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Introduction:  Plasma-𝛽 is important for fusion.

• Fusion power balance amounts to a relation 
between the output/input power ratio 𝑄, 
temperature 𝑇, and the 𝑛𝑇𝜏!  “triple product.”

• Plasma-𝛽 appears when rewriting pressure:

𝑛𝑘"𝑇𝜏! = 𝛽#
𝐵$

2𝜇%
𝜏&

Contours of scientific-𝑄 for D-T fusion; 𝑄 = 1 
is scientific breakeven.
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Stellarator 𝛽-values rivaling tokamaks have been achieved.

• Comparing high-𝛽 operation in 
W7-AS (low shear) and LHD 
(high shear), Weller, et al. note 
that the Shafranov shift and 
heating power are more 
relevant than linear stability 
[NF 49, 065016 (2009)].

• W7-X operation with island 
divertor achieves central
𝛽 ≅ 4% [Sunn Pederson, et al., 
NF 62, 042022 (2022)].• LHD achieved 𝛽 = 4% at large aspect ratio above linear ideal-

MHD stability limits [Watanabe, et al., NF 45, 1247 (2005)].

Global MHD instability and LHD
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Figure 2. The beta dependence of the improvement factor of the
global energy confinement time with respect to the ISS95 empirical
scaling. HISS-dia and HISS-kin are based on the diamagnetic
measurements and the profile measurements, respectively.

in the new high aspect configuration (Ap = 6.3) as a function of
〈βdia〉. Here HISS-dia and HISS-kin are based on the diamagnetic
flux measurement and the electron temperature and density
profile measurements under the assumption of Zeff = 1 and
Ti = Te, respectively. Zeff , Ti and Te are the effective electric
charge, the ion temperature and the electron temperature,
respectively. 〈βdia〉 is the diamagnetic beta value, defined
as (2Wdia/3Vp0)/(B

2
av0/2µ0), where Wdia is the diamagnetic

energy. Bav0 and Vp0 correspond to the averaged toroidal
magnetic field inside the plasma boundary and the plasma
volume, respectively, and both of them are estimated under
vacuum conditions. A disruptive degradation of the two
global energy confinement times based on the diamagnetic
flux measurement and the profile measurements has not been
observed up to 〈βdia〉 ∼ 4%. However, the enhancement
factors are gradually reduced as beta increases. In figure 2,
HISS-dia is better thanHISS-kin, especially in the high-beta range.
This is one of the reasons why the beam contribution to the beta
value is not ignored as shown in section 2.

In this paper, in order to study the role of low-mode-
number ideal pressure-driven MHD modes in the operational
beta range in LHD, we compare the experimentally observed
pressure gradients at peripherally located resonant rational
surfaces and in the theoretically predicted unstable region for
ideal pressure-driven MHD instabilities in the new high aspect
configuration with Rax = 3.6 m and Ap = 6.3, where the
achieved beta value has been extended to 4%. And we study the
effect of the global ideal MHD instability on the local transport
and the global energy confinement up to 〈βdia〉 ∼ 4%. We also
study the typical behaviour of the MHD property in the high
aspect configuration.

2. MHD behaviour of high-beta discharge

Figure 3 shows the waveform and MHD activities in a high-beta
discharge with 〈βdia〉 ∼ 4.0% in a high aspect configuration
with Rax = 3.6 m and Ap = 6.3. B0 is set at 0.45 T.
〈βdia〉 increases as the electron density increases and reaches
a maximum at t = 1.22 s. 〈βdia〉 ∼ 4.0% is maintained

Figure 3. Temporal changes of plasma parameters and MHD
activities in a high-beta discharge with 〈βdia〉max = 4.0%.

for ∼0.10 s, which corresponds to 6–7 times the energy
confinement time. Three NBs are injected into this plasma,
and the deposition power is estimated to be about 6.2 MW at
t = 1.22 s. At this time, 〈βkin〉 and 〈βbeam〉 reach ∼3.3%
and ∼1.5%, respectively. Here 〈βkin〉 and 〈βbeam〉 are the
thermal component and the beam component of the beta value,
respectively. 〈βkin〉 is estimated to be twice the electron
beta value, with Zeff = 1 and Ti = Te assumed. The
electron temperature and density profiles are obtained through
Thomson scattering and FIR measurements, respectively. The
beam pressure is estimated based on the Monte Carlo technique
and the steady-state Fokker–Planck solution [16]. It should
be noted that the beam pressure is expected to be ∼30%
of the thermal pressure in typical LHD high-beta discharges
because the operational density range is relatively low (ne <

3×1019 m−3) due to a low density limit, and the corresponding
electron temperature is relatively high as shown in figure 4 and
the NB injected power is large. Drops in the beta value after
t = 1.29 and 1.58 s are due to the termination of beam injector
pulses. The first drop in the beta value at t = 1.29 s is small
because the increment in the beta due to the increase in the
density compensates the decrease due to the loss of the heating
power. m/n = 1/1 and 2/3 MHD fluctuation modes excited in
the edge region are predominantly observed in this discharge.
The m/n = 1/1 and 2/3 modes grow from t = 0.5 s, and
their amplitudes increase with 〈βdia〉. However, when 〈βdia〉
exceeds a certain value at t = 1.14 s, the m/n = 1/1 mode is
frequently interrupted.

