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Introduction

e H Hilbert space;
e f:H — R convex, class C?>, S = argmin f # (J;
e «a >0, >0 parameters.

Fast optimization via the inertial system with Hessian damping

(1) + %)’((t) + BV2F(x(£))x(t) + VF(x(t)) = 0.

Two types of damping:
e Hessian driven damping

x(t) + BV2F(x(t))x(t) + VF(x(t)) = 0.
e Asymptotic vanishing viscous damping

(1) + %k(t) + VF(x(t)) = 0.
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@ Inertial dynamics and algorithms with Hessian damping.

@ Convergence results. Continuous case.
® Convergence results. Algorithms.

® Time scaling aspects.

@ Non-convex semi-algebraic optimization.

@ Link with Newton and Levenberg-Marquardt methods.

® Open-loop regularization.

® Closed-loop regularization.

@ Nesterov-like methods. Open questions.

@ Survey of recent results.
@ Critical case a = 3.
® Link with the Ravine method.
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1.0. Hessian driven damping. Introduction.

(DIN — AVD),, 5 X(t) + %k(t) + BVAF(x()x(t) + VF(x(t)) = 0.

<

o (HBF) x(t)+TIx(t)+VF(x(t))=0. I'=~Id, v > 0, Polyak 1964.
I : H — H anisotropic linear positive, Alvarez (SICON 2000).

o (DIN);  x(t) +yx(t) + BV (x(t))x(t) + VF(x(t)) = 0.
Alvarez-A.-Bolte-Redont (JMPA 2002), A.-Maingé-Redont (DEA 2012).
o (AVD),  X(t) + $x(t) + Vf(x(t)) = 0.
Su-Boyd-Candes (NIPS ’14), A-Chbani-Peypouquet-Redont (M.Prog.’18)
o (DIN — AVD), 5 X(t) + $x(t) + BV?f(x(t))x(t) + VF(x(t)) = 0.
A .-Peypouquet-Redont (JDE 2016), Shi-Du-Jordan-Su (arXiv 2018).

Related dynamics: Bot-Csetnek (SVVA, 2018; Optimization, 2019).
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1.0. Hessian driven damping. Introduction.

Compare (AVD),, with (DIN — AVD),_, 4

o f(x,y) = 3(x?+1000y?): quadratic, ill-conditioned.
o a=314=1
@ Initial conditions: (x(1),y(1)) = (1,1), (x(1),y(1)) = (0,0).

The wild oscillations of (AVD) are neutralized by (DIN-AVD).

Figure: (AVD) (DIN-AVD)
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1.1. Hessian driven damping. Continuous case.

Theorem (A.-Peypouquet-Redont, JDE 2016)
Let x : [to, +oo[— H be a solution of (DIN — AVD),, 5. Let a > 3.
i) Suppose 3 > 0. Then x(-) is bounded and

F(x(t)) —miny F =0 (%), |Ix(t) + BVF(x(1)| =0 (3) .
i) Suppose [ > 0. Then ftio t2||V£(x(t))||?dt < +o0 and

limes o0 [X(E)]] = limespoo [IR(E) | = lime s so0 [ VF(x(0))]| = 0.

Theorem (A.-Peypouquet-Redont, JDE 2016)
Let x : [to, +oo[— H be solution of (DIN — AVD),, 5. Take oo > 3. Then
i) x(t) = X0 € argminyf as t — +oo.

i) f(x(t)) — miny f = o (tlz) ,IXx(2) + BVE(x(t)|| = o (%) o
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1.1. Hessian driven damping. Continuous case.

Perturbed dynamic

(DIN — AVD) .., X(t) + $x(t) + BV2f(x(t))x(t) + VF(x(t)) = g(¢).

Theorem (A.-Peypouquet-Redont, JDE 2016)

Let x : [to, +0o[— H be a solution trajectory of (DIN — AVD) .. .

Suppose / t|lg(t)|| dt < +o0. Then,

to

ea>34>0: f(x(t))—mian:O<t—12>.

e a>3 >0 x(t) — xx € argminyf as t — +oo.

°a>38>0 / (| VF(x(£))|Pdt < +o0.

to
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1.2. Hessian driven damping. Algorithms.

Temporal scaling

x(t) + %)’((t) + BV2F(x(£))x(t) + b(t)VF(x(t)) = 0.

