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Introduction

• H Hilbert space;
• f : H → R convex, class C2, S = argmin f 6= ∅;
• α > 0, β ≥ 0 parameters.

Fast optimization via the inertial system with Hessian damping

ẍ(t) +
α

t
ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

Two types of damping:

• Hessian driven damping

ẍ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

• Asymptotic vanishing viscous damping

ẍ(t) +
α

t
ẋ(t) +∇f (x(t)) = 0.
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1.0. Hessian driven damping. Introduction.

(DIN−AVD)α,β ẍ(t) +
α

t
ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

(HBF) ẍ(t) + Γẋ(t) +∇f (x(t)) = 0. Γ = γId, γ > 0, Polyak 1964.
Γ : H → H anisotropic linear positive, Alvarez (SICON 2000).

(DIN)β ẍ(t) + γẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

Alvarez-A.-Bolte-Redont (JMPA 2002), A.-Maingé-Redont (DEA 2012).

(AVD)α ẍ(t) + α
t ẋ(t) +∇f (x(t)) = 0.

Su-Boyd-Candès (NIPS ’14), A-Chbani-Peypouquet-Redont (M.Prog.’18)

(DIN−AVD)α,β ẍ(t) + α
t ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

A.-Peypouquet-Redont (JDE 2016), Shi-Du-Jordan-Su (arXiv 2018).

Related dynamics: Bot-Csetnek (SVVA, 2018; Optimization, 2019).
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1.0. Hessian driven damping. Introduction.

Compare (AVD)α with (DIN−AVD)α,β

f (x , y) = 1
2(x2 + 1000y2): quadratic, ill-conditioned.

α = 3.1, β = 1.

Initial conditions: (x(1), y(1)) = (1, 1), (ẋ(1), ẏ(1)) = (0, 0).

The wild oscillations of (AVD) are neutralized by (DIN-AVD).

Figure: (AVD) (DIN-AVD)
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1.1. Hessian driven damping. Continuous case.

Theorem (A.-Peypouquet-Redont, JDE 2016)

Let x : [t0,+∞[→ H be a solution of (DIN−AVD)α,β. Let α ≥ 3.

i) Suppose β ≥ 0. Then x(·) is bounded and

f (x(t))−minH f = O
(
1
t2

)
, ‖ẋ(t) + β∇f (x(t))‖ = O

(
1
t

)
.

ii) Suppose β > 0. Then
∫∞
t0

t2‖∇f (x(t))‖2dt < +∞ and

limt→+∞ ‖ẋ(t)‖ = limt→+∞ ‖ẍ(t)‖ = limt→+∞ ‖∇f (x(t))‖ = 0.

Theorem (A.-Peypouquet-Redont, JDE 2016)

Let x : [t0,+∞[→ H be solution of (DIN−AVD)α,β. Take α > 3. Then

i) x(t) ⇀ x∞ ∈ argminHf as t → +∞.

ii) f (x(t))−minH f = o
(
1
t2

)
, ‖ẋ(t) + β∇f (x(t))‖ = o

(
1
t

)
.
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1.1. Hessian driven damping. Continuous case.

Perturbed dynamic

(DIN−AVD)pert ẍ(t) + α
t ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = g(t).

Theorem (A.-Peypouquet-Redont, JDE 2016)

Let x : [t0,+∞[→ H be a solution trajectory of (DIN−AVD)pert .

Suppose

∫ ∞
t0

t ‖g(t)‖ dt < +∞. Then,

α ≥ 3, β ≥ 0: f (x(t))−minH f = O
(

1

t2

)
.

α > 3, β ≥ 0: x(t) ⇀ x∞ ∈ argminHf as t → +∞.

α ≥ 3, β > 0:

∫ ∞
t0

t2‖∇f (x(t))‖2dt < +∞.
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1.2. Hessian driven damping. Algorithms.

Temporal scaling

ẍ(t) +
α

t
ẋ(t) + β∇2f (x(t))ẋ(t) + b(t)∇f (x(t)) = 0.