Figure 4 shows the radial profile of the electron
temperature, electron density and rotational transform when
beta reaches a maximum. The equilibrium reconstruction is
done for this discharge using the three-dimensional MHD
equilibrium code VMEC [17]. Some flattening and asym-
metric structures in Te profiles are observed, for example near
the ι = 1/1 and 3/2 resonant surfaces. These structures
are often observed in high-beta discharges. However, they
are not large enough to affect the global confinement. This
flattening may contribute to the stabilization of the ideal
and resistive MHD instabilities. As possible reasons for the
formation of the asymmetrical profile at the periphery, we can
consider the variation of magnetic surfaces due to increasing
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Figure 4. The electron temperature, electron density and rotational
transform profiles at 1.22 s in the discharge of figure 3, when 〈βdia〉
reaches 4.0%.

Figure 5. The contours of the low-n ideal MHD mode growth rate
calculated using the TERPSICHORE code at a peripheral rational
surface, ι = 1, in the 〈β〉–dβ/dρ plot.

Pfirsch–Schulter current [18] and/or the growth of the intrinsic
magnetic island with an error field in finite beta plasmas [19].

3. Relationships between the predicted linear MHD
stability and experiments

As shown in section 1, because the instability in the peripheral
region is more unstable as the beta value becomes higher, it
is considered that this behaviour limits the operational beta
range. Here, we consider the effect of the global ideal MHD
mode in the peripheral region on operational regimes.

Figure 5 shows contours of the growth rate of the
low-n ideal MHD mode with a global mode structure in
the 〈β〉–dβ/dρ diagram in a peripheral low-order rational
surface (ρ = 0.9, ι ∼ 1) in a high aspect configuration
with Rax = 3.6 m and Ap = 6.3. Here ρ and ι are
the normalized minor radius and the rotational transform,
respectively. Solid and dotted lines denote contours of the
low-n (m/n = 1/1) ideal MHD modes (with global mode
structure) with γlow-n/ωA = 10−2 and 3 × 10−3 for currentless
equilibria. The growth rate is calculated using an MHD
stability analysing code (TERPSICHORE [20]). Here ωA =
vA0/R0 and vA0 and R0 are the Alfven velocity and the major
radius at the magnetic axis. The dashed lines are the
stability boundaries of Mercier modes (with a highly localized
mode structure/high-m limit) [21], which corresponds to the
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Figure 6. The eigenfunction profiles of the low-n ideal MHD
unstable mode for (a) ‘a’ in figure 5 and (b) ‘b’ in figure 5.
They are calculated using the TERPSICHORE code.
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Figure 7. The thermal beta gradients are plotted over the contours
of the low-n ideal MHD mode in figure 5. The closed triangles
correspond to the high-beta discharge with 〈βdia〉max = 4.0% shown
in figure 3.

γlow-n/ωA = 0 contour of the low-n mode [22]. Figures 6(a)
and (b) show the mode structures of the ideal MHD unstable
mode for the letters ‘a’ and ‘b’ in figure 5, respectively. Here
we consider a fixed boundary mode. Both eigenfunctions
are dominated by an almost single mode. From figures 5
and 6, the mode widths of the MHD unstable modes with
γlow-n/ωA = 10−2 and 3 × 10−3 are ∼5% and ∼1% of the
plasma minor radius, respectively. The mode width is rather
narrower than that of the MHD unstable mode resonant with a
core low-n rational surface, for example m/n = 2/1, because
the magnetic shear is stronger than that in the core region.

Figure 7 shows the experimental beta gradients
superposed on the contours of the low-n ideal MHD unstable
modes that resonate with a peripheral rational surface
(figure 5). The data were obtained in 0.45–1.75 T operation.
The symbols in figure 7 correspond to the observed thermal
beta gradients. The envelope of the observed beta gradients at
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High-𝛽 effects are studied with relaxation and time-dependent 
computations.

HINT2 computation of LHD 
topology and profile relaxation 
for LHD [Y. Suzuki, et al., IAEA 
2008 TH/P9-19].

