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Proximal algorithms for structured nonconvex problems

Problem formulation and algorithm

We address the solving of optimization problems of the form

(x,y)glﬂiiil’lnxﬂ@q {f(Az) + g (y) + h(z, )},

where
» h: R™ xR? - R is a Fréchet differentiable function;

» fiRP > RU{+o00} and g:R? - RU {+oco} are proper and lower semicontinuous
functions;
» A:R™ — RP is a linear operator.
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If m =p and A is the identity operator, then (1) becomes

(wa’y)r?]l%P"qu {f (CL‘) + 9 (y) + h(ff,y)} .

PALM: Proximal Alternating Linearized Minimization (Bolte, Sabach,
Teboulle, Mathematical Programming, 2014)

Let v1 > 1 and 42 > 1. For a given starting point (z°,4°) e R™ x RY, let be for any

n >0
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If m =p and A is the identity operator, then (1) becomes

(w,y)r?é?"xn@q {f (CL‘) + 9 (y) + h(ff,y)} .

PALM: Proximal Alternating Linearized Minimization (Bolte, Sabach,
Teboulle, Mathematical Programming, 2014)

Let v1 > 1 and 42 > 1. For a given starting point (z°,4°) e R™ x RY, let be for any
n>0
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Assumptions for PALM

» (i) f,g and h are bounded from below;

» (i) for any fixed y € RY the function z — h(z,y) is Cg{(y)'

» (iii) for any fixed x € R™ the function y — h(z,y) is Cl} tx);

> (iv) AT > sup@l(y )>1nfll(y")>)\ >0, A} > supéz(x")>1nf€2(x”)>)\ > 0;

» (v) Vhis L|psch|tz continuous in bounded sets of ]Rm xR,




Algorithm

Let pu, 3,7 >0 and 0 < o < 1. For a given starting point
(20,Y0,20,u0) € R™ x R? x RP x RP, let be for any n >0

: u
Yn+1 € arg min {g () +{Vyh (zn,yn) ,¥) + = Iy —yn ||2}
yeR4 2

Tn+l =

Zn+1 € arg min {f (2) + (un, Azn — 2) + B |Azy, - zH2}
zeRP 2

Un+1 =

In — ’7'_1 (Vzh (xna yn+1) + ATUTL + ,BAT (Azn - Zn+1))
Up +0f3 (Az'n.+l - Zn+1) .




Algorithm
Let ,8,7>0 and 0 < o < 1. For a given starting point

(20,Y0,20,u0) € R™ x R? x RP x RP, let be for any n >0

: u
Yn+1 € arg min {g W) +{(Vyh (@n,yn),v) + = [y —yn ||2}
yeR4 2

Zn+1 € arg min {f (2) + (un, Azn — 2) + B |Azy, - zH2}
zeRP 2

Tn+l =

Tn — ’7'_1 (V:ch (%n, yn+1) + ATun + ,BAT (Azn - zn+1))
Un41 = Un + OB (ATpi1 — Zns1) .

Equivalent formulation

For any n >0 let be
-1
Yn+1 € proxX, -1, (yn — ' Vyh (Tn, yn))
Zn+1 € ProXg-1y (Axn + ,B_lun)

Tn+l = Tn — T_l (Vxh ((l)n, yn+1) + ATun + ,BAT (Azn - Z'n+1))
Upt1 = Up +0f (Azn+l - Zn+1) .




Particular instances
The case ¢g(y) =0 and h(x,y) = h(x) for any (x,y) e R™ x R?
The optimization problem (1) becomes
min {f (Az) + h(2)},
xeR™
while the iterative scheme reads for any n >0
Zn+1 € ProXg-1y (Aacn + ,B_lun)
Tns1 = a0 — 7L (VA (@n) + ATup + BAT (Azn - 2n41))

Upt1 = Up + 0B (Axn+1 - Zn+1) .




Particular instances

The case g(y) =0 and h(z,y) = h(zx) for any (x,y) e R"™ x R?
The optimization problem (1) becomes

min {f (Az) +h (2)},
xeR™
while the iterative scheme reads for any n >0

Zn+1 € ProXg-1y (Aacn + ,B_lun)
Tns1 = a0 — 7L (VA (@n) + ATup + BAT (Azn - 2n41))

Upt1 = Up + 0B (Axn+1 - Zn+1) .

The case m=p and A=1d

The optimization problem (1) becomes

e U ) 19 G0

while the iterative scheme reads for any n >0
Yns1 € prox,-1, (yn — 1 Vyh (n,yn))
Zn+1 € ProXg-1y (mn + ﬂ_lun)

Tn+l = Tn — 7'_1 (v:nh (mn,yn#—l) +Un + B (xn - Zn+1))

Upt1 = Up + 0B (xn+1 - Zn+1) .