Fully implicit discretization. ∇2f (x(t))ẋ(t) = d
dt
∇f (x(t)).

xk+1 − 2xk + xk−1
h2

+
α

kh

xk+1 − xk
h

+
β

h
(∇f (xk+1)−∇f (xk)) + bk∇f (xk+1) = 0.

m yk = xk +
(

1− α
k+α

)
(xk − xk−1) + β

√
s
(

1− α
k+α

)
∇f (xk)

xk+1 = prox k
k+α

(β
√
s+sbk)f

(yk).
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1.2. Hessian driven damping. Algorithms.

 yk = xk +
(

1− α
k+α

)
(xk − xk−1) + β

√
s
(

1− α
k+α

)
∇f (xk)

xk+1 = prox k
k+α

(β
√
s+sbk)f

(yk).

Lyapunov analysis

•Ek := δk(f (xk)−minH f ) + 1
2‖vk‖

2, δk := h(hkbk − β)(k + 1).

vk := (α− 1)(xk − z) + k(xk − xk−1 + βh∇f (xk)), z ∈ argmin f .

•Ek+1−Ek ≤ h
(

(h(k + 1)(k + 2)bk+1−hk(k +α)bk +β(α−2)
)

(f (xk)−minH f )

Theorem (A.-Chbani-Riahi, 2019)

Suppose
√
s
(

(k + 1)(k + 2)bk+1 − k(k + α)bk

)
+ β(α− 2) ≤ 0. Then,

f (xk)−minH f = O
(

1
k2bk

)
,
∑

k k
2b2k‖∇f (xk+1)‖2 < +∞.
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1.2. Hessian driven damping. Algorithms.

 yk = xk +
(

1− α
k+α

)
(xk − xk−1) + β

√
s
(

1− α
k+α

)
∇f (xk)

xk+1 = prox k
k+α

(β
√
s+sbk )f

(yk)

Analysis of the growth condition
√
s
(

(k + 1)(k + 2)bk+1 − k(k + α)bk

)
+ β(α− 2) ≤ 0.

• bk = 1 : OK if α > 3.

f (xk)−minH f = O
(

1
k2

)
,
∑

k k
2‖∇f (xk+1)‖2 < +∞.

• bk = kδ: OK if α > 3 + δ.

f (xk)−minH f = O
(

1
k2+δ

)
,

∑
k k

2+2δ‖∇f (xk+1)‖2 < +∞.
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1.2. Hessian driven damping. Algorithms

f : H → R ∪ {+∞} convex, lower semicontinuous, proper.
fλ = Moreau envelope of f , fλ ∈ C1,1 convex, min fλ = min f .

Hessian dynamic attached to fλ

ẍ(t) +
α

t
ẋ(t) + β∇2fλ(x(t))ẋ(t) + b(t)∇fλ(x(t)) = 0.

 yk = xk +
(

1− α
k+α

)
(xk − xk−1) + β

√
s
(

1− α
k+α

)
∇fλ(xk)

xk+1 = prox k
k+α

(β
√
s+sbk)fλ

(yk).

√
s
(

(k + 1)(k + 2)bk+1 − k(k + α)bk

)
+ β(α− 2) ≤ 0.

⇓
fλ(xk)−minH f = O

(
1

k2bk

)
,
∑

k k
2b2k‖∇fλ(xk+1)‖2 < +∞.

H. ATTOUCH (Univ. Montpellier) Hessian driven damping 11 / 61



1.2. Hessian driven damping. Algorithms

• fλ(x) = f (proxλf (x)) + 1
2λ‖x − proxλf (x))‖2.

• ∇fλ(x) = 1
λ (x − proxλf (x)).

• proxθfλ(x) = λ
λ+θx + θ

λ+θprox(λ+θ)f (x).

Relaxed proximal inertial algorithm, 0 ≤ µk := λ(k+α)
λ(k+α)+k(β

√
s+sbk )

≤ 1.
yk = xk +

(
1− α

k+α

)
(xk − xk−1) + β

√
s

λ

(
1− α

k+α

)
(xk − proxλf (xk))

xk+1 = µkyk + (1− µk)prox λ
µk

f (yk).