A. Reiman et al

With Ampere’s law, we have a self-consistent set of equations
that can be solved for the equilibrium magnetic field without
reference to the force balance along the magnetic field. We
have recast the equilibrium equations in the form

∇ × B = j(B). (3)

This is the form in which the equations are solved by the
PIES code.

In practice, equation (1) gives an explicit expression for
j⊥, and equation (3) can be solved by inverting a matrix
which represents the curl operator. (We find finite difference
in the radial direction and use a Fourier representation in
the θ and φ directions.) The magnetic differential equation,
equation (2), presents subtle issues, particularly when the field
line trajectories are chaotic. We first discuss the case with good
flux surfaces, and then turn to the difficulties posed by chaotic
field line trajectories.

On a good flux surface, equation (2) can be solved by
transforming to magnetic coordinates [12, 13]. (‘Magnetic
coordinates’ are flux coordinates with straight field lines:
B · ∇ψ = 0; B · ∇θ/B · ∇φ constant on the flux surface =
ι(ψ).) Let µ ≡ j‖/B. In magnetic coordinates equation (2)
can be rewritten

∂µ

∂φ
+ ι

∂µ

∂θ
= −∇ · j⊥

Bφ
, Bφ ≡ B · ∇φ. (4)

Fourier transforming in θ and φ gives

(nN − ιm)µnm = −
(∇ · j⊥

Bφ

)

nm

, (5)

where n is the toroidal mode number per period, N is the
number of periods, and m is the poloidal mode number.
Some care must be exercised to calculate the near-resonant
components accurately [12]. The m = 0, n = 0 Fourier
coefficient, µ00, is determined by the constant of integration
in equation (4), which is determined by the profile of the net
current.

In a stochastic magnetic field, equation (4) picks up
additional terms:

∂µ

∂φ
+ ι(ψ)

∂µ

∂θ
+

δBψ

Bφ

∂µ

∂ψ
+

δBθ

Bφ

∂µ

∂θ
= −∇ · j⊥

Bφ
. (6)

Here we have separated the magnetic field into two pieces,
a piece with good flux surfaces, plus a perturbation δB that
produces chaotic field line trajectories. We have used the
notation δBψ ≡ δB · ∇ψ , δBθ ≡ δB · ∇θ . The corresponding
homogeneous equation is mathematically equivalent to the
1D collisionless Vlasov equation in the presence of turbulence
[14] if we assume that ι is monotonic in the region of interest
so that we can adopt it as our radial variable, and we identify
µ → f , φ → t , ι → v, θ → x. The δBψ/Bφ term is
identified with the force parallel to the magnetic field line due
to the turbulent electric field, and the δBθ/Bφ term is identified
with the turbulent E × B term in the Vlasov equation.

The relationship of equation (6) to the perturbed
Vlasov equation in the presence of turbulence allows us
to use resonance-broadening theory as a guide in handling
equation (6) (see, e.g. [14] and references therein). The

Figure 2. Poincare plot for equilibrium solution with
Icc = −2.5 kA, 〈β〉 ≈ 2.7%.

wavelength along the field line of a mode having mode numbers
(n, m) is 2πR/(nN -ιm). For near-resonant modes (nN -ιm
small), the mode has a long wavelength along the field line, and
the diffusion of the field line with respect to ι broadens
the resonance and eliminates the singularity. For modes that
are far from resonance (nN -ιm large), the wavelength along the
field line is short, and the slow radial diffusion of the field line
can be neglected, recovering equation (5).

Explicit solutions to equation (6) are known only for
special cases. In the W7AS equilibrium calculations discussed
in this paper, the resonant Fourier components have relatively
high mode number because the toroidal mode number must
be a multiple of the number of periods (5 for W7AS). At
ι = 0.5, for example, the lowest order resonant equilibrium
Fourier coefficient is n = 5, m = 10. The high mode number,
near-resonant Fourier coefficients of the equilibrium current
density are small, except possibly near the resonant surface.
In this context, the resonance broadening plays the role of
keeping the amplitude of the resonant components small. We
find that the calculation is insensitive to the precise form
of the resonance broadening. In other contexts, resonance-
broadening is often modelled by 1/x → x/(x2 + ε2). For
purposes of our computation, we find it more convenient to
use a somewhat different model. The model is described in
section 5, after we examine the structure of the magnetic field
lines in the stochastic region.

The relationship between equation (6) and the perturbed
Vlasov equation in the presence of turbulence, and the
corollaries for equilibria in stochastic magnetic fields, are
discussed in more detail in [15].

