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Problem and motivation
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Convex non-differentiable optimization problem
Problem (P)

miniglize f(x) + g(x) + h(Lx).
xERN

o f: RV — Ris differentiable and Vf is 3~ ! —Lipschitz.
@ g € Io(RY) and h € Ty(RM).

@ LisaM x N real matrix.

@ The set of solutions is nonempty.

@ ri(dom i) N L(ri(dom g)) # @.

Important case: 1 = ¢y, for some b € RY

migr:rzize fx) + g(x).
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Problem and motivation
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Motivation: Mean Field Games

@ Mean Field Games were introduced by Lasry-Lions (2006) and
models a game in which the number of players (indistinguishable)
tend to infinity.

@ The limiting behavior collapses into two coupled PDE’s, which
are the optimality condition of the optimization problem

(inf) / [b2(m(x), w(x)) + F(x, m(x))] dx,
mw) Jd
—vAm +div(w) =0 in T
subject to
Jya m(x)dx =1

where m represents the probability distribution on the actions of
players and w involves the gradient of the cost function of a “small
player”. F models the influence of other players on the cost func-
tion of each one.
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Problem and motivation
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Motivation: Mean Field Games

@ The function

BE it m >0,
by(m,w) := <0, if (m,w) = (0,0),

400, otherwise

is convex but not differentiable.

@ Itis possible to compute the proximity operator of
@: (m,w) = [q [b2(m(x),w(x)) + F(x,m(x))] dx. It involves a
cubic real equation for each variable (after discretization).

@ The constraints are affine linear.

@ After discretization, the matrix involved in the constraints is
usually bad conditioned.
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Problem and motivation
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Classic approach: ADMM
Problem (P)

miniglize f(x) + g(x) + h(Lx).
xERN

An equivalent formulation is
minf(x) + g(x) + h(y)
=y

from which we define the Augmented Lagrangian (v > 0):
Ly (x,y,u) = f(x) +g(x) +h(y) +u- (Lx — y) + F[|Lx — y]]*.
@ Under qualification conditions x solves (P) iff (x, Lx, u) is a
saddle point of L.

@ From an alternating minimization-maximization method we
obtain the classical Alternating Direction method of Multipliers
(ADMM) (Gabay-Mercier 80’s):
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Problem and motivation
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Classic approach: ADMM

K = argmin, L (x, ¥, ub)

k+1 : k+1 k
Yy = argmin, L, (X", y, u")

uk-i-l — l/lk + ,Y(ka—i-l _yk-i-l).

NYC 2019 7124



Problem and motivation

O000@00000

Classic approach: ADMM
K = argmin, {f(x) +g(x) +uf - Lx + %HLx - yk||2}

. i
PALE argmin, {h(y) —uk oy + §||ka+l —)’HZ}

WD = gk (LR ),
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Problem and motivation

O000@00000

Classic approach: ADMM

K = argmin, {f(x) +g(x) +ut - Lx+ %HL’C —kaZ}
. i
PALE argmin, {h(y) —uk oy + §||ka+l —)’HZ}

WD = gk (LR ),

@ In the case when /1 = ¢,y for some b € R, we have
4 = argmin, {£(x) + g(x) + - e+ Z|Lx — b}
Ut =k A (LA - D).
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Problem and motivation
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Drawbacks ADMM
@ The primal iterates (x*);cn do not satisfy the constraints
(Lx* # b).
@ Moreover, the first step it is not easy in general (involves L and
f+e.

@ It can be solved efficiently only in specific instances: f + g
quadratic, L' L = ald.

@ Idea: Try to split the influence of L, f and g in the first step.
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Problem and motivation

[e]e]e]e]e] Jee]e]e)

Drawbacks ADMM

@ The primal iterates (x*);cn do not satisfy the constraints
(Lx* # b).

@ Moreover, the first step it is not easy in general (involves L and
f+e.

@ It can be solved efficiently only in specific instances: f + g
quadratic, L' L = ald.

@ Idea: Try to split the influence of L, f and g in the first step.