Theorem (A.-Chbani-Riahi, 2019)

Suppose
√
s
(

(k + 1)(k + 2)bk+1 − k(k + α)bk

)
+ β(α− 2) ≤ 0. Then

f (proxλf (xk))−minH f = O
(

1
k2bk

)
,
∑

k k
2b2k‖xk+1 − proxλf (xk+1)‖2 < +∞.
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1.2. Hessian driven damping. Algorithms

(DIN-AVD)α,β ẍ(t) +
α

t
ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

(DIN-AVD)α,β looks more complicated than (AVD)α, but

Theorem (A.-Peypouquet-Redont, JDE 2016)

(DIN-AVD)α,β is equivalent to the first-order system ẋ(t) + β∇f (x(t))−
(

1
β −

α
t

)
x(t) + 1

β y(t) = 0;

ẏ(t)−
(

1
β −

α
t + αβ

t2

)
x(t) + 1

β y(t) = 0.

• Natural extension to f : H → R ∪ {+∞} convex lsc. proper.

• Damped shocks in mechanics (A.-Maingé-Redont, DEA 2012).

Open question: discretize, compare with the previous approach.
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1.3. Time scaling aspects

Model situation: γ(t) = α
t
, α ≥ 3

(AVD)α ẍ(t) +
α

t
ẋ(t) +∇f (x(t)) = 0.

f (x(t))−minH f = O
(
1
t2

)
.

Change of time variable: t = sp, ξ(s) := x(sp).

ξ̈(s) +
αp

s
ξ̇(s) + p2s2(p−1)∇f (ξ(s)) = 0,

αp = 1 + (α− 1)p ≥ α for p ≥ 1, b(s) = p2s2(p−1).

f (ξ(s))−minH f = O
(

1
s2p

)
.

Convergence rate of values: arbitrarily fast with p large.

H. ATTOUCH (Univ. Montpellier) Hessian driven damping 14 / 61



1.3. Time scaling aspects

Discretization with fixed step size

(IP)α,bk

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = proxbk f (yk).

Theorem (Attouch-Chbani-Riahi (HAL 2018))

Take α ≥ 1. Suppose that (bk) satisfies the growth condition: for k ≥ 1

(Hb) bk+1 ≤
k2

(k + 1)(k + 2− α)
bk .

Then, for any sequence (xk) generated by the algorithm (IP)α,bk

f (xk)−minH f = O
(

1

k2bk

)
as k → +∞.

bk = kδ, δ > 0: (Hb) is satisfied for α > 3 + δ. Conv. rate = O
(

1
k2+δ

)
.
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1.3. Time scaling aspects

Hessian damping γ(t) = α
t
, α ≥ 3, β ≥ 0

ẍ(t) +
α

t
ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

f (x(t))−minH f = O
(
1
t2

)
.

Change of time variable: t = sp, ξ(s) := x(sp).

ξ̈(s) +
αp

s ξ̇(s) + +pβsp−1∇2f (x(t))ẋ(t) + p2s2(p−1)∇f (ξ(s)) = 0,

αp = 1 + (α− 1)p ≥ α for p ≥ 1, f (ξ(s))−minH f = O
(

1
s2p

)
.

General scaling: to study

ẍ(t) + α
t ẋ(t) + β(t)∇2f (x(t))ẋ(t) + b(t)∇f (x(t)) = 0.
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1.4. Non-convex semi-algebraic optimization.

f : Rn → R ∪ {+∞}, semi-algebraic.

(DIN) ẍ(t) + αẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

αβ > 1 =⇒ (DIN) is equivalent to a gradient system associated to
a (KL) function (Alvarez-A.Bolte-Redont, JMPA 2002, Prop. 6.1)
=⇒ convergence of the trajectories and of the associated classical
descent algorithms (A.-Bolte-Svaiter, Math. Prog, 2013).

β = 0 Begout-Bolte-Jendoubi (JDE 2015) (DIN) is a
quasi-gradient system for a modified energy function, which is still
semi-algebraic =⇒ convergence.

Questions: α > 0, β > 0:
1) Is (DIN) a quasi-gradient system for a semi-algebraic function?
2) Non-autonomous case? (importance of the closed-loop approach).
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2.1. Link with Newton, Levenberg-Marquardt methods

Newton method for optimization: solve ∇f (x) = 0

• Discrete: ∇f (xk) +∇2f (xk)(xk+1 − xk) = 0.

• Continuous: ∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

Levenberg-Marquardt regularization, λ(t) > 0

λ(t)ẋ(t) +∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

Attouch-Svaiter (SICON 2011): f convex, lsc. proper v(t) ∈ ∂f (x(t))

λ(t)ẋ(t) + v̇(t) + v(t) = 0.

