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Bi-Q-structure

Definition
I Let V be a complex vector space. A bi-Q-structure (W1,W2) on V

is the data given by two Q-structures W1 and W2 on V . A complex
vector subspace V ′ of V is said to be bi-Q-rational (or simply bi-Q)
if V ′ is rational for both W1 and W2.

I If V ′ is a bi-Q-subspace of dimension 1, then V ′ determines a
complex number θ = θ(V ′,W1,W2), well defined up to
multiplication by an element of Q?. Let e1 ∈W1 and e2 ∈W2 be
some basis of V ′ defining the corresponding Q-structures. Then
e2 = θe1 for some θ ∈ C/Q∗. Such a θ will be called a period of V ′
for (W1,W2).
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Split bi-Q-structures

Définition
I A bi-Q-structure (W1,W2) on V is said to be split if V is a direct

sum of bi-Q-subspaces of dimension 1.

I In this situation
V =

⊕
j

Cej =
⊕

j
Cfj

for a Q-basis {e1, . . . , en} of W1 and a Q-basis {f1, . . . , fn} of W2
such that for each j, there exists θj ∈ C∗/Q∗ with fj = θjej .

I We say that {θ1, . . . , θn} is a complete set of periods of V for
(W1,W2).
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Split bi-Q-structures

Proposition
Let V = (Cn; θ1, . . . , θn) := (C; θ1)⊕ (C; θ2)⊕ · · · ⊕ (C; θn) be the split
bi-Q-structure with complete set of periods (θ1, . . . , θn).

I If θi 6= θj (for all i,j up to multiplication by Q∗), then V admits only
finitely many bi-Q vector subspaces.

I If θ1 = θ2 = · · · = θn, then any sub-vector space W of V which is
Q-rational for the first structure W1 is Q-rational for the second
structure W2.

We can detect equalities between periods by knowing that there are
infinitely many bi-Q vector subspaces.
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Bi-Q-structure on the Tangent space of a CM abelian
variety.

Let A be a complex CM abelian variety of dimension g . Then A is the
extension to C of an abelian variety AQ defined over Q. The universal
covering of Aan is Cg . We endow Cg with a bi-Q-structure :

I The arithmetic Q-structure on Cg is defined to be the one given
by Cg ∼= LieAQ ⊗ C.

I The geometric Q-structure on Cg : It is known that there exists a
matrix τ ∈ Matg×g (Q) such that A(C) ∼= Cg/(Zg + τZg ). Hence
Q · (Zg + τZg ) ⊆ Cg gives a Q-structure on Cg , and we call it the
geometric Q-structure.
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Periods of CM abelian varieties

Définition
I Let {ω1, . . . , ωg} be an End(A)⊗Q-eigenbasis of ΩA (holomorphic

1-forms).

I Set θj :=
∫
γ
ωj for each j ∈ {1, . . . , g}. We call θ1, . . . , θg the

holomorphic periods of A ; they are well-defined up to Q and there
exist γ ∈ Γ such that θj 6= 0.

I Let ηj be the complex conjugate of ωj . Then
∫
γ
ηj ∼= 2πi/θj for each

j ∈ {1, . . . , g}, and we call them the anti-holomorphic periods of A.

Proposition
The bi-Q-structure on Cg defined above is split, and is isomorphic to
(Cg ; θ1, . . . , θg ).
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Properties of periods of CM Abelian varieties

Let A be a simple (or square free) CM abelian variety of dimension g . Let
T be the Mumford-Tate group of A (an algebraic tous). Let (θ1, . . . , θg )
be the holomorphic periods of A.

Then
I The θi are transcendental numbers.
I For all i , j θiθj

π is transcendental.
I (Wüstholz) There is no linear Q-relation between the θi :

dimQ Σg
i=1Qθi = g

I The transcendence degree, td(2iπ, θ1, . . . , θg ) ≤ dim(T ) ≤ g + 1
I Grothendieck period conjecture predicts that

td(2iπ, θ1, . . . , θg ) = dim(T ) and that Q(2iπ, θ1, . . . , θg ) is
generated by monomial relations.

I We will study the possible quadratic relations between the θi . We
expect that they should be only of the form θiθj ' θkθl
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Bi-Q-structures on the tangent space at a CM point on a
Shimura variety

I Let S = Γ\X be a Shimura variety associated to a Shimura datum
(G ,X ). Therefore G is a reductive group over Q, X = G(R)/K∞ is
an hermitian symmetric space and Γ ⊂ G(Q) an arithmetic lattice.