Fully implicit discretization. V2f(x(t))x(t) = LV f(x(t)).

Xk+1 — 2Xk + Xk— QO Xkl — X
k+1 h2k k—1 = k+1h k +%(Vf(X;HJ)_Vf(Xk))+kaf(Xk+l):O,

)
{ Yk =Xk + (1— ﬁ) (xXk — xk—1) + BV/s (1— kj%a) Vi (xk)

Xk+1 = prOXHLa(B\/E_;.Sbk)f(yk)‘
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1.2. Hessian driven damping. Algorithms.

{yk—xk—i-(l 725 ) (o= xim1) + B3 (1 - 225) VF(x)

Xk+1 = prOXH_La(ﬁﬁ-FSbk)f(yk)'

Lyapunov analysis
o F = 5k(f(Xk) — miny f) + %Hvk||2, Ok i= h(hkbk = ﬂ)(k P 1)
vk i= (@ — 1)(xk — 2) + k(xx — xk—1 + BhVf(xk)), 2z € argminf.
*Eii1 — B < h((h(K+1)(k+2)bips — hk(k+ )by + B(ar—2) ) (F(xi) — mingy )

4

Theorem (A.-Chbani-Riahi, 2019)
Suppose \/E((k +1)(K + 2)brr1 — k(K + a)bk> + Bla—2) < 0. Then,

f(xx) — miny f = 0O (ﬁ) , S KBV (xk1) || < 4o0.
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1.2. Hessian driven damping. Algorithms.

Yk = Xk + (1—,{%}() (xk—xk_l)—i—ﬂ\/E( k+a> Vf(xk)

Xk+1 = PTOX_k_(g. /s+sby)f (i)

Analysis of the growth condition
V(e + D)k + 2)biss — k(k +a)bi) + Bl —2) < 0.
eb,=1: OKif o > 3.

f(xk) — ming £ =0 (%), 3ok KV (xi41) ]I < +o0.
o by = k% OKifa>3+06.

f(xk) —miny f = O (k2_1+5)’ >k k2F20||V f (x41) |2 < +oo.
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1.2. Hessian driven damping. Algorithms

f:H — RU{+oo} convex, lower semicontinuous, proper.
f\ = Moreau envelope of f, fy € C1! convex, min fy = min f.

Hessian dynamic attached to f

x(t) + %k(t) + BV2A (x(£)x(t) + b(t)VA(x(t)) = 0.

yie=x+ (1= 225) (e — %) + Av5 (1= 225 ) VA

Xkl = PTOX k(. /54 apy)p, (Vk)-

V3 ((k + D)k + 2)biss — k(K +a)bi) + o —2) < 0.
U
f/\(Xk) —ming f =0 <k+bk) 5 Zk kzbﬂlVf)\(Xk_'_l)Hz < +00.
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1.2. Hessian driven damping. Algorithms

o fx)= f(PI‘OXAf(X)) + 25 Ix = prox,e(x))|I.
o VA(X) = % (x — prox,e(x)).
e proxys (x) = AL-;-GX + )\L_;_Oprox()\_i_e)f(x).

A(k+a)
A(k+a)+k(B+/s+sbk) <L

v =i+ (1= 725 O = xe-1) + B (1= 285 ) (% — proxar(x)

Xip1 = pkYk + (1 = p)prox a (y)-
Mg

Relaxed proximal inertial algorithm, 0 < uy :=

Theorem (A.-Chbani-Riahi, 2019)
Suppose \/§<(k + 1)(k + 2)bit1 — k(k + oc)bk) + (e —2) <0. Then

f(proxyf(xc)) — ming f = O (;%) s 2ok KB Xu1 — proxye(xit1)|* < +o0.

4

H. ATTOUCH (Univ. Montpellier) Hessian driven damping 12 / 61



H. ATTOUCH (Univ. Montpellier)

1.2. Hessian driven damping. Algorithms

(DIN-AVD),, ;,  %(t)+ %x(r) + BV2F(x(£))x(t) + VF(x(t)) = 0.

(DIN-AVD),, 5 looks more complicated than (AVD),, but

Theorem (A.-Peypouquet-Redont, JDE 2016)
(DIN—AVD)QWB is equivalent to the first-order system

x(1)+ BVI(x(8) — (3= 4) x(6) + Sy(6) =0,

y(6) = (3 -9+ 2)x(0)+ hy(t) =o0.

e Natural extension to f:H — R U {400} convex lsc. proper.
e Damped shocks in mechanics (A.-Maingé-Redont, DEA 2012).