5. Equilibrium solutions and chaotic field line
trajectories

Figures 2 and 3 show Poincare plots for the PIES equilibrium
solutions with Icc = −2.5 kA and Icc = 0, respectively. In
each case we find a large stochastic region. Although the
value of 〈β〉 is substantially higher in the Icc = −2.5 kA
shot (〈β〉 ≈ 2.7% versus 〈β〉 ≈ 1.8%), the width of the
stochastic region is approximately the same in the two cases.
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PIES computation of W7-
AS force balance at
𝛽 = 2.5% [A. Reiman, et 
al., NF 47, 572 (2007)].

90

Figure 6.6: Directly sourcing heat into a plasma drives unrealistic particle redistri-
bution that pushes density (right plot, Z < 0) out of regions with high temperature
(left plot, Z < 0). This is demonstrated for a low beta case with uniform heating
source, initially uniform density, large viscosity, and small but finite D and Dh.
This snapshot is shown much later than the resistive and heat equilibration times,
but because of the large viscosity it is continuing to evolve slowly. The Poincare
plot (Z > 0 for both) is largely una�ected by density and temperature distributions,
but reverse Shafranov shifts slowly while beta decreases as they separate.

than the mesh scale. As the heating source turns on, temperature builds up quickly
near the magnetic axis, where it is most e�ectively confined. While the temper-
ature is tightly connected to magnetic surfaces by the Braginskii heat flux, the
plasma density can be pushed in any direction that flows can develop. This re-
sults in density being pushed out to larger radius, as can be seen in figure 6.6.
Problematic behavior such as this is seen in every simulation attempted. It is a
much slower process when large viscosity keeps flows small, but the deformation
is still significant on the transport timescales. Whether the initial density and/or
temperature is flat or peaked, and regardless of where and how slow the heat is
applied, this unrealistic redistribution still occurs.

This problem happens because the simple heat source used in our model does

NIMROD MHD evolution of a 
torsatron subject to heating
[T. Bechtel, PhD Dissertation, 
Univ. WI-Madison, 2021].

Nucl. Fusion 61 (2021) 086015 Y. Zhou et al

Figure 5. Poincaré plots of (a) the initial magnetic !eld that is
interpolated from a W7-X VMEC equilibrium (normalized by Tesla
and meter), and (b) the relaxed magnetic !eld at t = 1000. The
simulation parameters are κ⊥ = η = 10−6, κ‖ = 1, and
µ = µc = 10−4. Only one of !ve !eld periods is simulated.

with the current density j given by Ampere’s law, j = ∇× B.
Here we do not solve the continuity equation but hold the
mass density ρ = 1 such that (12) is essentially a tempera-
ture equation. (Otherwise, the agreement would be not as good
due to the discrepancy in the density evolution beyond the last
closed "ux surface, which would undermine the purpose of
this benchmark). The stress tensor is given by Π = −µ(∇v +
∇vT) − 2(µc − µ)(∇ · v)I and the heat "ux q = −κ⊥∇T −
κ‖bb · ∇T , with b = B/B and the temperature T = Mp/ρ,
where M is the ion mass. Transport coef!cients include resis-
tivity η, isotropic and compressible viscosities µ and µc, and
perpendicular and parallel thermal conductivities κ⊥ and κ‖,
andΓ = 5/3 is the adiabatic index. An axisymmetric Gaussian
heat source Q = w/(2πσ2) e−r2/(2σ2) is applied in the simula-
tions to heat the plasma, with w and σ denoting the heating
rate and the Gaussian width, respectively.

Figure 6. Poincaré plot of the magnetic !eld at t = 100 in the
relaxation of a high-beta W7-AS VMEC equilibrium (normalized by
Tesla and meter). The simulation parameters are κ⊥ = η = 10−6,
κ‖ = 1, and µ = µc = 10−3. Only one of !ve !eld periods is
simulated.

In !gure 3, we see an agreement on the growth of ther-
mal energy in the early stage, which veri!es that simulations
in the non-axisymmetric domain model anisotropic heat trans-
port as accurately as those in the axisymmetric domain. In fact,
we !nd that the axisymmetric domain requires much higher
toroidal resolution to produce comparable results, which sug-
gests that the non-axisymmetric domain is more ef!cient in
treating the helical structure. (Similar !ndings have also been
reported in NIMROD simulations [8]). This is not surprising
since the mesh is better aligned with the "ux surfaces in the
non-axisymmetric domain. In the later stage, an m = 5, n = 1
interchange instability is triggered and the plasma eventually
equilibrates. The onsets of the instability depend on the pertur-
bations, which are not prescribed but spontaneous, and hence
do not agree exactly. Still, the equilibrium structures in the !nal
equilibria do show qualitative agreement in !gure 4. In sum-
mary, the newly implemented stellarator extension can model
MHD instabilities and anisotropic heat transport with simi-
lar accuracy to the tokamak version but lower computational
costs.