I Let u : X → S be the uniformizing map. S is a quasi-projective
variety and has a canonical model over Q. Let [o] = u(o) be a CM
point of S and

ψ = duo : To(X ) −→ T[o](S)

I As CM points are defined over Q, T[o](S) has a natural Q structure
and ψ−1 induces a Q-structure on To(X ). We call it the arithmetic
structure

I Let g be the Lie algebra of G , then the Cartan decomposition
gR = m ⊕ k associated to the point o ∈ X induces over C the
decomposition gC = m+

C ⊕m−C ⊕ kC and we have an isomorphism
m+

C = To(X ).
I One can verify that gQ ∩m+

C defines a Q-structure on m+
C = To(X ).

We call it the Geometric Structure
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Bi-Q-structures on the tangent space at a CM point on a
Shimura variety

Theorem
I The bi-Q-structure on T0(X ) (arithmetic and geometric) is split.

I Let T be the Mumford-Tate group of [o] and Tm be a maximal
torus containing T and Φ(Tm

C , gC) be the root system on gC.
I The adjoint representation of G induces a decomposition

T0(X ) = m+
C = Σα∈Φ(T m)m+

C,α

I Every m+
C,α is one dimensional and bi-Q.
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Bi-Q-structures on the tangent space at a CM point on the
moduli space of principally polarized Abelian varieties Ag

I Let Ag be the moduli space of principally polarized abelian varieties
of dimension g . The associated Shimura datum is (GSp2g ,Hg ),
where Hg is the Siegel upper half space
{τ ∈ Matg×g (C) : τ = τᵀ, Imτ > 0}.

I Let τ ∈ Hg be a CM point. The abelian variety
Aτ := Cg/(Zg + τZg ) is a CM abelian variety.

I Let θ1, . . . , θg be its holomorphic periods. Let T be the
Mumford-Tate group of Ao , Tm be a maximal torus containing T .
Let Φ(Tm,GSp(2g)) be the associated root system of type Cg .

Theorem
I The periods of the (split) bi-Q-structure on ToHg ' Sym2(T0(A))

are θiθj/π with 1 ≤ i ≤ j ≤ g.
I The root spaces m+

C,α corresponding to the root α = εi + εj is one
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Quadratic relations between periods of CM abelian varieties

I Let A be a simple CM abelian variety with multiplication by E .

I Let β : H1
DR(A/Q)⊗ C −→ H1(A,Q)⊗ C be the comparison

isomorphism. Then β is a point of the period torsor T and T can be
identified to a subgroup of T = MT (A).

I After a good choice of basis we have

β := diag(θ1, ..., θg , ...,
2iπ
θ1
, ...,

2iπ
θg

) ∈ T ⊂ Tm = E∗∩GSp(H1(A,Q), ψ).

I Then if two roots εi + εj and εk + εl have the same restriction on
MT (A) we obtain the quadratic relation

θiθj = (εi + εj)(β) = θkθl .

I If Grothendieck’s period conjecture is true β is a generic point of
MT (A) and there are no other relations of that form.
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Wüstholz Analytic Subgroup Theorem (WAST) for CM
Abelian Varieties

I Let u : Cg −→ A(C) = Cg/Γ be the uniformisation map of a CM
abelian variety by the CM field E and

ψ := du : Cg = QΓ⊗ C −→ Lie(AQ)⊗ C ' Cg

I If we choose some E-eigenbasis-Q-basis Bgeom = (e1, . . . , eg ) of
QΓ⊗ C and Barithm = (f1, . . . , fg ) of Lie(AQ)⊗ C, then
ψ = diag(θ1, . . . , θg ).

Theorem (Wüstholz)
Let z ∈ Cg be such that u(z) ∈ A(Q). Let V be a sub-vector space of
Lie AQ such that ψ(z) ∈ V ⊗ C. Then V ⊇ Lie(B) for some abelian
subvariety B of A which contains u(z).
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WAST

Remark
I Wüstholz Analytic Subgroup Theorem has a formulation for any

abelian algebraic group.

I Almost all the known transcendence results for periods are a
consequence of WAST.

I For the holomorphic periods (θ1, . . . , θg ) of a (square free) CM
abelian variety, the transcendence of θi and the fact that there are
no Q-linear relations between the θi are a consequence of WAST.

Goal
As the complete set of periods for the bi-Q-structure on the tangent
space at a CM points of Ag are the θiθj

π we would like to formulate an
hyperbolic analogue of WAST and to investigate the possible quadratic
relations between the θi .
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Hyperbolic Analytic Subspace conjecture

I Let S be a connected Shimura variety associated with the Shimura
datum (G ,X ), and let u : X → San = Γ\X be the uniformisation
map. Let [o] be a CM point of S and

ψ := du : To(X ) −→ T[o](S)

I Let D ⊂ To(X ) be the Harish-Chandra realisation of X as a
bounded symmetric domain. If G = GL(2), then D is the unit disc.