Open question: discretize, compare with the previous approach.
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1.3. Time scaling aspects

Model situation: 7(t) =<, a >3
(AVD)e  %(t) + Zx(t) + VF(x(t)) = 0.

f(x(t)) —miny f =0O (t—lz)

Change of time variable: t = sP, £(s) := x(sP).
£(s) + pf(5)+P2 2P=DVE(E(s) =
ap=1+(a—1)p>aforp>1, b(s)=p?s2r-1.

f(&(s)) — miny £ = O (5) -

Convergence rate of values: arbitrarily fast with p large.
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1.3. Time scaling aspects

Discretization with fixed step size

(1P) Ve =Xk + (1 — %) (X — Xk—1)

a, by
Xk+1 = ProXp, (Yk)-

Theorem (Attouch-Chbani-Riahi (HAL 2018))

Take oo > 1. Suppose that (bx) satisfies the growth condition: for k > 1

k2
< .
(He) b < gy 2—a)

Then, for any sequence (xk) generated by the algorithm (IP), ,

1
f(xk) —miny f = O <k2_bk> as k — +oo.

bk = k°, 6 > 0: (Hp) is satisfied for a > 3+ 8. Conv. rate = O (2 ).

k246
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1.3. Time scaling aspects

Hessian damping ~(t) =%, a >3, >0
X(t) + %)’((t) + BV2F(x())x(t) + VF(x(t)) = 0.

f(x(t)) —miny f =0O (t%)

Change of time variable: t = sP, £(s) := x(sP).
E(s) + “LE(s) + +pBsP VA (x(1))x(t) + pPs*PTUVF(E(s)) = 0,

ap=1+(a—-1)p>aforp>1, f(g(s))—mian:(’)(;}g).

General scaling: to study

X(t) + 2x(t) + B(t) V2 (x(t))x(t) + b(t)VF(x(t)) = 0.
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1.4. Non-convex semi-algebraic optimization.

f:R" — RU {+o0}, semi-algebraic.

(DIN)  %(t) + ax(t) + BV2F(x(£))x(t) + VF(x(t)) = 0. ]

e aff > 1 = (DIN) is equivalent to a gradient system associated to
a (KL) function (Alvarez-A.Bolte-Redont, JMPA 2002, Prop. 6.1)
= convergence of the trajectories and of the associated classical
descent algorithms (A.-Bolte-Svaiter, Math. Prog, 2013).

e 3 = 0 Begout-Bolte-Jendoubi (JDE 2015) (DIN) is a
quasi-gradient system for a modified energy function, which is still
semi-algebraic = convergence.

Questions: a > 0, 8 > 0:
1) Is (DIN) a quasi-gradient system for a semi-algebraic function?
2) Non-autonomous case? (importance of the closed-loop approach).
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2.1. Link with Newton, Levenberg-Marquardt methods

Newton method for optimization: solve Vf(x) =0
e Discrete: VF(xk) + V2f(xk)(xkr1 — xk) = 0.
e Continuous: V2f(x(t))x(t) + Vf(x(t)) = 0.

Levenberg-Marquardt regularization, A(t) > 0

Mt)x(t) + V2 (x(t))x(t) + VF(x(t)) = 0.

Attouch-Svaiter (SICON 2011): f convex, Isc. proper
v(t) € Of (x(t))
A(t)x(t) + v(t) + v(t) = 0.

Well-posed system. Convergence under appropriate tuning of A(t) — 0.
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2.1. Link with Newton, Levenberg-Marquardt methods

A maximally monotone

v(t) € A(x(t))
A(t)x(t) + v(t) + v(t) = 0.

Minty representation: z(t) := x(t) + u(t)v(t), u(t) := ﬁ

x(t) = Junyal(z(t)) = (Id + pu(t)A)~(z(t))  resolvent.

v(t) = Au(t)(z(t)) = ﬁ(z(t) = J#(t)A(z(t))) Yosida regularisation.

Classical differential equation with respect to z(+)

{ x(t) = Jyoalz(t))
2(t) + (u(t) — (1)) Augey (2(2)) = 0.

H. ATTOUCH (Univ. Montpellier)

Hessian driven damping

19 / 61



2.1. Link with Newton, Levenberg-Marquardt methods

A maximally monotone

{wwemwm

A(t)x(t) + v(t) + v(t) = 0.