Well-posed system. Convergence under appropriate tuning of λ(t)→ 0.
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2.1. Link with Newton, Levenberg-Marquardt methods

A maximally monotone v(t) ∈ A(x(t))

λ(t)ẋ(t) + v̇(t) + v(t) = 0.

Minty representation: z(t) := x(t) + µ(t)v(t), µ(t) := 1
λ(t)

.

x(t) = Jµ(t)A(z(t)) = (Id + µ(t)A)−1(z(t)) resolvent.

v(t) = Aµ(t)(z(t)) = 1
µ(t)(z(t)− Jµ(t)A(z(t))) Yosida regularisation.

Classical differential equation with respect to z(·) x(t) = Jµ(t)A(z(t))

ż(t) + (µ(t)− µ̇(t))Aµ(t)(z(t)) = 0.
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2.1. Link with Newton, Levenberg-Marquardt methods

A maximally monotone v(t) ∈ A(x(t))

λ(t)ẋ(t) + v̇(t) + v(t) = 0.

 x(t) = Jµ(t)A(z(t))

ż(t) + (µ(t)− µ̇(t))Aµ(t)(z(t)) = 0.

Remark: µ(t)− µ̇(t) > 0⇐⇒ λ̇(t)
λ(t) > −1.

Theorem (Attouch-Svaiter, SICON 2011)

Suppose A max. monotone, S = A−1(0) 6= ∅, lim inft→+∞
λ̇(t)
λ(t) > −1.

Then x(t) converges weakly to some x∞ ∈ S, and ‖v(t)‖ → 0.
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2.1. Link with Newton, Levenberg-Marquardt methods

Closed-loop control v(t) ∈ A(x(t))

α(‖v(t)‖2)ẋ(t) + v̇(t) + v(t) = 0

Theorem (Attouch-Redont-Svaiter, JOTA 2013)

Suppose A max. monotone, S = A−1(0) 6= ∅, lim sup
r→0+

r α̇(r)

α(r)
<

1

2
.

Then x(t) converges weakly to some x∞ ∈ S, and ‖v(t)‖ → 0.

Example: 0 < γ < 1 v(t) ∈ A(x(t))

‖v(t)‖γ ẋ(t) + v̇(t) + v(t) = 0.
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2.2. Link with Newton, Levenberg-Marquardt methods

A = ∇f , f convex.

Closed-loop control with Hessian damping

ẍ(t) + ‖∇f (x(t))‖γ ẋ(t) + β∇2f (x(t))ẋ(t) +∇f (x(t)) = 0.

Conjecture 1

Suppose 0 < γ < 1. Then x(t) converges weakly to some x∞ ∈ S,

and ‖∇f (x(t))‖ → 0.

Conjecture 2

Restarting methods work better with the Hessian driven damping.
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2.2 Inertial dynamics & control: Adaptive restart

Strategy: maintain high velocity along the orbit.

(AVD)α ẍ(t) +
α

t
ẋ(t) +∇f (x(t)) = 0, x(0) = x0, ẋ(0) = 0.

Restarting time: T (f , x0) = sup{t > 0, ∀τ ∈]0, t[, d
dτ ‖ẋ(τ)‖2 > 0}.

Before time T (f , x0) > 0, t 7→ f (x(t)) decreases:

d
dt f (x(t)) = 〈∇f (x(t)), ẋ(t)〉 = −α

t ‖ẋ(t)‖2 − 1
2

d
dt ‖ẋ(t)‖2 ≤ 0.

At time T (f , x0), stop and restart, and so on.

Theorem (Su-Boyd-Candès, 2016), linear convergence

Suppose f : H → R strongly convex, ∇f Lipschitz continuous, α ≥ 3.
Let xsr (·) be an orbit of the speed restarting dynamic. Then

f (xsr (t))−minH f ≤ c1e
−c2t .

Question: adaptive restart for a general convex function f ?
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3.1 Inertial Gradient dynamic.

(AVD)α ẍ(t) +
α

t
ẋ(t) +∇f (x(t)) = 0.

α ≥ 3: Su-Boyd-Candès (J. of Machine Learning Research 2016)

f (x(t))−minH f = O(
1

t2
) as t → +∞;

Link with Nesterov accelerated gradient method (α = 3).