The case m=p, A=1d, f(z) =0 and h(z,y) = h(y) for any
(z,y) e R™ x R?

The optimization problem (1) becomes
min {g(y) +h ()},

while the iterative scheme reads for any n >0

Yn+1 € prox,—1, (yn =~ Vh(yn)).




A descent inequality

Assumption 1

1. the functions f,g and h are bounded from below;
2. the linear operator A is surjective;

3. for any fixed y € RY there exists ¢1(y) > 0 such that
[Vah (z,y) - Vah (2, y)] < €1 (y) |z - 2" Vz,z' e R™,
and for any fixed z € R™ there exist ¢2(x),¢3(x) > 0 such that

[99h (,y) - uh () <2 @) Jy-o/|  Voy eRY,
|Vah (z,y) = Vb (z,y")| < ls (@) [y -o'|  Vy.u' eRY

4. there exist £; , > 0,1 =1,2,3, such that

sup?1 (yn) <01+, supfy (zn) < Lo 4, sup 3 (xn) < 43 4.
n>0 n>0 n>0




Regularized augmented Lagrangian

Define
U:R™ x RYxRP x RP x R™ x RP > RU {+00}

as
(z,y,z,u, 2’ u') = f(2) +g(y) +h(z,y) + (u, Az — 2) + g |Az - z|?
+Co|AT (u-u) + 0B (z-2")|* + 1 |z - 2|7,

where

2
4(1-0) 50 and Oy = 8(oT+101,4)

Bi=rld-BATA, Cpi= —— ") LT o)
id-5 0 2B mm (AAT) o BAmin (AAT)

> 0.

» If 27 > B A|?, then

|B| <.




Regularized augmented Lagrangian

Define
U:R™ x RYxRP x RP x R™ x RP > RU {+00}

as
(2200202 0) = () + 9 (0) + i (2,0) + (A= 2) + 2 [ A= 2
+Co|AT (u-u) + 0B (z-2")|* + 1 |z - 2|7,

where

4(1-0)

B:i=7Id-BATA, Cyi=—— 1 >
id-5 0 2B mm (AAT)

>0 and Cq:=

8(oT + 617+)2

BAmin (AAT)

> 0.

» If 27 > B A|?, then

|B| <.

Notations

R :=R" xR? xRP x RP x R™ x RP
X = (z,y,z,u,m',u')

Xy = (mn7yn72nyun7mn—1:un—1) Vn>1
Uy, =0 (X,) Vn>1.




A descent inequality

Let Assumption 1 be satisfied and 27 > 8| A||?. Then for any n > 1 it holds

i1 +Co [Tns1 = 2n]? + Cs [yns1 = ynl® + Ca [uns1 — un|® < W,

where
o b4 +BA)? 4072 8(or+401,4)2
=T - - - s
2 2 BAmin (AAT)  0BAmin (AAT)
Cn = H—e2,+ _ 8Z§’+
3 2 o BAmin (AAT)’
1
Cyi= —




A descent inequality

Let Assumption 1 be satisfied and 27 > 8| A||%. Then for any n > 1 it holds

i1 +Co [Tns1 = 2n]? + Cs [yns1 = ynl® + Ca [uns1 — un|® < W,

where
o b4 +BA)? 4072 8(or+014)?
=T - - - s
2 2 BAmin (AAT)  0BAmin (AAT)
u—"Lo+ 8@,4—
03 = - ’
2 BAmin (AAT)
1
Cyi= —.
o

Convergence results |

Let Assumption 1 be satisfied and the algorithm parameters be such that 27 > 3| A
and min{Cs,C3,Cy} > 0. The following statements are true:

1. the sequence {\I!n}n21 is bounded from below and convergent;

2.

Zn+1 —Zn = 0, Ynt1 —Yn =0, zpt1 —2n » 0 and ups1 —up - 0 as n — +oo.
v




» Open question 1: Is it possible to obtain a useful descent
inequality (for an appropriate Lyapunov function) without
assuming that the linear operator is surjective?