@ Givenx € RV, prox,x is the unique solution to

L 1
minimize f(y) + =|x —)’HZ'
yERN 2

@ Several functions f have an explicit or efficently computable
prox;. Examples: | - Il1> ec (prox,. = Pc), dc, etc...
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Problem and motivation Convergence and Numeric Application Open questions
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Other approaches
Problem (P)

min (x) + g(x) + h(Lx).

Combettes-Pesquet (2012)

Let0 <y < (L] +8)~! x° € RN and u® € RM and iterate
p’l‘ = prox,yg(xk —y(VF(x*) + LTub))
plé = prox’yh* (uk + ’Yka)
AT = pf — (LT ph + VF () — LTk — V()
uth = ph +y(Lpf — L")

In the case f = 0, is the method proposed in BA-Combettes (2011).
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Problem and motivation “onvergence Application Open questions
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Other approaches
Problem (P) case h = L{b}

min f(x) + g(x).

Combettes-Pesquet (2012)

Let0 <y < (JIL]| + 8)~L x° € RY and u® € RM and iterate
Py = prox,, (x* — y(Vf (&) + LTut))
pé’ = uk + ’Y(ka — b)
A= ph —y(LTp5 + VF(p}) — LTk = Vf ()
Wt = pk 4+ y(Lpk — Lx%).

@ Also the influences of L, f and g have been split, but primal
iterates do not satisfy the constraints.

® The method does not exploit cocoercivity of Vf.
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Problem and motivation Convergence and Numeric Application Open questions
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Other approaches
Problem (P)

gﬁ{l}v (x) + g(x) + h(Lx).

Condat-Vii (2013)
2 =x" e R and u® € R, 7,~ > 0 such that 7y|IL|> < 1 - 75

Wt = prox . (u* + yLx¥)
ﬁﬂ = pi(]zx{g(xkx](— T(VF(E) + LTuk )
xetl = okl 5k,

@ The case f = 0, the method was first proposed by
Chambolle-Pock (2011).
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Problem and motivation “onvergence and Numerics Application Open questions

O000000e00

Other approaches

Problem (P) case h = Lib}
min f(x) +g(x).

Condat-Vii (2013)
2 =x e R and u® € R, 7,~ > 0 such that 7y|IL|> < 1 - J5

Ut =y —i—’y(LIc"Jrl
X = prox, (x* — T(Vf(xk) + LTukt1y)
FHl ot _ ok

@ prox,,. = Id —yprox; ., o (Id/y) =1d — vb.

@ Now the influences of L, f and g have been split, but the primal
iterates do not satisfy the constraints. Same with other Aug.
Lagrangian approach proposed by Chen & Teboulle (1994).
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Problem and motivation
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If P;-1;, is computable...

@ Suppose that it is possible to compute P;—1;, = prox,; .
@ If LL" is invertible, P, —1,x = x — LT (LLT)~'(Lx — b).
@ In this case we can avoid splitting L from g and use several

methods for solving optimization problems without involving
linear operators.

o In all these methods, primal iterates satisfy the constraints.

@ But, in several cases LLT is not invertible or it is bad
conditioned. In those cases...

NYC 2019 11/24



Problem and motivation
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Goal of this talk

@ Provide an algorithm which can ensure that primal iterates
satisfy some of the constraints by adding projections onto the
related affine space (a priori knowledge).

@ Provide convergence results and some numerical experiences.

@ Application to Mean Field Games.
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Problem and motivation
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Goal of this talk

@ Provide an algorithm which can ensure that primal iterates
satisfy some of the constraints by adding projections onto the
related affine space (a priori knowledge).

@ Provide convergence results and some numerical experiences.
@ Application to Mean Field Games.

@ Open questions.
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Convergence and Numerics Open questions
0000

Application

‘Im tivation

PrOJected primal-dual splitting'
Let C be a nonempty closed convex set such that P¢ is easy to

compute.
Problem (P)
mmf( ) + g(x) + h(Lx).

xERN

Condat-Vii (2013)
2 =x e R and u® € R, 7,~ > O such that 7y|IL|> < 1 - J5

= ProX.;- (uk + L)
Pl = prox_, (x* — 7(VF(xK) + LTukt1))

el — ptl
TR = gl g el gk

T8

Then, x* — x solution to (P)

!Joint work with Sergio Lépez Rivera, USM




Prot d motivation Convergence and Numerics Application Open questions
o) 000

Projected primal-dual splitting!