{Mﬂmmﬁm)

z(t) + (u(t) — (1)) Aue) (2(t)) = 0.

Remark: p(t) — p(t) > 0 <= A g,

A1)

Theorem (Attouch-Svaiter, SICON 2011)

Suppose A maz. monotone, S = A~1(0) # 0, liminf, % > —1.
Then x(t) converges weakly to some x» € S, and ||v(t)|| — 0.
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2.1. Link with Newton, Levenberg-Marquardt methods

Closed-loop control

{ v(t) € A(x(t))
a(|lv(t)IIP)x(t) + v(t) + v(t) =0

Theorem (Attouch-Redont-Svaiter, JOTA 2013)

Suppose A maz. monotone, S = A1(0) £ 0, lim sup ra(r)

<
r—0+* a(r)
Then x(t) converges weakly to some xx € S, and ||v(t)|| — 0.

N —

Example: 0<vy<1

v(t) € A(x(t))
lv(t)]|7x(t) + v(t) + v(t) = 0.
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2.2. Link with Newton, Levenberg-Marquardt methods

A= Vf, f convex.

Closed-loop control with Hessian damping

x(t) + [IVF(x(2) |7 x(t) + BV (x(t))x(t) + VF(x(t)) = 0.

Conjecture 1

Suppose 0 < v < 1. Then x(t) converges weakly to some x, € S,
and ||Vf(x(t))|| — 0.

Conjecture 2

Restarting methods work better with the Hessian driven damping.
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2.2 Inertial dynamics & control: Adaptive restart

Strategy: maintain high velocity along the orbit.

(AVD), X(t) + —(t) + VF(x(t)) =0, x(0) =0, X(0) =0.

Restarting time: T(f,x) = sup{t >0, Vr €]0,t[, Z|x(r)|? > 0}.
Before time T(f,xp) > 0, t — f(x(t)) decreases:

SF(x(2)) = (VF(x(2)), x(2)) = =¢Ix(0)> = 3 & Ix(2)|1* < 0.
At time T(f, xp), stop and restart, and so on.

Theorem (Su-Boyd-Candes, 2016), linear convergence

Suppose f : H — R strongly convex, Vf Lipschitz continuous, o > 3.
Let xs(+) be an orbit of the speed restarting dynamic. Then

f(xsr(t)) — mingy f < cre” 2t

Question: adaptive restart for a general convex function f7
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3.1 Inertial Gradient dynamic.

(AVD),  X(t) + %X(t) + VF(x(t)) = 0. J

@ « > 3: Su-Boyd-Candes (J. of Machine Learning Research 2016)
1
o f(x(t)) — miny f = O(;) as t — +oo;
o Link with Nesterov accelerated gradient method (o = 3).
@ o > 3: A.-Chbani-Peypouquet-Redont (Math. Prog. 2018)
1
o f(x(t)) — miny f = O(ﬁ); Xx(t) = X0 €S as t — +o0.
e Link with Chambolle-Dossal inertial algorithm.

@ a < 3: A.-Chbani-Riahi (COCV 2017), Apidopoulos-Aujol-Dossal
(SIOPT, 2018).

o f(x(t)) —miny f = O(%) as t — +o0.

t5
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3.1 Inertial gradient dynamic

(AVD)o  X(£) + TX(e) + VF(x(1)) = 0. J
ol p(e) = min (3,2)
0 3 o}
f(x(t)) —miny f =0 (ﬁ)
ea>30 :2> optimal rate, f(x) = ||x||", r = +oo.
ea<30 t}a) optimal rate, f(x) = ||x]|.
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3.1. Inertial approach to Nesterov accelerated method

(AVD), () + %X(t) + VF(x(t)) = 0. J

1
Discretization: ﬁ(Xk_A'_]_ — 2xk + Xk—1) + %(xk — xk—1) + VFf(yx) =0.

Different cases for yx, s = h?
@ Explicit: yx = xk, heavy ball with friction, Polyak
Xer1 = Xk + (1 — %) (xk — xk—1) — sVF(xi).
@ Implicit: yx = X1, inertial proximal algorithm, Giiler, Beck-Teboulle
Xp1 = proxge(xk + (1 — %) (xk — xk—1))-

@ Nesterov: yx = xx + (1 — %) (xk — xk—1)

(1G)a v =xk+ (1= %) 0k — xk—1)

Xit1 = Yk — SVEF(yk).