A possible choice of the algorithm parameters
Let

0 ! ¢ 1665, 0
<O ————— > +—— >0,
7 24K (AAT) s > B Amin (AAT)
4v
———— (4 +30+/24+ 240 + 902 - 192 AATY) >0
p> 1-240k (AAT) ( o+V 7o or( ))
5 ”A”2 B)\min (AAT) 16v
max{ 7 Y 1—7—\/A§_ <T<
)\min AAT
Prumin (AAT) (| 160 777
240 B
where
2v 12807 24
v — Mt gand ALy S 1T 2o e (aAT) >0,
)\min (AAT) 6 /82 6

Then we have
min {02,03, C4} > 0.

furthermore, there exist v1,7v2 € R\ {0} such that

1 1.+ 1 1 01+ 2
L o Lo
71 271 BAmin (AAT) 72 2'}/2 BAmin (AAT)




General conditions for {(2y, Yn,Zn,un )}, bounded

Let Assumption 1 be satisfied and the algorithm parameters i be such that
27 > B A|?, min{C%,C3,C4} > 0 and there exist v1,v2 € R~ {0} such that (2) holds.
Suppose that one of the following conditions hold:

1. the function h is coercive;
2. the operator A is invertible, and f and g are coercive.

Then every sequence {(Zn,Yn,2n,Un)}, 5o generated by the algorithm is bounded.




General conditions for {(2y, Yn,Zn,un )}, bounded

Let Assumption 1 be satisfied and the algorithm parameters i be such that
27 > B A|?, min{C%,C3,C4} > 0 and there exist v1,v2 € R~ {0} such that (2) holds.
Suppose that one of the following conditions hold:

1. the function h is coercive;
2. the operator A is invertible, and f and g are coercive.

Then every sequence {(Zn, Yn; 2n;Un) } 5o Eenerated by the algorithm is bounded.

» Denote

Sy 1= sup {H'Tn+1 - l‘nH 5 Hyn+1 —Yn H > Hzn+1 - ZnH 5 H7l/n+1 —Un ”} < +oo.
n>0



General conditions for {(2y, Yn,Zn,un )}, bounded

Let Assumption 1 be satisfied and the algorithm parameters i be such that
27 > B A|?, min{C%,C3,C4} > 0 and there exist v1,v2 € R~ {0} such that (2) holds.
Suppose that one of the following conditions hold:

1. the function h is coercive;
2. the operator A is invertible, and f and g are coercive.

Then every sequence {(Zn,Yn,2n,Un)}, 5o generated by the algorithm is bounded.

» Denote

Sy = sup {H7n+1 - IwH 5 Hyn+1 —Yn H 5 Hzn+1 - ZnH 5 H7l/n+l —Un ”} < +o00.
n>0

» Let n > 1 be fixed. We have

Ui>...20, >V, >
2

1 B
f(znt1) + 9 (Yn+1) + h (Tnt1, Yns1) — % Hun+1||2 + 5 ‘ ATpi1 — Zpt1 + Bunﬂ
and, from here,

1
B)\min (AAT)

1 1 2 B
- ([=-1)]4 L 2,
B (AAT)((a )” 7+ “) S 2‘

W12 f(zne1) + 9 Wne1) + h (Tne1,Yns1) — 1Veh (ne1, yns1)|?

2

ATpi1 — Zne1 + Bunﬂ



. The conclusion follows from

1
ih(mnﬂ,ynﬂ) + g ‘

IN

b s

ATpi1 — Zns1 + Eu'nﬁrl

2

2
_ 27 . _ s
V1Al +r+62) st nt £(2)- inf g(w)

1. . 1 51, .
— — inf {h (fn+l~,yn+1) - (* - . ) HVIh(1371,+1:y'r:,+1)H2}
2 n>1 Y1

IN

b s

inf
2 (z,y)eRM xR

2
271

2
_ 27 . s
DiAl+ree) 52 it £(2)- inf 9(»)

h(z,y) < +oo.



» 1. The conclusion follows from

2

1 B 1
ih ($n+1ayn+1) + 5 ‘ AZpi1 — Zne1 + Eu'nﬁrl

g

1 1 2, )
v sy (5 1)1l ) o= ng 1) o)

O+
T 9.2
271

1. 1
- —inf S h(@n+1,Yn+1) — | —
n>1 Y1

2 ) HVIh(1371,+1:y'r:,+1)H2}

g

1 1 2, . .
<1+ e (5 1) 1Al et ) 22 int £ )= it 0 ()

inf h(z,y) < +oo.
2 (z,y)eRM xR ( U)

» 2. The conclusion follows from

2
1
f(Znt1) + 9 (Yn+1) + g AZpi1 = Zns1 + E'U«'rwl
< U+ ! ((1 1)|\A||+ +4 )2 2
s | = T S
' B (AAT) \\ & br) o
. 1 f1,+ 2
—inf {h (Tps1,Yns1) — | — — 3 [Vah (zns1, yns1)|
n>1 Y2 2»7,2
<Wp+ ! ((1 1)|\A||+ +4 )2 2 inf h(z,y) <+
< —_— [ — - T sy — in x, 0.
! BAmin (AAT) g Lt * (z,y)eR™ xRY Y



Descent Lemma

Let ¢0:R% - R be Fréchet differentiable such that its gradient is Lipschitz continuous
with constant £ > 0. Then the following statements are true:

1. For every z,y € R? and every z € [z,y] = {(1 - t)x + ty:t € [0,1]} it holds
l
7/J(y)SvJJ(»’C)+(V7/J(»'z),y—96)+5||y—ff»‘||2;

2. for any v € R\ {0} it holds

. 1 £ .
wt o= (255 ) Ivw @it} s m v,

zeRd




» Open question 2: Is there another approach which can be used to
guarantee boundedness for the sequence of generated iterates and
which, in particular, works when each summand in the objective

function is nonsmooth?