3.3. VMEC equilibria

Finally, we demonstrate that our approach can treat realistic,
strongly shaped stellarator geometries by examining the relax-
ation of VMEC equilibria. That is, we set up initial conditions
in M3D-C1 by interpolating VMEC equilibria and then solve
(11)–(13) without source terms. Due to the low near-axis res-
olution in VMEC data, we use Zernike polynomials [19] for
radial interpolation to ensure smoothness. These polynomials
guarantee analyticity near the magnetic axis and have recently
been used in stellarator equilibrium codes like SPEC [20] and
DESC [21] as well.

The !rst case we study is a W7-X equilibrium with no net
toroidal current and no pressure [22], which is close to but not
exactly a vacuum !eld. Figure 5(a) shows the initial magnetic
!eld constructed in M3D-C1, where "ux surfaces are nested as

5

M3D-C1-S MHD evolution 
from W7-AS VMEC result
[Y. Zhou, NF 61, 086015 
(2021)].



Time-dependent nonlinear computations have advantages.

• Physical time provides a meaningful connection among states.
• Prescriptions and constraints for relaxation are not required.

• Instabilities and their consequences are modeled when they arise.
• Magnetic topology evolution is described.
• Physical effects beyond base MHD models may be added.
• Externally generated states may be used:

• We may perturb about the state if it is an accurate force balance.
• Alternatively, the state may be used as an initial condition.



Perturbing about externally generated states is precarious.

Constraint of 𝑋 = 0 is consistent with 
force balance, −𝜕𝐸/𝜕𝑋 = 0, without 
the constraint.

Constrained configuration is not 
consistent with force balance after 
removing the 𝑋 = 0	constraint.

A constrained force balance 
computation would not 
distinguish the two, possibly 
apart from residual error.



For nonlinear time-dependent computations, non-ideal 
magnetohydrodynamics is the base model.

particle continuity with artificial diffusive flux

momentum density; 𝑛! = 𝑛/𝑍 ; 
𝑃 = 1 + 1/𝑍 𝑛𝑇  for single-T

resistive-MHD Ohm’s law
& vector potential

temperature evolution

𝜕𝑛
𝜕𝑡
+ ∇ ⋅ 𝑛𝑽 = −∇ ⋅ 𝚪"

𝑚𝑛!
𝜕
𝜕𝑡 𝑽 + 𝑽 ⋅ 𝑽 = ∇ ⋅

1
𝜇#
𝑩𝑩 + 𝚷 − 𝑃 +

𝐵$

2𝜇#
𝐈 + 𝑺%

𝑛!
𝛾 − 1

𝜕𝑇
𝜕𝑡
+ 𝑽 ⋅ ∇𝑇 = −𝑛!𝑇∇ ⋅ 𝑽 − ∇ ⋅ 𝒒! + 𝑆&"

𝝈 @
𝜕
𝜕𝑡
𝑨 + ∇𝜒 = 𝝈 @ 𝑽×𝑩 − ∇×∇×𝑨 𝑩 = ∇×𝑨

𝜕
𝜕𝑡 𝑩 = ∇× 𝑽×𝑩 − 𝜂∇×𝑩 + 𝜅'∇∇ @ 𝑩or combined Faraday / Ohm’s laws 

with error correction



Closures approximate plasma transport; source terms may include 
numerical corrections.

• Thermal conduction and viscous stress are anisotropic.

•  𝒒 = −𝑛 𝜒∥ − 𝜒!)* F𝒃F𝒃 + 𝜒!)*𝐈 ⋅ ∇𝑇.           F𝒃 = 𝑩 𝑩 +,

•  𝚷 = 𝜈∥𝑚𝑛! 𝐈 − 3F𝒃F𝒃 F𝒃 ⋅ 𝐖 ⋅ F𝒃 − 𝜈!)*𝐖      𝐖 = ∇𝑽 + ∇𝑽- − $
. 𝐈∇ ⋅ 𝑽

• Equations include numerical error-correcting terms.

• Diffusive particle flux:  𝚪" = −𝐷/∇𝑛 + 𝐷0∇∇$𝑛 

• Momentum correction:	 𝑺' = 𝑚𝑽	∇ ⋅ 𝚪(
• Ohmic and viscous heating + energy correction:

𝑆&" = 𝑓! 𝜂𝐽$ − 𝚷: ∇𝑽 − 1"23#

$ − -
4 5+, ∇ ⋅ 𝚪" 



MFE conditions of interest allow one simplification.

ü Shock propagation is not a concern.

• Temporal scales are separated.
• Geometry is nontrivial.
• There is a divergence constraint on 𝑩.
• Transport is anisotropic.
• Localized features arise.
• Successful simulation depends on 

distinguishing different modes.