α > 3: A.-Chbani-Peypouquet-Redont (Math. Prog. 2018)

f (x(t))−minH f = o(
1

t2
); x(t) ⇀ x∞ ∈ S as t → +∞.

Link with Chambolle-Dossal inertial algorithm.

α ≤ 3: A.-Chbani-Riahi (COCV 2017), Apidopoulos-Aujol-Dossal

(SIOPT, 2018).

f (x(t))−minH f = O(
1

t
2α
3

) as t → +∞.
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3.1 Inertial gradient dynamic

(AVD)α ẍ(t) +
α

t
ẋ(t) +∇f (x(t)) = 0.

α0 3

2
p(α) = min

(
2α
3
, 2
)

f (x(t))−minH f = O
(

1
tp(α)

)
• α ≥ 3: O

(
1

t2

)
optimal rate, f (x) = ‖x‖r , r → +∞.

• α < 3: O
(

1

t
2α
3

)
optimal rate, f (x) = ‖x‖.
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3.1. Inertial approach to Nesterov accelerated method

(AVD)α ẍ(t) +
α

t
ẋ(t) +∇f (x(t)) = 0.

Discretization:
1

h2
(xk+1 − 2xk + xk−1) +

α

kh2
(xk − xk−1) +∇f (yk) = 0.

Different cases for yk , s = h2

Explicit: yk = xk , heavy ball with friction, Polyak

xk+1 = xk +
(
1− α

k

)
(xk − xk−1)− s∇f (xk).

Implicit: yk = xk+1, inertial proximal algorithm, Güler, Beck-Teboulle

xk+1 = proxsf (xk +
(
1− α

k

)
(xk − xk−1)).

Nesterov: yk = xk +
(
1− α

k

)
(xk − xk−1)

(IG)α

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = yk − s∇f (yk).
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3.1. Inertial Gradient algorithm.

min {f (x) : x ∈ H} , f : H → R convex differentiable, S = argminf 6= ∅.

(IG)α

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = yk − s∇f (yk)

yk = xk +
(
1− α

k

)
(xk − xk−1)•

xk•

xk−1•

xk+1 = yk − s∇f (yk)
S
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3.1 Inertial Proximal algorithm

min {f (x) : x ∈ H} , f : H → R ∪ {+∞} closed, convex, S = argminf 6= ∅.

(IP)αk ,βk

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = proxsf (yk).

yk = xk +
(
1− α

k

)
(xk − xk−1)•

xk•

xk−1•

xk+1 = proxsf (yk)
S
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3.1. Inertial Proximal-Gradient algorithms

• f : H → R convex, C1, ∇f L-Lipschitz continuous; 0 < s ≤ 1
L .

• g : H → R ∪ {+∞} convex, lower semicontinuous, proper.

(IPG)α

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = proxsg (yk − s∇f (yk))

α = 3: Nesterov (’83), Beck-Teboulle: FISTA (SIAM J. Imaging 2009)

(f + g)(xk)−minH(f + g) = O( 1
k2 ).

α > 3: xk ⇀ x∞ ∈ S = argmin(f + g), Chambolle-Dossal (JOTA 2015).

(f + g)(xk)−minH(f + g) = o( 1
k2 ), A.-Peypouquet (SIOPT 2016).

α ≤ 3: (f + g)(xk)−minH(f + g) = O
(

1

k
2α
3

)
.

Apidopoulos-Aujol-Dossal (Mat. Prog ’18), A.-Chbani-Riahi (COCV ’18)
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3.1. Convergence rate. Global picture.

(IPG)α

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = proxsg (yk − s∇f (yk))

α0 3

2
p(α)

Convergence rate of the values:

(f + g)(xk)−minH(f + g) = O
(

1
kp(α)

)
, p(α) = min

(
2α
3
, 2
)
.
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3.1. General extrapolation coefficient

(IPG)α(·)

 yk = xk + αk(xk − xk−1);

xk+1 = proxsg (yk − s∇f (yk)) .

Auxiliary sequence: tk := 1 +
∑+∞

i=k

∏i
j=k αj , αk = tk−1

tk+1

Theorem (A.-Cabot (SIOPT, 2018))

A. Suppose that the sequence (αk) satisfies (K0) and (K1).

(K0) ∀k ≥ 1,
∑+∞

i=k

∏i
j=k αj < +∞,

(K1) ∀k ≥ 1, t2k+1 − tk+1 − t2k ≤ 0.