The cluster points of {(zy,Yn, 2n,Un)},5o are KKT points

Assumption 2

. the functions f,g and h are bounded from below;
. the linear operator A is surjective;

1
2
3.
4

every generated sequence {(Zn,Yn,Zn,Un)},sq is bounded:

. Vh is Lipschitz continuous with constant L >0 on a convex bounded subset

By x By € R™ x R? containing {(Zn,¥yn)},5¢- In other words, for any
(z,y),(a',y") € B1 x Ba it holds

I1(Vah (z,9) = Vah (2',4), Vyh (2,9) - Vyh (2, y")) [l <
Ll () = (=", 9) Il

. the parameters 11, 3,7 >0 and 0 < o < 1 are such that 27 > 8| A|? and

min{Cs, C3,Cys} > 0, where

o LVEEBIAR  dor®  8(oT+LV2)"
2 =T — - - b
2 BAmin (AAT)  0BAmin (AAT)
- LV2 1612 1
Cg::'u \/_— 6 704::—‘
2 Uﬂkmin (AAT) Uﬂ

The hypotheses 3. and 4. in Assumption 1 are fulfilled for

by =la =L3,:= V2.




Upper estimates for the limiting subgradients

Let Assumption 2 be satisfied. Then for any n > 1 it holds

Dy = (d2,dy,d2,dy,dY,dl ) € 00 (Xy),

x> Gy s wr Qgr s Ayt
where
= Voh (Tn, yn) + ATun + BAT (Azy — 20) +2C1 (Tn — Tno1)
+20CoBT (AT (un —un-1) + 0B (Tn — Tn-1)),
dy = Vyh (Tn,yn) = Vyh (Tn-1,yn-1) + 1t (Yn-1 = yn),
dZ ==up-1 —un +BA(Tn-1-2n),
dyy = Axy — 2n + 2C0 A (AT (un —un-1) + B (zn — mn_l)) ,
dy, = -20CoBT (AT (un —up-1) + B (zn — xn_l)) -2C (Tn —xTn-1),
dy, = -2CpHA (AT (un —Un-1) + 0B (Tn = Tn-1)).

u




Upper estimates for the limiting subgradients

Let Assumption 2 be satisfied. Then for any n > 1 it holds

Dy = (d2,dy,d2,dy,dY,dl ) € 00 (Xy),

x Py 7y Yot

where

= Voh (Tn, yn) + ATun + BAT (Azy — 20) +2C1 (Tn — Tno1)
+20CyBT (AT (up, —un-1) + 0B (zn — wn,l)) R

d; = Vyh (n,yn) = Vyh (Tn-1,Yn-1) + £ (Yn-1 ~Yn) ,

dZ ==up-1 —un +BA(Tn-1-2n),

dyy = Axy — 2n + 2C0 A (AT (un —un-1) + 0B (Tn - Tn-1)),

dy, = -20CoBT (AT (un —up-1) + B (zn — xn_l)) -2C (Tn —xTn-1),

= —2CA (AT (un —Un-1) + 0B (Tn = Tn-1)).
In addition, for any n > 1 it holds

1Dl < C5 |@n = zp-1ll + C6 [yn = yn-1] + C7 |un = tn-1]
where
Cs:=2V2-L+7+B|A| +4 (o7 + |A|) 07Co +4C1, Cg = LNV2 + p,

1 2
Crm1s Lt (_ - 1) | Al +4 (o7 + [A]) Co Al
o \o




» Denote by Q2:=Q ({X”}nzl) the set of cluster points of the sequence {Xn},,51-

Convergence results I
Let Assumption 2 be satisfied. The following statements are true:
1. if {(znk,ynk,znk,unk)}kzo is a subsequence of {(mn,yn,zn,un)}nzo which

converges to (Tx,Yx, 2x,Ux) as k — +oo, then

kliT Vo = W (Tu, Ys, 2, Us, Th, Uk )
—>+ 00

2. it holds
Qcerit (V) € {Xs e R:— ATuy = Voh (24, s ), us € Of (24),
0€0g (y+) + Vyh (Tx,ys) , 24 = Az };
3. it holds lirP dist (Xn, ) =0;

4. the set Q) is nonempty, connected and compact;

5. the function ¥ takes on €2 the value
U, = nl_lﬂlooq’n = nEI}lw {f (zn) +g(yn) + b (2n,yn)}.




