. HF [0] = H, as expected. Moreover, from Eqs. (7) and (58) we also
see that the fast-motion operator is P (t, 0) = e

�iKF [0](t) = V
†(t). This implies that, if

we are interested in the time evolution at scales slower than 1/�, we can compute the
dressed density matrix for the initial state and the dressed operator for the observable
of interest and evolve them in time with the Floquet Hamiltonian. If we are interested in
the high-frequency (i.e. large �) structure of the dynamics, we can fully recover it from
the operator P (t, 0).

For the Hamiltonian in Eq. (65) the leading few orders in the Magnus (High-Frequency)

32

A tilted two level system

Assume

Go to the rotating frame

Main problem: this is an asymptotic uncontrolled expansion, especially 
when scales are comparable.

Apply high frequency expansion, get a block-diagonal Hamiltonian

(Anderson → Kondo, Hubbard → tJ, …)



Schematic representation of different methods

SW Flow Equations AGP

Variational AGP

Almost ideal SW

i@�| ni = An| ni
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Results

Disordered attractive Hubbard model

The low energy manifold maps to an effective spin model (standard SW). Numerically  
MBL transition  at �i ⇠ ±t2/U ⇠ ±J
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Small oscillations due to projections to 
other sectors with one or more spinons. 
Can be added to simulations.

8 site model.

t/U = 5, � = 5
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0

2

Easy to see pictorially, even a single spinon 
destroys MBL (also  U. Krause, T. Pellegrin, P. W. 
Brouwer, D. A. Abanin, M. Filippone, 2019) 

Heisenberg: MBL ü

tJ Model: MBL û

18 site model

� = 10, U/t ⌘ ⌦/� = 7.5
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Can accurately extract spinon distribution in the TD limit.



Weakly nonintegrable XY Model

Free fermions Does not conserve #

Time correlation functions of GS

Ground state response function, 16 
sites

Exact: 65,536 states, Projected: 137 
states 



Larger System Size. 

Local rotation ó Restore 
particle conservation by dressing 
them.

Response function for 128 sites

Can see overlapping particle 
sectors, broadening, life time

Properly dressed quasi-particles 
are very stable even at infinite 
temperatures.



Work in progress: optimal dressing, directional SW
TFI model with longitudinal field. 2-particle sector. 14 sites

Can reach machine precision with a moderate ansatz if follow optimal directions 



Very rich landscape of the Hilbert space even at infinite temperature

S. Sugiura P. Claeys, A. Dymarsky, A.P. in progress



Infinite temperature adiabatic flows
Adiabatic flows like RG flows – connect 
different Hamiltonians.

Starting at highly degenerate points is optimal.

Many body dark states (scars) emerge near 
singular points. They cancel singularities of AGP.

Orthogonal (bad) directions, very poor to no 
convergence of adiabatic transformations.

ℎ"

ℎ #

ℎ"

ℎ#



CD driving of open systems: engineering fast dissipative thermalization 
(T. Renzo, A. Chandran, A.P., PRB 2018) 

Drive an oscillator through a resonance with an 
optical phonon bath. Slow limit – isothermal 
process. 



Different constraints: can not access bath. Can develop Floquet
fast-forward protocol with some efforts  

CD protocol only works when 
The Markovian (Lindblad)
approach is not applicable



Summary

• Local driving can be very powerful for suppressing dissipation, state 
preparation (recent works by several groups on glasses).

• Floquet engineering of CD protocols is possible without extra controls.

• Very efficient variational SW transformation for getting effective 
Hamiltonians, states. 

• Wide range of applications: Infinite temperature phase diagrams, 
geometry, new types of singularities, many-body dark states (scars), 
sensitive probes of quantum chaos, finding hidden integrability, non-
perturbative Floquet Hamiltonians, optimal directions for annealing and 
state preparation, efficient fast heat engines, …