Then, for any sequence (xk) generated by algorithm (IPG)α(·)

(f + g)(xk)−min(f + g) = O
(

1
t2k

)
as k → +∞.

B. Assume moreover that ∃m < 1 s.t. t2k+1 − t2k ≤ m tk+1 ∀k ≥ 1. Then

(f + g)(xk)−minH(f + g) = o
(

1∑k
i=1 ti

)
, xk ⇀ x̂ ∈ argminH(f + g).
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3.1. General damping/ inertial coefficient

Wk := (f + g)(xk)−minH(f + g) + 1
2‖xk − xk−1‖2.

αk 1− α
k
, α ≤ 3 1− α

k
, α > 3 1− (ln k)θ

k
1− α

kr
, r ∈]0, 1[ 0 ≤ α < 1

Wk O
(

1

k
2α
3

)
o
(

1
k2

)
o
(

(ln k)θ

k2

)
o
(

1
kr+1

)
o
(
1
k

)

• Historical choice by Nesterov: t2k+1 − tk+1 − t2k = 0. Then αk ∼ 1− 3
k .

• αk = 1− α
k : tk+1 = k

α−1 . (K1) corresponds to α ≥ 3, (K+
1 ) to α > 3.

• 0 ≤ m ≤ αk ≤ M < 1, 1−m
1−M < 3

2 : Wk = o
(
1
k

)
(HBF).
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3.2. Critical case α = 3

Open pb. 1: convergence of the iterates in the case α = 3.

Theorem (A.-Chbani-Riahi, COCV 2018)

H = R. Let x : [t0; +∞[→ R be a solution of (AVD)α with α = 3.
Then x(t) converges, as t → +∞, to a point in S.

Lemma (H general Hilbert space)

Let x(·) be a trajectory of (AVD)α, α ≤ 3. Suppose that for t2 ≥ t1

x(t1) = x(t2) ∈ S = argmin f .

Then t
α
3
2 ‖ẋ(t2)‖ ≤ t

α
3
1 ‖ẋ(t1)‖. In particular, for α = 3,

t2‖ẋ(t2) ≤ t1‖ẋ(t1)‖.
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3.2. Critical case α = 3

Only difficult case: the trajectory passes in a and b an infinite number
of times. Let us show that this is impossible.

The argument is based on the decay of t‖ẋ(t)‖ during a loop.

0 ba

f

R

R

tnsn

unvn
• •

|vnẋ(vn)| ≤ |snẋ(sn)| − 2(α− 1)(b − a).

For each loop, t‖ẋ(t)‖ decreases by a fixed positive quantity!
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3.3. Link with the Ravine method.

Claim 1: (yk) follows the Ravine method.

(IG)α

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = yk − s∇f (yk)

yk+1 = xk+1 +
(

1− α
k+1

)
(xk+1 − xk)

yk+1 = yk − s∇f (yk) +
(

1− α
k+1

)
(yk − s∇f (yk)− (yk−1 − s∇f (yk−1)))

(Ravine)α

 Ak := yk − s∇f (yk)

yk+1 = Ak +
(

1− α
k+1

)
(Ak − Ak−1) .
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3.3. Link with the Ravine method.

Ravine method: Gelfand, Tsetlin (1961), Polyak (2018).

•

•
•

•
•

yk−1
yk

Ak−1 = yk−1 − s∇f (yk−1)

Ak = yk − s∇f (yk)

yk+1 = Ak + αk(Ak − Ak−1)

S = argminf
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3.3. Link with the Ravine method.

Claim 2: the continuous dynamic attached to (yk) is (AVD)α.

yk+1 − yk = −s∇f (yk) + αk+1(yk − yk−1)− αk+1s(∇f (yk)−∇f (yk−1)).

yk+1−2yk+yk−1

h2
+∇f (yk) + 1−αk+1

h
yk−yk−1

h +αk+1(∇f (yk)−∇f (yk−1)) = 0.

Ansatz yk ≈ Y (kh), smooth curve Y (t) defined for t ≥ t0. Set k = t/h.
As h goes to zero, Y (t) ≈ yt/h = yk , Y (t + h) ≈ y(t+h)/h = yk+1.
Taylor expansions:

Ÿ (t) +
α

t
Ẏ (t) +∇f (Y (t)) + o(1) = 0.

h→ 0: Y (·) is a solution trajectory of (AVD)α.
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3.3. Link with the Ravine method. Convergence of (yk).