KKT point

» An element (Z«,Yx, 2%, ux) fulfilling

ATy = Voh (T, ye) s € Of (24),0 € Dg (yx) + Vyh (@4, 44 ) , 24 = Az




KKT point

» An element (Z«,Yx, 2%, ux) fulfilling

-ATu, = Vah (T, ys) ,us € 0f (24),0 € 0g (yx) + Vyh (Tx,ys) , 24 = ATs.

» It holds
0e ATOf (Azs) + Voh (x4, y+) , 0€ g (y«) + Vyh (T4, ys)
and for A injective this is equivalent to

0€9(fod)(w+)+Vah(zs,y%) =0z (fo A+ h) (Tx,ys),
0€0g (y«) + Vyh (z«,yx) = Oy (g + h) (T+,y+),

in other words, (z«,y«) is a critical point of the optimization problem (1).




Global convergence under Kurdyka-tojasiewicz assumptions

Let h: R™ — R be proper and lower semicontinuous. The function h is said to have
the Kurdyka-tojasiewicz (KL) property at € domdh = {z € R™ : h(z) + @}
if there exist

> ne(0,+00];
» a neighborhood U of z;

» a concave and continuous function ¢ : [0,7) — [0, +00) such that ©(0) =0, ¢ is
continuously differentiable on (0,7) and ¢’(s) > 0 for every s € (0,7)

such that
@' (h(y) — h(z))dist(0,0h(y)) = ¢’ (h(y) - h(z)) inf{|v] : v e Oh(y)} =1  (3)

for every
yeUn{zeR™:h(x) <h(z) <h(z)+n}.

If h has the KL property at every point in dom Oh, then h is called KL function.




Global convergence under Kurdyka-tojasiewicz assumptions

Let h: R™ — R be proper and lower semicontinuous. The function h is said to have
the Kurdyka-tojasiewicz (KL) property at € domdh = {z € R™ : h(z) + @}
if there exist

> ne(0,+00];
> a neighborhood U of z;

» a concave and continuous function ¢ : [0,7) — [0, +00) such that ©(0) =0, ¢ is
continuously differentiable on (0,7) and ¢’(s) > 0 for every s € (0,7)

such that
@' (h(y) — h(z))dist(0,0h(y)) = ¢’ (h(y) - h(z)) inf{|v] : v e Oh(y)} =1  (3)

for every
yeUn{zeR™:h(x) <h(z) <h(z)+n}.

If h has the KL property at every point in dom Oh, then h is called KL function.

tojasiewicz (1963)

If h: R™ — R is a real-analytic function and z € R™ a critical point, then there exist
0¢€[1/2,1) and C,e > 0 such that (tojasiewicz property)

|h(y) — h(z)|® < C|Vh(y)| for every y e R™ with |y — || <.

Thus, (3) is fulfilled for ¢ (s) = 75 Cs'~” and every
yeB(z,e)n{zeR™:h(z) <h(z) < +oo}.




Global convergence of the iterates
If Assumption 2 is satisfied and ¥ is a KL function, then:
1. the sequence {(Zn, Yn, 2n,Un)},5q has finite length, namely,
2 zner —anl <400, 37 [yn+1 —ynl < +oo,

n>0 n>0
> lzns1 = znl < +o0, 3 [untt —un| < +oo;
n>0 n>0

2. the sequence{(Zn,Yn, zn,un)}nzo converges to a KKT point of the optimization
problem (1).




Global convergence of the iterates
If Assumption 2 is satisfied and ¥ is a KL function, then:
1. the sequence {(Zn, Yn, 2n,Un)},5q has finite length, namely,
2 zner —anl <400, 37 [yn+1 —ynl < +oo,

n>0 n>0
> lzns1 = znl < +o0, 3 [untt —un| < +oo;
n>0 n>0

2. the sequence{(Zn,Yn, Zmun)}nzo converges to a KKT point of the optimization
problem (1).