I Then the action of the maximal compact Ko ⊂ G(R) on D is linear.
Moreover any bounded symmetric subdomain D′ of D, containing o,
is "linear" of the form D′ = To(D′) ∩ D and bi-Q. We write
u : D −→ S the uniformising map.
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Hyperbolic Analytic Subspace Conjecture)
I Let z ∈ D be such that [z ] := u(z) ∈ S(Q). Let V be a sub-vector

space of T[o]SQ with ψ(z) ∈ V ⊗ C. Then V ⊇ ψ(V ′) for some
bi-Q-subspace V ′ ⊆ ToX which contains z.

I If moreover MT(o) is a maximal torus, then we can take
V ′ = T[o]S ′Q for some Shimura subvariety S ′ of S which contains [z ]

and [o].

I In the Siegel case, S = Ag ,
Dg = {Z ∈ Mg (C),Z t = Z , Id − Z tZ > 0}, [o] ∈ A(Q). We can
find some basis of To(Dg ) and T[o](Ag ) such that

ψ = du = diag(
θiθj
π

)1≤i≤j≤g : To(Dg ) −→ T[o](Ag ).
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Weyl and anti-Weyl CM abelian verieties

I Let E be a CM field of dimension 2g .

I Then Gal(E c/Q) is a subgroup of Wg := (Z/2Z)g o Sg .
I We say that E is of Weyl type if Gal(E c/Q) = Wg .
I Let φE be a CM type on E : Hom(E ,C) = ΦE

∐
ΦE .

CM abelian varieties of Weyl type
A CM abelian variety A of type (E ,ΦE ) is of Weyl type if E is of Weyl
type. If A if of Weyl type MT (A) = E∗ ∩GSp(2g , ψ) is a maximal torus
of dimension g + 1.

CM abelian varieties of anti-Weyl type
Let (E∨,Φ∨E ) be the reflex field and the reflex CM type of (E ,ΦE ) and
A∨ the associated reflex abelian variety. We say that A∨ is of anti-Weyl
type if A is of Weyl type. If A∨ is anti-Weyl, then [E∨ : Q] = 2g ,
dim(A∨) = 2g−1 and we have an isomorphism MT (A∨) ' MT (A).
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Relations between periods of CM abelian varieties of
anti-Weyl type

Let A∨ be of anti-Weyl type (E∨,ΦE∨).

I Then Gal(E c/E∨) ' Sg ,

Hom(E∨,C) 'Wg/Gal(E c/E∨) ' (Z/2Z)g ' P{1, . . . , g},

and ΦE∨ ' {I ⊂ {1, . . . , g} such that 1 /∈ I}.
I The periods of A∨ are the (ΘI)I⊂{1,...,g}, the holomorphic periods

are the ΘI with 1 /∈ I and ΘIΘIc ' 2iπ.

Theorem
I We have the relation ΘIΘJ ' ΘK ΘL if and only if I ∪ J = K ∪ L and

I ∩ J = K ∩ L.
I Moreover Q(ΘI)I⊂{1,...,g} = Q(Θ∅,Θ{1}, . . . ,Θ{g}).
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Idea of proof
We give two very different proofs.

Hodge proof
I In the first one we fully compute the Hodge algebra of A∨. We prove

that the Hodge algebra is generated in degree 1 and 2. Any Hodge
cycle gives some "elementary" algebraic relations between the
periods (as by Deligne they are absolute Hodge). Elementary
algebraic relations are the one of the form monomial(ΘI )

monomial(ΘI )
∈ Q.

I In degree 1 we find the relations ΘIΘIc = 2iπ and in degree 2 we
find the relations ΘIΘJ ' ΘK ΘL if and only if I ∪ J = K ∪ L and
I ∩ J = K ∩ L. Note that the Hodge conjecture is not known in this
case but would predict all this relations are induced by some
algebraic cycles. Grothendieck period conjecture would then predict
that all the algebraic relations between periods are generated in this
way.

I Hyperbolic Analytic Subspace Conjecture implies that all quadratic
relations are elementary. It could be quite difficult to prove, but
maybe easier than Grothendieck’s period conjecture.
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Bi-Q-geometric proof

Second proof : Geometry governs periods
I Let [o] be the CM point of A2g−1 corresponding to A∨. For any

(I, J ,K , L) such that I ∪ J = K ∪ L and I ∩ J = K ∩ L we construct
a Shimura variety ZI,J,K ,L in Am2g−1 containing the point
[o] := [o]× [o]× · · · × [o].

I The bi-Q-sub vector space given by the tangent space of ZI,J,K ,L at
[o] forces the equality ΘIΘJ ' ΘK ΘL.

I The construction is done by an explicit root space computation.
I We believe that the results for the anti-Weyl CM abelian varieties

can be extended for any CM abelian varieties (the relations between
holomorphic periods of A should be generated in degree 2 and 1 by
elementary relations and these relations should be explained by the
existence of sub-Shimura varieties on some appropriate Siegel space.)
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