Alfvén (shear) spectrum

fast compressional

sound accumulation

slow compressional

Ideal-MHD eigenvalues in a straight cylinder, 
𝑩# = 𝐵#O𝒛, 𝛾 = 1, 𝛽 = 1, 𝑚 = 1, 𝑘6 = 2.



Unstable modes tend to tap free energy near spatial resonances.

sheared 𝑩%

q
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z

B0

k
𝒌 4 𝑩% = 0

• Modes are driven by ∇𝑃% ∥ 8𝒃 4 ∇8𝒃 and 
by ∇(𝐽∥%/𝐵%) .

• Localization implies that numerical 
results depend on limit of resolution.
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The compressible slab g-mode indicates the subtleties.

• Ideal-MHD eigenmodes satisfy
𝜕
𝜕𝑦

𝐴𝑆
𝑘$𝑆 − 𝜌$𝜔7

𝜕
𝜕𝑦 𝜉8 − 𝜌𝜔

$𝐽6#𝐵9#𝐴𝜉8 − 𝐴 +
𝜌𝑔
𝐿 𝜉8 = 0

𝐴 = 𝜌𝜔$ − 𝐹$  ;   𝐹 = 𝒌 @ 𝑩#  ;   𝑆 = 𝜌𝜔$ 𝐵#$ + 𝛾𝑃# − 𝐹$𝛾𝑃#

y

x

g

𝐽6#𝐵9# = 𝜌# 1 +
𝑦
𝐿
𝑔

slab equilibrium configuration

subject to 𝜉8 → 0, 𝑦 → ±∞.

o Terms from compression at fine scale
o Terms from field-line bending at fine scale

• Reduced systems satisfy
:
:8

𝜔$ − 𝑦$ :
:8
𝜙 − 𝐷𝜙 = 0 

𝐷 > 1/4 allows instability, 𝜔$ < 0.



Methods:  NIMSTELL is a stellarator variant of NIMROD*.

• Both use a plane of 2D elements with finite 
Fourier series for a periodic coordinate.

• FE nodes are based on Legendre polynomials, 
allowing either h or p refinement.

• NIMSTELL’s geometry is expanded as a Fourier 
series in a generalized toroidal angle.

Mesh and T contours from anisotropic 
conduction in WISTELL-A configuration.

𝑅 𝜉, 𝜂, 𝜁 = 𝑅# 𝜉, 𝜂 + ∑/;,< 𝑅/ 𝜉, 𝜂 𝑒!/= + 𝑐𝑐.  

𝑍 𝜉, 𝜂, 𝜁 = 𝑍# 𝜉, 𝜂 + ∑/;,< 𝑍/ 𝜉, 𝜂 𝑒!/= + 𝑐𝑐.  

𝜙 𝜉, 𝜂, 𝜁 = 𝜙# 𝜉, 𝜂 + ∑/;,< 𝜙/ 𝜉, 𝜂 𝑒!/= + 𝑐𝑐. + 𝜁 

*J. Comp. Phys. 195, 355 (2004); 229, 5803 (2010); 319, 61 (2016). 



Vector potential is expanded in the H(curl) space.

• The 𝜎* 𝑥 , 𝑥 ∈ 𝜉, 𝜂  are discontinuous.
• The λ* 𝑥 , 𝑥 ∈ 𝜉, 𝜂  are continuous expansions and 1 degree higher.

• Nédélec edge elements* form a basis for the H(curl) function space.

*J. C. Nédélec, Numerische Mathematik 35, 315 (1980). 

Linear-quadratic nodal 
𝜎> 𝜉 𝜆? 𝜂 ∇𝜉 basis vectors.

h

x
Standard 2D 
element.

R

Z

f

Quadratic-linear nodal 
𝜆> 𝜉 𝜎? 𝜂 ∇𝜂 basis vectors.

x
h

x
h



Magnetic field satisfies expected constraints.

• Divergence constraint ∇ @ 𝑩 = 0 within elements follows from 𝑩 = ∇×𝑨.
• Continuity of 𝑩 @ k𝒏 across element boundaries is inherent from the formulation.

• For example, consider k𝒏 = ∇A
∇A

∝ :𝑹
:C
× :𝑹
:=

 element surface normal:

• :𝑹
:C

 and :𝑹
:=

 are continuous by construction.

continuous by Fourier expansion

k𝒏 @ 𝛁×𝑨 = ∇A
∇A @ ∑>,? 𝐴=$,& 𝜁 𝜆> 𝜉 𝜆?