Convergence rates for the regularized augmented Lagrangian

Let Assumption 2 be satisfied. If U satisfies the tojasiewicz property with tojasiewicz
exponent 6 € [0, 1), then the following statements are true:

1. if 6 =0, then {\Iln}n21 converges in finite time;

2. if 6 € (0,1/2], then there exist ng > 1, Co >0 and Q € [0,1) such that for any
nzno .
0<V, -U, <CoQ™;

3. if @ € (1/2,1), then there exist ng > 1 and C1 > 0 such that for any n > ng + 1

0< W, — U, < Cyn 30T,




Convergence rates for the iterates

Let Assumption 2 be satisfied. Suppose further that W satisfies the tojasiewicz
property with Lojasiewicz exponent 0 € [0,1). Let (z«,y«, 2%, us) be the KKT point
of the optimization problem (1) to which {(zn,Yn,2n,un)}, 5o converges as n — +oo.
Then the following statements are true:

1. if 8 = 0, then the algorithm converges in finite time;

2. if 6 € (0,1/2], then there exist ng > 1, 60,1,60,2,60,3,60,4 >0 and Qe [0,1)
such that for any n > ng

lzn - 2] < CoaQ",  |yn -yl < Co2Q",

lzn = 2]l < Co.3Q%,  fun —us| < Co4Q";

3. if 6 € (1/2,1), then there exist ng > 1 and 61,1,6172,61,3,6174 > 0 such that for
anyn>no+1

~ 1-9 ~ _1-6
[zn -2« < C1,1n7 20T, |lyn —yx| < C12n”20-1,

= -6 =~ _1-6
[2n — 2z« < C1,3n720-T,  |up —ux| < Cran”20-1.




» Open question 3: Is there a generic class of nonconvex functions
which fulfills the Kurdyka-tojasiewicz property in
infinte-dimensional Hilbert spaces?



Here is another source of nonconvexity ...

Composition with a nonlinear operator

Let be
min {f (Kz)+g(x) +h ()},
where

» h:R™ xR? - R is a convex and Fréchet differentiable function with
Lipschitz-continuous gradient;

» fiRP > RuU{+00} and g:R™ — R U {+o0} are proper, convex and lower
semicontinuous functions;

» K:R™ — RP is a (possibly nonlinear) continuously differentiable operator
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Composition with a nonlinear operator

Let be
min {f (Kz) +9(@) +h ()},

where
» h:R™ xR? - R is a convex and Fréchet differentiable function with

Lipschitz-continuous gradient;

» fiRP > RuU{+00} and g:R™ — R U {+o0} are proper, convex and lower
semicontinuous functions;

» K:R™ — RP is a (possibly nonlinear) continuously differentiable operator.

Algorithm
Let 8,7 > 0. For a given starting point (zo,y0) € R™ x RP, let be for any n >0

Y1 = Proxggs (yn + LK (zn))
1
T4l = ProX,—1¢ (acn - (Vh(zn) + (VK(wn))*gnH))

Yn+l = Ypy1 + BVEK (2n) (Tne1 — Tn).




Here is another source of nonconvexity ...

Composition with a nonlinear operator

Let be
min {f (Kz) +9(@) +h ()},

where

» h:R™ xR? - R is a convex and Fréchet differentiable function with
Lipschitz-continuous gradient;

» fiRP > RuU{+00} and g:R™ — R U {+o0} are proper, convex and lower
semicontinuous functions;

» K:R™ — RP is a (possibly nonlinear) continuously differentiable operator.

Algorithm
Let 8,7 > 0. For a given starting point (zo,y0) € R™ x RP, let be for any n >0

Y1 = Proxggs (yn + LK (zn))
1
Tp+l = ProX, -1 (xn -2 (Vh(zn) + (VK(xn))*gru-l))

Yn+l = Ypap + ﬂvK(xn)(anrl - xn)~

» Open question 4: Does anybody have an idea on how to prove
that this algorithm converges? ©



Bonus material: D. C. programming

Consider the optimization problem
min {g(z) + p(z) - h(Kz) |z e H} (4)

» G and H are finite-dimensional real Hilbert spaces;

»g:H—> Rand h:G >R are proper, convex and lower semicontinuous functions;
» K :H — G is a linear mapping;

» ¢ :H - Ris convex, Fréchet differentiable and V¢ is Ly-Lipschitz continuous.
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Bonus material: D. C. programming

Consider the optimization problem
min {g(z) + p(z) - h(Kz) |z e H}

» G and H are finite-dimensional real Hilbert spaces;

»g:H—> R and h: G — R are proper, convex and lower semicontinuous functions;
» K:H — G is a linear mapping;

» ¢ :H - Ris convex, Fréchet differentiable and V¢ is Ly-Lipschitz continuous.

(4)

Toland dual problem

min{h*(y) - (g +¢)*(K*y) |y G}.

(5)

Primal-dual formulation
min{®(z,y) |z e H,ye G},
@:HXQ—)E, <I>(x,y) ::g(:v)+<p(x)+h*(y)—(y,K:E).

® is proper and lower semicontinuous.