26 / 61
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3.1. Inertial Gradient algorithm.

min {f(x): x € H}, f:H — R convex differentiable, S = argminf # (. J

Yo = X+ (1—9) (x — xk-1)
Yk — sVF(yk)

X

+

5
|
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3.1 Inertial Proximal algorithm

min{f(x): x € H}, f:H — RU{+oo} closed, convex, S = argminf # (). )

ye=xc+ (1= %) (xk — xk—1)

Xk+1 = ProXe(Vk)-
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3.1. Inertial Proximal-Gradient algorithms

o f:H — R convex, C*, Vf L-Lipschitz continuous; 0 <s < }.
e g:H — RU{+cx} convex, lower semicontinuous, proper.

(IPC), o = xk+ (1—=%) Ok — xk-1)

Xkt1 = DProXe (yx —sVF(yk))

@ « = 3: Nesterov (’83), Beck-Teboulle: FISTA (SIAM J. Imaging 2009)
(F + 8)(xk) — min(F + 8) = O(R).

@ >3 Xk — Xoo € S = argmin(f + g), Chambolle-Dossal (JOTA 2015).
(f + g)(xx) — miny(f + g) = o(3%), A.-Peypouquet (SIOPT 2016).

o <3 (f+g)(xk)— miny(f+g)=0 (?177)
Apidopoulos-Aujol-Dossal (Mat. Prog ’18), A.-Chbani-Riahi (COCV ’18)

v
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3.1. Convergence rate. Global picture.

(IPG) vi = xk+(1—%) (x — xk—1)
Xk41 = Proxg (v —sV£(y«))
[0
S | p(a)
0 3 «

Convergence rate of the values:

(f + g)(x) — miny(f + &) = O (54), p(a) = min (&,2).
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3.1. General extrapolation coefficient

Vi = Xk + ou(Xie — Xi—1);
(IPG)ag)

Xky1 = ProXg, (yk — sVF(yk)).

Auxiliary sequence:  t; =1+ ZLOE H}:k aj, oy = ttkk;l

Theorem (A.-Cabot (SIOPT, 2018))

A. Suppose that the sequence (cu) satisfies (Ko) and (Ki).

(Ko) Vk>=1, SI%IT_,q <+oo,

(K1) Vk>1, 2, —tiya— 12 <0.

Then, for any sequence (xx) generated by algorithm (IPG)q(.
(f+g)(xk) —min(f +g)=0 (%) as k — +o0.

B. Assume moreover that Im <1 s.t. t},, —t7 < mtiyy Vk > 1. Then

(F +8)(%) — minsu(f +8) = 0 (55 ) » 3 = % € argming,(F + ).
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3.1. General damping/ inertial coefficient

Wy = (f + g)(xx) — miny(f + g) + %HXk — X1 J
an || 1-%2,a<3 | 1-%, a>3 | 1+ 1-2, relo1 |0<a<1

x|
N

woll o(d) | e | e(WE) | etk | el

e Historical choice by Nesterov: t7,; — typq — tz = 0. Then ay ~ 1 — 3.
eap=1-9%: tiy1 = =5. (K1) corresponds to o > 3, (K{") to a > 3.
00<m<ak<M<1 1=m < 3: Wy =o(;) (HBF).
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3.2. Critical case a = 3

Open pb. 1: convergence of the iterates in the case o = 3.

Theorem (A.-Chbani-Riahi, COCV 2018)

H =R. Let x : [to; +00o[— R be a solution of (AVD), with o = 3.
Then x(t) converges, as t — +00, to a point in S.

Lemma (H general Hilbert space)
Let x(-) be a trajectory of (AVD),, o < 3. Suppose that for to > t;

x(t1) = x(t2) € S = argmin f.
Then tz% |x(t2)]] < t1%||x(t1)\| In particular, for o =3,

to|x(t2) < ta|x(ta)ll-
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3.2. Critical case a = 3

Only difficult case: the trajectory passes in a and b an infinite number
of times. Let us show that this is impossible.

The argument is based on the decay of t||x(t)|| during a loop.

R

Sn — In

0 av, ~—— u,b R

[vak(va)] < [sa(5)] — 2( — 1)(b — a).

