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f : (P1, A) ! (P1, B) is rational map of degree d > 2 such that:

• B contains all critical values of f ,

• A ✓ f�1(B), and

• |A|, |B| > 3.
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provided that there exist µ, ⌫ 2 Aut(P1) so that

µ�1 � F � ⌫ = G, iA = ⌫ � jA, and iB = µ � jB
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Let Hf be the irreducible
component containing

(f, idB, idA).
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dim |A|� 3

dim |B|� 3

(g, i, j|A) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j|A), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).
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dim |A|� 3

dim |B|� 3

(g, i, j|A) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j|A), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing
(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

smooth 
quasiprojective

Hf
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(g, iA, jB) 2 Ratd ⇥ (P1)A ⇥ (P1)B

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, µ � iA, ⌫ � iB), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idA, idB).

smooth quasiprojective variety of dimension |B|�

3

smooth, quasiprojective of dimension |B|�3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g
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(P1, B)
h // (P1, B0)
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f : (P1, A) ! (P1, B) is rational map of degree
d > 2 such that:

• B contains all critical values of f ,

• A ✓ f�1(B), and

Moduli space correspondence

|B|� 3

|A|� 3

deg(f |x) = deg(g|j(x))

for all x 2 f�1(B)
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hurwitz

equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed points.
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hurwitz

equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed points.
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deg(f |x) = deg(g|j(x))

for all x 2 f�1(B)
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hurwitz

equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed points.
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P
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dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P
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dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hur-

witz equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed
points.
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dim |B|� 3

dim |A|� 3

(g, i, j) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hur-

witz equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed
points.
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dim |B|� 3

dim |A|� 3

(g, i, j) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

In favorable cases, the moduli space 
correspondence is the graph of a map; in 
particularly favorable cases, the map extends 
to an endomorphism of projective space, 
necessarily PCF.

Example

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hur-

witz equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed
points.
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dim |B|� 3

dim |A|� 3

(g, i, j) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hur-

witz equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed
points.

•
2 // • // · · ·

2 // • // •ee

•
2 // • // · · · // • // •ee

A ✓ B

Hf

|| ""
� _

✏✏

oo � _

✏✏
Pn Pnoo

dim |B|� 3

dim |A|� 3

(g, i, j) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hur-

witz equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed
points.
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dim |B|� 3

dim |A|� 3

(g, i, j) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � i, µ � j), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).
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Dynamics

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

A ✓ B

Hf

}} ""
MP MP

dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

A ✓ B

Hf

}} ""
MP MP

dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

Fixed points correspond to 
PCF rational maps

Compute the derivative at 
the fixed points

What are the eigenvalues? 

Minimal polynomial (correct direction):

finite cover ???



z 7! z2 + c

• 2 // • // •bb • 2ee

0
2 // 1 // c+ 1bb 1 2hh

0
2 // 1 // x // ydd 1 2hh

0
2 // 1 // xbb 1 2hh P = {0, 1,1, x, y}
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✏✏

1

✏✏

x
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1
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1 y 0 1

F : z 7! 1� z2

x2
g : x 7! 1� 1

x2

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

A ✓ B

Hf
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dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

Compute the derivative at 
the fixed points

What are the eigenvalues? 
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P
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dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P
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dim |B|� 3

dim |A|� 3

(g, j, i) 2 Ratd ⇥ (P1)B ⇥ (P1)A

so that diagram commutes

up to equivalence

(⌫ � g � µ�1, ⌫ � j, µ � i), µ, ⌫ 2 Aut(P1)

Let Hf be the irreducible
component containing

(f, idB, idA).

smooth quasiprojective variety of dimension |B|� 3

smooth, quasiprojective of dimension |B|� 3

quasiprojective variety of dimension |B|� 3.

f : (P1, A) ! (P1, B)
is Hurwitz equivalent to
g : (P1, A0) ! (P1, B0)

(P1, A)

f
✏✏

h0
// (P1, A0)

g

✏✏

(P1, B)
h // (P1, B0)

Thurston rigidity implies all eigenvalues are

algebraic (Galois conjugates) 

strictly inside the unit disk*

algebraic integers only if they are zero*

=)

1

8
< |�| < 1

2� is an invertible algebraic integer

f(z) = 2i

✓
z2 �

1 + i

2

◆2

****

�

q
1+i
2

2

!!
0

2 // �1 // 1 ff 1 4hh

q
1+i
2

2

==

MC

f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hurwitz

equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed points.

•
2 // • // · · ·

2 // • // •ee

•
2 // • // · · · // • // •ee

f = g � s

s

Lattès maps: 
⇤ = ±1 or ⇤ ⌅ S1 is an arbitrary quadratic number: if
⇤ is an algebraic integer, ⇤ is a root of unity of order
1, 2, 3, 4, or 6.

f : (P1, Pf ) ⇥ (P1, Pf )

If ⇤ is an eigenvalue of D⇧f at a fixed point, then

• ⇤ is algebraic

• |⇤| � 1; |⇤| = 1 i⇥ f is Lattès

• all Galois conjugates of ⇤ are eigenvalues of crit-
ically finite maps with the “same dynamics”

• if f is not a Lattès map, then ⇤ is not an algebraic
integer unless ⇤ = 0

d+ 1 polynomials up to a⇤ne conjugacy

0
d �� c �� cd + c⇥⇥ ⇤ d⇤⇤

minimal polynomial

8⇤3 + 8⇤2 + 6⇤+ 1 = 0

⌅3 + 2⌅2 + 3⌅ + 1 = 0

If f : (P1, Pf ) ⇥ (P1, Pf ) is critically finite, there are
|Pf | � 3 eigenvalues, and if f is not a Lattès map, all
eigenvalues satisfy |⇤| < 1.

0
2 �� c �� c2 + c⇥⇥ ⇤ 2⇤⇤

rabbit, corabbit, airplane

Lattès maps, |Pf | = 4, � =< 1, ⌃ >

L : C/� ⇥ C/�, L : w ⇧⇥ �w + ⇥ (mod �);

� is an algebraic integer:

• � ⌅ Z, f is a flexible Lattès map, and

• � /⌅ Z, and f is not flexible

�2 � c� + d = 0 where d = |�|2.
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up through period 19
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hurwitz

equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed points.
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f 2 Rat2 with a superattracting n-cycle

A = {points in a superattracting n-cycle}

B = A [ Vf

Then the equalizer of Hf ◆ MA is a copy of Pern(0).

f : (P1, P ) ! (P1, P ) is PCF

A = B = P

Fixed points correspond to PCF rational maps that are Hurwitz

equivalent to f : (P1, P ) ! (P1, P ).

There is a fixed point corresponding to f : (P1, P ) ! (P1, P ).

Compute the derivative of the correspondence at the fixed points.
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No dynamics

finite cover constant??
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Question (Pilgrim): Are there examples of PCF rational maps for 
which the Thurston pullback map is constant (on Teichmüller space)? 

Dynamics

Answer (McMullen): Yes. 
Are there any examples in prime degrees? 
(d=2,3 settled) 

All known examples have composite degrees and are exceptional.
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