(6)




Proposition
1. The optimal values of (4), (5) and (6) are equal.
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Proposition
1. The optimal values of (4), (5) and (6) are equal.
2. ForallzeH and ye g,

O(z,y) > g(z) + p(x) - h(Kzx) and
D(z,y) > h*(y) - (9 +9) " (K*y).

3. If T € H be an optimal solution of (4), then Z € H is a strong critical point of (4):

K*Oh(Kz) c8(ho K)(Z) € dg(z) + V().

4. If § € G is an optimal solution of (5), then § is a strong critical point of (5):

Ko(g+9) (Ky) c0((g+9)* o K*)(§) < 0h* ().

5. If (z,7) € H x G is optimal solution of (6), then Z is an optimal solution of (4),
and g is an optimal solution of (5). On the other hand,
K"y edg(z)+Ve(z), ()
Kz € 0h*(y). (8)




Critical points of @
We say that (Z,y) € H x G is a critical point of the objective function ® of (6) if

K"y edg(z) + Veo(T),
Kz € 0h™(y).

We denote by crit® the set of critical points of the function ®.
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K"y edg(z) + Veo(T),
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Critical points of @
We say that (Z,y) € H x G is a critical point of the objective function ® of (6) if

K"y edg(z) + Veo(T),
Kz € 0h™(y).

We denote by crit® the set of critical points of the function ®.

Weak critical points of g+ ¢ —ho K
crit(g+p—-hoK):={xeH: K*Oh(Kz)n (9g9(x) + Ve(x)) + T}

Weak Critical points of h* — (g +¢)" o K*
cit(h* ~ (g+9) 0 K*) = {y e G: Kd(g+ )" (K*y) nOh*(y) * 2}

It holds

crit® ¢ crit(g + ¢ — ho K) x crit(h* — (g +¢)* o K*).




A double-proximal gradient algorithm

Let (z0,90) € H x G, and let (vn), 5o and (un),so be sequences of positive numbers.
For all n >0 set

Tp+1 1= ProX,, g (zn + Y K *yn — ’anip(mn)),

Yn+1 = ProxX,, p* (yn + pn Kxnyi1).




A double-proximal gradient algorithm

Let (z0,90) € H x G, and let (vn), 5o and (un),so be sequences of positive numbers.
For all n >0 set

Tne1 = prox,, o (zn + YK Yn = ynVe(zn)),

Yn+1 1= Prox,, px (Yn + pn KTns1).

Two descent inequalites and consequences

» Foralln>0

L 1
‘P(wmhyn) _q)(wn,yn) < (ﬂ - _) ”il'n —$n+1”27
2 Yn

1
<I>(wm1,yn+1) - <I>(xn+1,yn) < —u_ ”yn ~Yn+l H2 .
n

» Let inf {g(z) + p(z) — h(Kz) |z e H} > —oo,

0 < inf vy, < supyn < and 0 < inf ppn < sup py < +oo. 9)
n>0 n>0 Ly, nz0 n>0
Then, O(@n+1,Yn+1) < D(Tns1,Yn) < (2, yn),
S an = zne1|? < +oo and S lyn = g+ < +oo.
n>0

n=0




Proposition
Let inf {g(x) + ¢(x) - h(Kz)|z € H} > —oo and (9) be satisfied. If (z.),,5, and
(yn)n20 are bounded, then

1. every cluster point of (xn),,s( is a weak critical point of (4),

2. every cluster point of (yn),s¢ is a weak critical point of (5)

3. every cluster point of (zn,¥n),5¢ is a critical point of (6).
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1. every cluster point of (xn),,s( is a weak critical point of (4),
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Proposition

Let (9) be satisfied. For any n > 0, the following statements are equivalent:
1. (zn,yn) is a critical point of ®;
2. (n+1,Yn+1) = (Tn, Yn);
3. ®(Tn+1,Yn+1) = P(Tn,yn).




Proposition
Let inf {g(x) + ¢(x) - h(Kz)|z € H} > —oo and (9) be satisfied. If (z.),,5, and
(yn)n20 are bounded, then

1. every cluster point of (xn),,s( is a weak critical point of (4),

2. every cluster point of (yn),s¢ is a weak critical point of (5)

3. every cluster point of (zn,¥n),5¢ is a critical point of (6).

Proposition

Let (9) be satisfied. For any n > 0, the following statements are equivalent:
1. (zn,yn) is a critical point of ®;
2. (Tn+1,Yn+1) = (Tn,Yn);
3. ®(Tn+1,Yn+1) = P(Tn,yn).

Let

w(zo,y0) = {set of cluster points of (n,yn), o When xo and yo are the initial points}.