Claim 3: for α > 3, (yk) satisfies the same convergence rate as (xk).

(IG)α

 yk = xk +
(
1− α

k

)
(xk − xk−1)

xk+1 = yk − s∇f (yk)

Theorem (A.-Peypouquet (SIOPT 2016), A.-Cabot (SIOPT 2018))

Let (xk), (yk) be generated by (IG)α with α > 3. Then

f (xk)−minH f = o( 1
k2 );

xk ⇀ x∞ ∈ S as k → +∞;

‖xk − xk−1‖ = o
(
1
k

)
.

Consequences:
i) ‖yk − xk‖ ≤ ‖xk − xk−1‖ = o

(
1
k

)
. Hence yk ⇀ x∞ ∈ S as k → +∞.

The two sequences (xk) and (yk) have the same limit in S .
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3.3. Convergence of (yk).

ii) Convexity of f : f (xk) ≥ f (yk) + 〈∇f (yk), xk − yk〉.

⇒ f (yk)−min
H

f ≤ f (xk)−min
H

f + ‖∇f (yk)‖‖yk − xk‖

≤ o

(
1

k2

)
+

1

s
‖xk+1 − yk‖‖yk − xk‖

≤ o

(
1

k2

)
+

1

s

(
‖xk+1 − xk‖+ ‖xk − yk‖

)
‖xk − yk‖

≤ o

(
1

k2

)
+

1

s

(
‖xk+1 − xk‖+ ‖xk − xk−1‖

)
‖xk − xk−1‖

≤ o

(
1

k2

)
because ‖xk − yk‖ ≤ ‖xk − xk−1‖ and ‖xk − xk−1‖ = o

(
1
k

)
. .

Open pb. 2: f (yk)−minH f = O( 1
k2 ) true for α = 3? FISTA?
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3.3. Rescaled Ravine method

Modify the scaling in order to make appear the Hessian damping.

(Ravine)rescale


Ak = xk − s∇f (xk)

Bk = xk − β
√
s∇f (xk)

xk+1 = Ak + αk(Bk − Bk−1)

xk+1 = (xk − s∇f (xk)) + αk [xk − β
√
s∇f (xk)− xk−1 + β

√
s∇f (xk−1)].

xk+1 − xk = −s∇f (xk) + αk(xk − xk−1)− βαk
√
s(∇f (xk)−∇f (xk−1)).

Set h =
√
s, time step size. Dividing by s > 0

xk+1 − 2xk + xk−1
h2

+∇f (xk) +
1− αk

h

xk − xk−1
h

+β
αk

h
(∇f (xk)−∇f (xk−1)) = 0
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3.3. Rescaled Ravine method

Claim 4: the continuous dynamic attached to the rescaled Ravine
method is (DIN−AVD)α,β.

xk+1 − 2xk + xk−1
h2

+∇f (xk)+
1− αk

h

xk − xk−1
h

+β
αk

h
(∇f (xk)−∇f (xk−1)) = 0.

xk ≈ X (kh), k = t/h. X (t) ≈ xt/h = xk , X (t + h) ≈ x(t+h)/h = xk+1.

Take αk = 1− α
k . Thus 1−αk

h = α
t . Taylor expansions

(xk+1 − xk)− (xk − xk−1)

h2
≈ Ẍ (t) + o(1),

∇f (xk)−∇f (xk−1) ≈ ∇f (X (t))−∇f (X (t−h)) = h∇2f (X (t))Ẋ (t)+o(h)

Ẍ (t) + α
t Ẋ (t) +∇f (X (t)) + β∇2f (X (t))Ẋ (t) + o(1) = 0.

h→ 0: X (·) is a solution trajectory of (DIN−AVD)α,β.
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Appendix 1. Hessian driven damping. Algorithms.

Inertial proximal method with Hessian damping and time scaling

ẍ(t) +
α

t
ẋ(t) + β∇2f (x(t))ẋ(t) + b(t)∇f (x(t)) = 0.

xk+1−2xk+xk−1

h2
+ α

kh
xk+1−xk

h + β
h (∇f (xk+1)−∇f (xk)) + bk∇f (xk+1) = 0.

k(xk+1− 2xk + xk−1)+α(xk+1− xk)+βhk(∇f (xk+1)−∇f (xk))+ bkh
2k∇f (xk+1)) = 0.