Let C be a nonempty closed convex set such that P¢ is easy to
compute.

Problem (P) with a priori information C
(Q) findxe Cnarg milglf(x) + g(x) + h(lx) # .
x€R

Projected primal-dual splitting
=3 cR¥and u® € RM, 7,4 > 0 such that 7y||L||* < 1 — 35

Wt = prox . (u* + yLx")

P = prox,, (x4 — 7(VF() + LTk))
xk+1 — Pcpk+l

Rl = kbl | gkl ok

Then, (*)reny € C and x* — & solution to (Q).

!Joint work with Sergio Lépez Rivera, USM
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otivation Convergence and Numerics \] [ I\ ition Open questions

PrOJected primal-dual splitting: case h = L{b}

@ In the case when /1 = ¢y, suppose that M = r + s,
L: x+— (Rx, Sx), where R and S are r x N and s x N real
matrices, and b = (¢, d), where ¢ € R” and d = R®.

@ Suppose that it is possible to project onto C := R~'c¢ € L™'b.

Problem (P)
minf(x) + g(x).
Condat-Vii (2013)

=3 cR¥and u® € RM, 7,4 > 0 such that 7y||L||* < 1 — 5

Wt = uk 4+ y(Lx* — b)
X = prox_, (¢F — 7(Vf(X) + LTuft))
FHL = okl xk,

Then, x* — x solution to (P)
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[e]e] Jo)

PrOJected primal-dual splitting: case h = L{b}

@ In the case when /1 = ¢y, suppose that M = r + s,
L: x+— (Rx, Sx), where R and S are r x N and s x N real
matrices, and b = (¢, d), where ¢ € R” and d = R®.
@ Suppose that it is possible to project onto C := R~'c¢ € L™'b.
Problem (P) with C = R~
(Q) find xe€R 'en argllglinf(x) + g(x).

Sx=d

Projected primal-dual splitting
2 =x e R and u® € R, 7,~ > O such that 7y|IL|> < 1 - J5
Wt = w4 A(Lx* — b)
P = prox, ,(x — 7(VF(¥) + LTuk+))
)Ck+1 :pk+1 —RT(RRT)il(Rp/H»I o C)
TR = kL g el gk
Then, (x*)reny € C and ¥ — & solution to (Q).
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Convergence and Numerics
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Numerical experiences

min ||x||;
Rx=c
Sx=d

o Isthecase f =0,h =ty qyand g = | - 1.
@ Dimensions: N = 1000, s = 100 and r € {1, 10,30}.
@ We consider 20 random realizations of matrices R, S and vectors

c and d and we measure the relative error
[l k> k! =k ]2

Re = o P14
Fe 1 s=100 =10 e=5100 | e=10"
iter | time (s) iter time (s) iter time (s)
PCP 9265 22.28 14570 37.02 | 46191 | 116.26
CP 9732 | 23.04 15718 39.21 50544 | 125.49
Yoimprov. 4.8 33 7.3 5.6 8.6 7.4

Table: Average time and number of iterations when m = 1 for obtaining
R, <e.
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Convergence and Numerics
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Numerical experiences

min [|x]};
Sx=d

o Isthecase f =0,h =ty qyand g = | - 1.
@ Dimensions: N = 1000, s = 100 and r € {1, 10,30}.
@ We consider 20 random realizations of matrices R, S and vectors

c and d and we measure the relative error
[l —k||* k! —k ]2

Ry = 1P+ ]
r=10.s=100 |__¢=10"" e=5-10" _e=107
iter | time (s) iter time (s) iter time (s)
PCP 6865 | 18.65 | 10229 | 27.86 | 22855 | 65.05
CP 9280 | 23.72 | 16033 | 39.13 | 49526 | 129.78
%improv. 260 | 214 | 362 | 288 | 539 | 499

Table: Average time and number of iterations when m = 10 for obtaining
R, <e.
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Convergence and Numerics

[e]e]e] )