For each loop, t||x(t)|| decreases by a fixed positive quantity!
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3.3. Link with the Ravine method.

Claim 1: (yx) follows the Ravine method.

(1Q), e = xk+ (1—%) (x5 — xk—1)

Xk41 = Yk —SsVIF(yk)

Yk41 = Xk41 + (1 — k%l) (Xk+1 — Xk)

Vi = v = sVF(n) + (1= 221 ) 0 = sVF(3) = (s = sVF (1))

Ac = yk—sViT(y)

(Ravine),,
Yer1 = Akt <1 = ﬁ) (Ak — Ak-1) -
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3.3. Link with the Ravine method.

Ravine method: Gelfand, Tsetlin (1961), Polyak (2018).

S = argminf

A
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3.3. Link with the Ravine method.

Claim 2: the continuous dynamic attached to (yx) is (AVD),.

Y1 — Yk = —sVF(yk) + arp1(yk — ye—1) — ar+15(VE(yk) = VF(yk-1)).
Vel =AUVt 4 G f (yy ) G et 4 (VF (k) — VE(yke1)) = 0.
Ansatz yx =~ Y(kh), smooth curve Y(t) defined for t > ty. Set k = t/h.

As h goes to zero, Y(t) = yyn = Yk, Y(t+h) = Y(ein)h = Yet1-
Taylor expansions:

Y(t) + %Y(r) + VF(Y(t) + o(1) = 0.

h— 0: Y(-) is a solution trajectory of (AVD),.
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3.3. Link with the Ravine method. Convergence of (yx).

Claim 3: for av > 3, (yk) satisfies the same convergence rate as (xx).

(1G). o = xk+ (1—=%) 0k — x-1)

Xer1 = Yk —sVIF(yk)

Theorem (A.-Peypouquet (SIOPT 2016), A.-Cabot (SIOPT 2018))

Let (xk), (yk) be generated by (I1G)q with o > 3. Then
o f(xk) —miny f = o(k%);
@ Xk — X0 €S as k = +00;

[} ||Xk — Xk—lH =0 (%) .

Consequences:
i) |lyk = xkl| < [[xk — xk—1]| = 0 (%) . Hence yx — xo0 € S as k — +oc.

The two sequences (xx) and (yx) have the same limit in S.
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3.3. Convergence of (yx).

i) Convexity of £: f(xk) > f(yi) + (VF(yk), Xk — yi)-

= f) —minf < FOa) —minf+ [[VE(yilllyie = xill

1
< 2 ||Xk+1 Yillllyse = Xl
1
< o )+ 5 (s =l + Ik =yl = il

<

1
< o () \|Xk+1 = k|| + [k — xk— 1\\) [k — k1]

because [|xkx — yk|| < [|[xk — xk—1|| and ||xx — xx—1]| = o (%) ..
Open pb. 2: f(yx) — miny f = (9(%) true for a = 37 FISTA?
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3.3. Rescaled Ravine method

Modify the scaling in order to make appear the Hessian damping.

A = xx—sVF(x)
(Ravine)escale Bk = xx—Bv/sVF(xk)

Xk+1 = Ak + ak(Bk — Bk-1)

k1 = (xk — sVF(xk)) + ak[xk — ,BﬁVf(Xk) — Xk—1 + ,BﬁVf(kal)].
Xpr1 — Xk = —SVIF(xk) + ax(xx — xk—1) — Bak/s(VF(xk) — VF(xk—1))-
Set h = /s, time step size. Dividing by s > 0

Xg41 — 2Xk + Xk—1
2

1-— Qe Xk — Xk—1
h h

FVF(xe) + +6%(Vf(xk) —Vf(x_1)) =0
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3.3. Rescaled Ravine method

Claim 4: the continuous dynamic attached to the rescaled Ravine
method is (DIN — AVD),, 5.

-2 _ 1-— — Xk—
Xk+1 i:;k+Xk 1+vf(xk)+ hakLthlﬁ-ﬂ%(Vf(Xk)—Vf(kal)) =0.

xx ~ X(kh), k =t/h. X(t) = Xt/h = Xk; X(t+ h) =~ X(t+h)/h = Xk+1-
Take ax =1 — . Thus 1_% = <. Taylor expansions

(1 = x0) = (= x1) _
k+1 k = k k—1 NX(t)—I-O(l),

VF(xk)— V(1) = VF(X(t)) = VF(X(t—h)) = AV2F(X(£))X(t)+o(h)

X(t) + ¢X(t) + VF(X(¢)) + BV2F(X(£))X(t) + o(1) = 0. ]

h — 0: X(-) is a solution trajectory of (DIN — AVD),, 5.
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Appendix 1. Hessian driven damping. Algorithms.