E 𝜂 − 𝜆> 𝜉 𝜎? 𝜂 𝐴C$,&
E 𝜁 ,

F
:𝑹
:A 

h

x
𝜆> 𝜉 = 0	𝑜𝑟	1

𝜆?′ 𝜂 	𝑎𝑛𝑑	𝜎? 𝜂  are continuous for 0 < 𝜂 < 1 and ∇A
∇A

@ ,
F
:𝑹
:A
= :𝑹

:C
× :𝑹
:=

+,

𝑨 =u
>,?

𝐴A$,& 𝜁 𝜎> 𝜉 𝜆? 𝜂 ∇𝜉 + 𝐴C$,& 𝜁 𝜆> 𝜉 𝜎? 𝜂 ∇𝜂 + 𝐴=$,& 𝜁 𝜆> 𝜉 𝜆? 𝜂 ∇𝜁



1D cylindrical ideal-MHD eigenvalue results compare formulations.

• H(curl) has continuous 𝑟𝐴+  and 𝐴, over r, discontinuous 𝐴-  of 1 degree lower.
• Results here are for the basic uniform-𝑩% profile.

Numerical eigenvalues with 𝐴'  of 
the same degree as 𝑽 and 𝑝.

Numerical eigenvalues with 𝑟𝐴(  and 
𝐴) of the same degree as 𝑽 and 𝑝.

Labeling
W: Weyl, 𝜒 = 0
d: damping, ∇$𝜒 = 𝑑G∇ @ 𝑨
D: diffusive, 𝜒 = −𝐷G∇ @ 𝑨
L2: diffusive with 𝜒 in L2, 𝑨 in H1
pt: total, not plasma, pressure

Alfvén spectrum

sound accumulation

• All formulations with 𝑨 have 𝜔 = 0 modes; Weyl has the most.
• Having 𝜒 in L2, hence 𝑨 in H1, misses the Alfvén spectrum.



Eigenvalue results on interchange consider fidelity to fine-scale response.

• Equilibrium profile* has 𝐵6# = 1, 𝑞 𝑟 = (1 + 𝑐$$𝑟$)/𝑅𝑐,, 

𝐷) 𝑟 = − ,
H'*+

I
I,

$
𝑃#E = 𝑐,$ 1 + 𝑐$$𝑟$ 𝑐$7𝑟$ +, 

• Conditions with 𝑐, = 4/7, 𝑐$ = 10/7	 are stable for 𝑟) > 0.466. 

Convergence “from the stable side” 
is important.

Eigenvector for the 80-element 
computation displays localization.

• Computations for 
𝑚 = 4, 𝑘 = −1.784 
have 𝐷) = 0.443, cubic 
𝑽 and 𝑝, and the 
damping formulation.

• Mesh is uniform in r. 

*Gruber and Rappaz, FE Methods in 
Linear Ideal MHD, Springer, 1985.



NIMSTELL reproduces the resistive version of the mode.

• NIMSTELL FE mesh is 2D, but the formulation is based on the 1D eigenvalue results.

Result on 𝑉) for 𝜂 = 𝜒-./ = 𝜈-./ = 1001 with 
48x24 mesh of biquartic elements, n=0,1.

Twisted mesh case has 𝜂 = 𝜒-./ = 𝜈-./ = 1002 
has 0 ≤ 𝑛 ≤ 5 without aligning the twist with 
the helical mode.



For a given mesh, we find that a minimum level of resistivity is needed.

• A series of computations uses biquartic elements 
without packing near the rational surface.

• Mesh sizes ranged from 24×16 to 48×24 to 
96×48, all having the central region with a non-
polar arrangement.

• Unstable noise develops if resistivity is too small 
for a given resolution.
• 24×16 needs 𝜂~10./.
• 48×24 needs 𝜂~10.0.

• Likely related to ∇×∇×𝑨 providing coercivity in 
the 𝑨-advance—not evident from 1D eigenmode 
results, apart from 𝜔 = 0 modes.

The lowest-resolution mesh is 
effectively 24×16.  Element 
curvature is not shown.



We are also verifying current-driven tearing.

• Cylindrical tearing in a pinch profile is 
a standard NIMROD verification case.

Contours of 𝑉J from a computation with 
S = 2×107, Pm = 2×10+..

Contours of 𝑉6 for an S = 10K, 
Pm = 10+. computation

• Toroidal tearing in a twisting elliptical 
geometry required opposite helicity.

• DESC* was used to create the 𝑁1 = 1, 
𝑒 = 0.8 equilibrium.

*Dudt and Kolemen, Phys. Plasmas 27, 102513 (2020).



Published JOREK results facilitate toroidal verification.

• Tearing verification includes a linear 
benchmark of the elliptical W7-A JOREK 
case [N. Nikulsin, et al., Phys. Plasmas 29, 
063901 (2022)].