Theorem (Convergence result)

Let (9) be satisfied and assume that the sequence (Zn,¥n),5q is bounded. Then the
following assertions hold:
1. @ % w(zwo,yo) € critd C crit(g+ ¢ — ho K) x crit(h* — (g +¢)* o K*),

2. the objective function @ is finite and constant on w(xo,yo) provided that the
optimal value is finite.




Theorem (convergence result when ® is a KL function)

Let inf {g(z) + p(x) - h(Kz) |z € H} > —o0 and (9) be satisfied. Suppose that ® is in
addition a KL function and that the sequences (zn),,59 and (yn),sq are bounded.
Then (xn:yn)nzo is a Cauchy sequence, thus convergent to a critical point of ®.




Theorem (convergence result when ® is a KL function)

Let inf {g(z) + p(x) - h(Kz) |z € H} > —o0 and (9) be satisfied. Suppose that ® is in
addition a KL function and that the sequences (zn),,59 and (yn),sq are bounded.
Then (xn:yn)nzo is a Cauchy sequence, thus convergent to a critical point of ®.

Theorem (convergence rates)

In the hypotheses of the previous theorem, assume that ® is a KL function with
desingularization function s — 1%081—9 for some C'>0and 0<60 < 1. Let T and y be
the limit points of the sequences (zr),,5¢ and (yn), (. respectively. Then the
following convergence rates are guaranteed:

1. if 8 =0, then there exists ng > 0, such that x5, = £n, and yn = yn, for n > ng;
2. if0<6< %, then there exist ¢ >0 and 0 < ¢ < 1 such that
[zn —Z[ <cg™  and lyn =Gl < cq™
for all n > 0;

3. if % <0 < 1, then there exists ¢ > 0 such that
_ _1-6 _ _1-6
|zn —Z| < cn™20-1 and yn — 7| < en™20-1

for all n > 0.




An example
» Primal program

1
min {7:c2 - max{-z, 0}}
zeR | 2

» Dual program

» Primal-dual critical points: (-1,-1) and (0,0).






» Open question 5: Is there a modification of the double
proximal-gradient algorithm which converges to a primal-dual pair
of strong critical points?
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of strong critical points?



Application to image processing

» We represent an image of the size m x n pixels by a vector x € R™" with entries in
[0,1] (where O represents pure black and 1 represents pure white).

» The original image = € R™" is assumed to be blurred by a linear operator

A:R™™ - R™™ and corrupted with noise v. Knowing b = Az + v, we want to
reconstruct the original image = by considering the minimization problem (Lou, Zeng,
Osher, Xin, SIIMAG 2009)

. © 2
min (& Az -]+ | Dl - a|Dal, )

zeRMN

where p > 0 is a regularization parameter, a >0, D : R™" — R2™" s the discrete
gradient operator given by Dx = (D1z, Dax),

LTi+1l,5 — Ti,j5, izl,...,mfl;jzl,...,n;

D1 :R™ & R™ (Dyz), , =
! - (D12)y, {0, i=mii=1,...,n

Ti 41— Tij
D2:Rmn ‘)Rmn’(D%E)i . %) VR )
J 0, i=1,...,m;j=n,

and

m n
[, 0) = 30 D \fud +v2
i=17=1



» We tested the MATLAB code on a PC with Intel Core i5 4670S (4x 3.10GHz) and
8GB DDR3 RAM (1600MHz);

» Stopping criterion: |[(Tn+1;Yn+1) = (Tn,Yn )| oo < 1074;
» Stepsizes: pp =y = # for all n > 0;

» Initial values: zg = b, yo € Oh(Kxg).

(b) Original image (c) Blurry image



» ISNR(zy) = 1010g10(

a—b|?

I
o=

)

a =0.00 a=0.2 a=0.4 a=0.5 a=0.6 a=0.8 a=1.0

o 1.0 -3.0288 -4.2266 -3.7637 -3.6569 -3.5150 -4.3590 -13.701
pw=10.0 5.9227 6.26615 6.414791 6.44871 6.45780 6.28863 4.301090
pn=20.0 6.76613 6.90005 6.93064 6.917926 6.88018 6.61521 5.305623

= 50.0 6.81752 6.78308 6.65411 6.4923 6.36250 5.780558 4.741993
m 100.0 5.29597 5.23264 5.05189 4.91247 4.739717 4.287092 3.696120
p= 200.0 3.088196 3.060511 2.985871 2.930448 2.863122 2.693096 2.477708
p= 500.0 1.317390 1.312168 1.298834 1.288983 1.277010 1.246724 1.208036
@ =1000.0 0.692487 0.691049 0.687585 0.685057 0.682000 0.674272 0.664401

ISNR values after 50 iterations

(d) LZOX, =20, a=0.4

(e) LZOX, p=20,a=1

Reconstructions

(f) LZOX, =50, a =0
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