Inertial proximal method with Hessian damping and time scaling

X(t) + %)’((t) + BV2F(x(£))x(t) + b(t)VF(x(t)) = 0.

Xk“*z,fzﬁxk’l Xl X 4 BT f(x0q) — VE(xk)) + eV F(xk1) = 0.

k(Xk+1 — 2Xk +Xk71) + a(Xk+1 — Xk) + ,Bhk(Vf(XkJrl) — Vf(Xk)) + bkhszf(Xk+1)) =0.
) Ek = 5k(f(Xk) — minH f) %Hvk||2

o vi = (a—1)(xx — 2) + k(xk — xxk—1 + BhV(xk)).

Eiy1— Exc = (811 — 01) (F (Xk1) — me) 4 0k (F (Xiew1) = F(xi)) + 5 [ visa |12 = 5 [ vl

Fvicral? = 3Ivkl? = (Vierr — vie, i) — 3l vierr — vl
Vi1 — vk = (0= 1) (X1 —xk) + (K +1) (X1 =Xk + BV (Xi41)) — k(xk —xx—1+BhV F (xk))
= a(Xkt1 — xk) + k(Xk41 — 2xk + xk—1) + Bhk(V(xk41) — VF(xk)) + BhVF (xk+1)
= (Bh — bkh*K)Vf(xks1) -
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Appendix 1. Hessian driven damping. Algorithms.

slvir|? = 2%HVk||2 = —3(Bh — bkh*k)? ||V f (i) |2

H(Bh — beh®K) (VF(xi1), (@ — 1) (xies1 — 2) + (K + 1) (41 — Xk + BHVF(xe51)))

=~ (3(8h = beh*k)? + Bh(k + 1)(buhtk — Bh) ) [V (1)

+(a — 1)h(bchk — B) (Vf(xk41),2z — Xkt1) + (bkh2k — Bh)(k + 1) (VF(Xkt1), Xk — Xk+1)
< (o — 1)h(buhk — B)(F(2) — F(xc1)) + h(bhk — B)(Kk + 1)(F(x¢) — F(xir):

Take 0y := h(hkbx — B)(k +1). f(xk) — f(xk+1) cancel in Exy1 — Ex

Es1— Ex < (5k+1 — 6k — (a — 1)h(bxhk — B))(f(ka) ~ f(2)).

5k+1 — 5k — (a — 1)h(bkhk — 6) =

h((h(k +1)bs1 — B)(k +2) — (hkby — B)(k + 1) — (a — 1)(byhk — ﬁ))

- h((h(k 4 1)(k + 2)bes1 — hk(k + a)bg + Bla — 2))

Eerr—Ex < h((h(k+1)(k+2)bk+1—hk(k+a)bk+6(a—2)>(f(xk)—minH ). J
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Appendix 1. Hessian driven damping. Algorithms.

Yk = Xk + (1 — k+a> (xk — xk—1) + Bv/s (1 — k%a) V£ (xk)

Xk+1 = PTOX k(Bh+bys) f(Yk)
k4o

Theorem (A.-Chbani-Riahi, 2019)
Suppose  h(k + 1)(k + 2)bx+1 — hk(k 4+ )by + S(a — 2) < 0. Then

f(xk) — m7_i[n f= (k2b ) Z K2b2 ||V (1) )? < +oo.

eb,=1: OKifa>S3.
o by =k%: OKif a>3+06.
f(x) —ming =0 (Z5), 2k T2V (xg)1? < +oc.
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Appendix 2. Nesterov accelerated gradient method

f : H — R convex differentiable, Vf L-Lipschitz, argminf # ().

e Nesterov accelerated gradient method (1983), 0<s < {
Yk = Xk + o X — Xk—
(1G) ( 2
Xk+1 = Yk —sVE(yk)
[4+2
Qp = k with ty1q1 = k— and t; = 1.
try1 2

o (k) increasing sequence; ay ~ 1 — 3 as k — +o0;
o Convergence rate O(/5); optimal / first-order methods.

e Convergence of trajectories: open question in general.
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