• The configuration has 𝑁1 = 5, 𝑒 = 0.76.

• We used DESC to generate the equilibrium 
for NIMSTELL.

• The (2,1) mode requires 0 ≤ 𝑛 ≤ 10 for 
minimal toroidal resolution.

Comparison of tearing growth rates for W7-
A case over a scan of resistivity values.



Coercivity is again a concern at small resistivity values. 

✕ Distorting toroidal meshes lead to 
unphysical instability with the 𝑨 
representation — not a resolution issue.

• Twisting meshes avoid the numerical 
instability.

• Computations have 𝑒 = 0.8, 𝑁1 = 1,
S = 1×102, Pm = 0.1.

Overlay of unwrapped tori compares 
twisting (black) and distorting (red) meshes.

• Tearing mode at low-n (left, from 
twisted mesh) is expected.

• Ballooning-like mode (right, 
distorting mesh) is not.



Slab geometry reproduces the challenge for 𝑨 in H(curl) at large S.

• Numerical error is reproduced 
with a mesh distorted over 𝜁.

• Parameters have S = 10/,	
Pm = 0.5.

• Tearing mode is symmetric over 𝜁.
• Mesh distortion is 𝑛 = 1; 

computations have 0 ≤ 𝑛 ≤ 5 + 
with dealiasing.

v Coercivity of A-equation at small 
𝜂-values may be the issue.

Slab-geometry computation 
with B in H1 reproduces 
symmetric tearing mode.  
[𝑉9 is shown.]

Slab-geometry computation 
with A in H(curl) produces 
numerical mode.



Accurate anisotropic transport is also important. 

• Thermal transport computations solve
∇ @ 𝜅∥ − 𝜅L F𝒃F𝒃 ⋅ ∇𝑇 + 𝜅L∇𝑇 + 𝑄 = 0 .

• Straight configuration has 
𝑩 = ∇ 𝐶𝐼?

<3H
M cos 𝑙𝜃 − <36

M + 𝑧  
with 𝑙 = 2, 𝑅/𝑁N = 4.

• The separatrix has x-points at 
𝑟 = 3.46, which is inside the domain.

• Computations have 𝜅∥/𝜅L = 10K. Twisting mesh and 
contours of temperature.  
Mesh is 𝑛 = 0,1 only.

Distorting mesh and 
contours of temperature. 
Mesh has a broad 𝑛 
spectrum.



Results support meshing by symmetry, where possible. 

Twisting mesh follows symmetry and converges 
readily.  p-refinement uses 960 elements (32 
azimuthally); h-refinement uses bicubics.

Distorting mesh needs convergence with 
respect to Fourier expansion, 0 ≤ 𝑛 ≤ 𝑁. 1340 
biquintic elements are used.



There are commonalities and differences with other efforts.

• The MIPS code [Y. Todo, et al., Pl. Fus. Res. 5, S2062 
(2010)] uses an explicit 4th-order time advance and 4th-
order spatial finite differences.

• The stellarator version of M3D-C1 [Y. Zhou, NF 61, 086015 
(2021)] uses Bell 2D (reduced quintic) elements and 
Hermite cubics for a split-implicit potential representation 
of full MHD.

• The stellarator version of JOREK [N. Nikulsin, et al., PoP 29, 
063901 (2022)] uses 2D G1 Bezier elements and 1D 
Fourier for implicit reduced MHD.

• The NIMSTELL time advance is semi-implicit.

Theory-experiment partnership 
with HSX upgrade. 

Collaborations with major 
international facilities: LHD 
(Japan), W7-X (Germany).

Thrusts for the UW-Madison M3D-C1 
effort also include design validation. 
[Courtesy of A. Wright]



NIMSTELL directions

• Implementation of remaining nonlinear terms and 
nonlinear applications

• Continue numerical investigation of vector-potential 
formulation

• Benchmark & apply new H1 representation of B
• Boundary condition equation needs preconditioning
• Provides an alternative representation

• Enhance Fourier-banded preconditioner for quasi-
symmetric configurations

• Explore mesh optimization, as allowed by the generalized 
toroidal angle

Meshes over one FE-Fourier plane.
Lower panel is optimized to reduce 
variation in J along constant-𝜂 gridlines.



Conclusions

• While expanding 𝑨 in H(curl) respects the physical divergence 
constraint on 𝑩, stability at small 𝜂-values is a numerical challenge.

• Having an alternative representation for 𝑩 will facilitate applications 
while the study of vector potential continues.

• Mesh alignment with 𝑩 is not required for accurate anisotropic 
transport, but aligning to symmetries helps.

• Using externally generated states as initial conditions is safest.