• Ek := δk(f (xk)−minH f ) + 1
2‖vk‖

2.

• vk := (α− 1)(xk − z) + k(xk − xk−1 + βh∇f (xk)).

Ek+1−Ek = (δk+1−δk)(f (xk+1)−mf )+δk(f (xk+1)− f (xk))+ 1
2‖vk+1‖2− 1

2‖vk‖
2

1
2‖vk+1‖2 − 1

2‖vk‖
2 = 〈vk+1 − vk , vk+1〉 − 1

2‖vk+1 − vk‖2.
vk+1−vk = (α−1)(xk+1−xk)+(k+1)(xk+1−xk+βh∇f (xk+1))−k(xk−xk−1+βh∇f (xk))

= α(xk+1 − xk) + k(xk+1 − 2xk + xk−1) + βhk(∇f (xk+1)−∇f (xk)) + βh∇f (xk+1)

= (βh − bkh
2k)∇f (xk+1) .
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Appendix 1. Hessian driven damping. Algorithms.

1
2
‖vk+1‖2 − 1

2
‖vk‖2 = − 1

2
(βh − bkh

2k)2‖∇f (xk+1)‖2
+(βh − bkh

2k) 〈∇f (xk+1), (α− 1)(xk+1 − z) + (k + 1)(xk+1 − xk + βh∇f (xk+1))〉
= −

(
1
2
(βh − bkh

2k)2 + βh(k + 1)(bkh
2k − βh)

)
‖∇f (xk+1)‖2

+(α− 1)h(bkhk − β) 〈∇f (xk+1), z − xk+1〉+ (bkh
2k − βh)(k + 1) 〈∇f (xk+1), xk − xk+1〉

≤ (α− 1)h(bkhk − β)(f (z)− f (xk+1)) + h(bkhk − β)(k + 1)(f (xk)− f (xk+1).

Take δk := h(hkbk − β)(k + 1). f (xk)− f (xk+1) cancel in Ek+1 − Ek

Ek+1 − Ek ≤
(
δk+1 − δk − (α− 1)h(bkhk − β)

)
(f (xk+1)− f (z)).

δk+1 − δk − (α− 1)h(bkhk − β) =

h
(

(h(k + 1)bk+1 − β)(k + 2)− (hkbk − β)(k + 1)− (α− 1)(bkhk − β)
)

= h
(

(h(k + 1)(k + 2)bk+1 − hk(k + α)bk + β(α− 2)
)

Ek+1−Ek ≤ h
(

(h(k + 1)(k + 2)bk+1−hk(k +α)bk +β(α−2)
)

(f (xk)−minH f ).
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Appendix 1. Hessian driven damping. Algorithms.


yk = xk +

(
1− α

k+α

)
(xk − xk−1) + β

√
s
(

1− α
k+α

)
∇f (xk)

xk+1 = prox k(βh+bk s)

k+α
f
(yk)

Theorem (A.-Chbani-Riahi, 2019)

Suppose h(k + 1)(k + 2)bk+1 − hk(k + α)bk + β(α− 2) ≤ 0. Then

f (xk)−min
H

f = O
(

1

k2bk

)
,
∑
k

k2b2k‖∇f (xk+1)‖2 < +∞.

• bk = 1 : OK if α > 3.

• bk = kδ: OK if α > 3 + δ.
f (xk)−minH f = O

(
1

k2+δ

)
,

∑
k k

2+2δ‖∇f (xk+1)‖2 < +∞.
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Appendix 2. Nesterov accelerated gradient method

f : H → R convex differentiable, ∇f L-Lipschitz, argminf 6= ∅.

• Nesterov accelerated gradient method (1983), 0 < s ≤ 1
L

(IG)

 yk = xk + αk(xk − xk−1)

xk+1 = yk − s∇f (yk)

αk =
tk − 1

tk+1
with tk+1 =

√
4t2k + 1 + 1

2
and t1 = 1.

(αk) increasing sequence; αk ∼ 1− 3
k as k → +∞;

Convergence rate O( 1
k2 ); optimal / first-order methods.

Convergence of trajectories: open question in general.
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