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Talk Outline

@ Statistics Background



Statistical Inference in a Slide

Underlying Model — Observed Data — Computed Estimator

Goal: Estimator takes data and tries to infer the underlying model.



Bias-Variance Tradeoff
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This figure from “An Introduction to Statistical Learning, with applications in R" (Springer, 2013) with permission from the authors: G. James, D. Witten,

T. Hastie and R. Tibshirani.



Regularization: Navigating the Tradeoff

Define estimator B as a solution to

minimize  f(8) + A-Q(B)
BERP —~— ———
data fitting term  regularization term
® small f means 3 describes the observed data well

® () controls the complexity of the estimator (problem-specific structure)
® )\ > 0 controls tradeoff



The Linear Model

Classical setting
® Observe n observations (y;, z;), where x; € RP.

® n>np.
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The Linear Model

High-dimensional setting

® Observe n observations (y;, x;), where z; € RP.
®*p>n ...an intractable situation?
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The Linear Model

High-dimensional setting

What if true model is actually simpler than it seems?
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The Linear Model

High-dimensional setting

What if true model is actually simpler than it seems?
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...actually a low-dimensional model



The Lasso

The Lasso — an estimator defined by the optimization problem

[Tibshirani, 1996]
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® Penalty = sparsity (feature selection)
® Fit versus parsimony tradeoff



What value of \ to use?

® |n theoretical results, it depends on unknowns.

® Choice even depends on your goal (support recovery vs. prediction)



In practice

® Solve problem for many A values.
® Cross validation: choose a A that makes good predictions on held out data.
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In practice

® Solve problem for many A values.

® Cross validation: choose a A that makes good predictions on held out data.
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The Solution Path

Statisticians interested in whole solution path parameterized by A:

P:{B,\:)\>O}

where 3, is the unique!® solution to

minimize f(8) + A - Q(B).

BERP

or will settle for a finite subset A:

{B)\Z)\EA}CP

LAlthough not generally true, holds in many realistic problem instances.



Examples

Often care about “when"” variables enter the model...

Aj == sup{\: 3;(\) # 0}.
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Examples

Often care about “when"” variables enter the model...

Aj == sup{\: 3;(\) # 0}.

® Ask whether after kth variable added, have all “true” variables been
identified, e.g. Lockhart et al. [2014], G'Sell et al. [2016], Fithian et al.
[2015].

® Use )\; as a test statistic, e.g., Bien et al. [2015]

® Compare the 5\j for real variables as opposed to “knockoff" versions [Barber
et al., 2015].

® “False Discoveries Occur Early on the Lasso Path” [Su et al., 2017]



The General Problem

If our goal is to solve a sequence of convex problems, how
does this affect our approach to optimization?

Is it necessarily true that the best algorithm for getting 3y will also be the best for
getting {0\ : A € A}?



The General Problem

If our goal is to solve a sequence of convex problems, how
does this affect our approach to optimization?

Is it necessarily true that the best algorithm for getting 3y will also be the best for
getting {0\ : A € A}?

Example: Do some methods make better use of warm starts than others?



Would we use different algorithms if instead of focusing on
185 = Ball < ga(0),

our goal were R R
sup |83 — Ball < ga(t)?
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Would we use different algorithms if instead of focusing on

185 = Ball < ga (1),

our goal were R R
sup |83 — Ball < ga(t)?
AeA

For finite A, in a total of ¢ - |A| steps, we could easily get
sup || B — Ball < sup ga(t)
AEA AEA

but can we get

ga(t) < supga(t)?
AEA

(Warm starts would be an example since they make g, (t) smaller.)



What's Typically Done by Statisticians...

(unless Q is particularly simple)

@ Write optimization algorithm for single A\ case using, say, ADMM.

® Solve along grid from largest A to smallest, using warm starts.



Talk Outline

© Approaches That Exploit the Path



Getting P Itself
For lasso, LARS algorithm (homotopy method) [Efron et al., 2004, Osborne et al.,
2000]

® Exploits piecewise-linearity of lasso path.

® Solves for the “knots” in the path (worst case 3? knots)
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Also developed for the generalized lasso [Tibshirani, 2011] and any problem in
which f is piecewise quadratic and Q is piecewise linear [Rosset and Zhu, 2007].



glmnet for {8 : A € A}

® Coordinate descent
® Decreasing grid of A values
® Warm starts

e Key: Active set (working set) - highly effective, exploiting sparsity



Screening Rules

Suppose you have solved 3()\') and are about to solve for 3(A) (N > A). Can you

cheaply determine that Bj(/\) = 0 before actually starting to solve the problem for
that A7

“Sequential Dual Polytope Projection” [Wang et al., 2012]

X7 (y = XBODI <N = (N/A = DIIX[lzllyll: = B;(%) =0.




“A General Framework for Fast Stagewise Algorithms”
Tibshirani [2015]

Focuses on approximate solution path of

Bs) € argmin £(5) st QB < 5.



“A General Framework for Fast Stagewise Algorithms”
Tibshirani [2015]

Focuses on approximate solution path of

B(s) € arg mﬁin f(B) st. Q) <s.

Algorithm: Start with 3% := ((s0).
Fork=1,2,... R R R
BR = B 46
where . .
6 € arg méian(ﬁk-l), §) st Q) <e



Group lasso path

Coordinates
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Other Ideas?



The Obvious: Proximal Gradient Descent + Warm Starts

Suppose Ao > AL > Ay > -
Initialize 3] « 0.
Fork=1,...,]Al
B < B
Fort=1,2,...,T:

AL, ProstkQ(Bf\Zl - sz(Bf\zl))



The Speculative: Interchange loops

Fort=1,2,...,T":
Fork=1,...,|Al:

1y At At—1
Y= E wkk’ﬁxk,JF E Wk Py,

K<k K>k

B,  Proxaya(¥ — sV£(9))



Did | leave time for discussion?

Hope so!
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