Numerical experiences

min [|x]};
Sx=d

o Isthecase f =0,h =ty qyand g = | - 1.
@ Dimensions: N = 1000, s = 100 and r € {1, 10,30}.
@ We consider 20 random realizations of matrices R, S and vectors

c and d and we measure the relative error
[l —k||* k! —k ]2

Ry = 1P+ ]
r=30.5=100 |__¢=10"" e=5-10" _e=107
iter | time (s) iter time (s) iter time (s)
PCP 5146 | 7.68 | 7143 | 10.67 | 13421 | 19.70
CP 9941 | 12.93 | 16438 | 21.37 | 50841 | 64.23
%improv. 482 | 40.6 | 565 | 50.1 | 736 | 693

Table: Average time and number of iterations when m = 30 for obtaining
R, <e.
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Application

O@00

Application to Mean Field Games?

inf /T [balom(x), () + F(xm(x)]

(m,w)

—vAm +div(iw) =0 in T

subject to
Jya m(x)dx = 1.

After discretizing

inf Z [bz(miJ, WiJ) + F(xi,ja miJ)] dx,
(m,w) T
—vAym+diviw =0

2 _
h=y", jMij =1.
2BA-Kalise- Silva Alvarez (2018).
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Application

[e]e] o)

Application to Mean Field Games?

Denoting ¢ = by + F, A = —v Ay, B = divy, the classic CP splitting

reads :
YN uE 4 y(Amk + Bwk)
Nt = ANy (B2, my; — 1)

mkt1 mk — 7'(ATuk+1 + hz)\k+11)
Wt | = prox,, Wk — BT yk+1

AN (2 —
et ] T gkl

but primal iterates do not satisfy any of the constraints, which
extremely affect the speed of the method.

SBA-Kalise-Silva Alvarez (2018).
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Application

[e]e] o)

Application to Mean Field Games?

Imposing, the constraint [ m = 1 the projected CP reads

Y\ uE 4 y(Amk + Bwk)
)\k-l—l - )\k 4 ,Y(hZ i ﬁlﬁj o 1)

nktl mk — 7'(ATuk+1 + hz)\k+11)
= prox,, Wk — BT yf+1

mk—H B 1+ (nk—l—l 1 Zz,;— k-H)
Wk+1 -
mET  (mkt nk+1 _ ok
AR R P B S B
which is much faster, and any of the primal iterates satisfy the

imposed constraint. By including splitting, we do not need any matrix

version
SBA-Kalise-Silva Alvarez (2018).
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Probl 1 motivation Converge

1ce and Numerics Application Open questions
0000 [ Jelele)

Redundancy in constrained primal-dual algorithm

Problem (P) with C = R~ !¢
(Q) find x€R 'en arglteninf(x) + g(x).
X=C
Sx=d

Projected primal-dual splitting
=3 cR¥and u® € RM, 7,4 > 0 such that 7y||L||* < 1 — 5
Wt = w4 (L3 - b)
Pl = prong(xk — 7(VF(*) + LTukt))
P :pk—H _RT(RRT)—I(Rpk—H - C)
TR = el g el gk

Then, (*)ieny € C and x* — & solution to (Q).

@ Open question: Redundancy is better than splitting ?
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Open questions
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Randomized Kaczmarz (f = g = 0)

o If we focus on the system Lx = b (f = g = 0), in the results
discussed above, we select deterministically some rows onto
which we project.

@ Kaczmarz (1937): alternating projection onto the M lines of
Lx = b for solving the linear system (under uniqueness of the
solution).

@ Strohmer-Vershynin (2009): Randomized Kaczmarz
(proportional to the norm of ¢;). Linear convergence depending
on the condition number of L.
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Open questions
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Randomized Kaczmarz for constrained primal-dual
problems

@ In the case when f or g are not trivial, we are currently studying
if Kaczmarz (or other deterministic ways) or randomized
Kaczmarz help in the efficiency of primal-dual methods. Case
h= L{b}'

o In the general case, we may assume that C = M;¢;C; and use
deterministic or randomized approaches.

@ Open questions ?: Blocks. Can we exploit structure of L ? Ex.:
block diagonal, other possibilities/ideas ?

o Andiff: (x1,...,x,) — > i, fi(x;) ? Can we exploit
separability at the same time ?
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