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•First order perturbation theory in the  screened Coulomb interactions [GW ] obtains very 
good gaps in semiconductors [Hedin].

Material science: Are there any systematic methods?

•While G0W0 comes close to experimental gaps in semiconductors, we do not know the error-
bar of the calculation. 

•In many metals and correlated solids DFT/GW fail, but we know only because of experiment.
•The self-consistent GW tends to produce way too large gaps as compared to experiment 

(need the estimation of error-bar).
•These methods are not BK conserving, and not functional derivable, and hence not stationary 

and robust with respect to small changes (discretization errors).
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Figure 13.5. Fundamental gaps of sp compounds in LDA (squares) and in G0W0 starting from LDA
(circles) in the left panel and QSGW in the right panel. All results are taken from [291]. The effects
of spin–orbit coupling were subtracted from the experimental values. The G0W0 gaps improve on
the LDA, but are still systematically underestimated and can even remain negative for small-gap
semiconductors. For QSGW data, zinc-blende compounds with direct !−! transitions are shown as
circles; all other gaps are shown as squares. Errors are small and systematic, and would be even
smaller if the electron–phonon renormalization were included; see Sec. 13.6. G0W0 and QSGW are
defined in Sec. 12.4.

This leads in general to significant improvement, as can be seen by the squares and cir-
cles in the right panel of Fig. 13.5. Note, however, that there are cases where the gaps
come out too large in QSGW, which can be explained by a too weak screening of the
self-consistent RPA, as discussed in Secs. 13.4 and 15.3. Moreover, there are materials
that are well described in one phase but the GWA completely fails in another phase, even
within QSGW. Typically, this happens when correlation is important, but some aspects of
it can be captured by symmetry breaking in an ordered phase. A prototype example is NiO,
discussed in Sec. 13.3.

Metal or insulator?

In many cases, one may not care about a too small bandgap, when a simple shift in spectra
does not spoil our understanding. However, the LDA band structure of some semiconduc-
tors comes out metallic, for example germanium in Fig. 2.6, or InN [533]. Also in that
case, the action of the non-local exchange operator in the GWA is often sufficient to cure
the problem. This holds for some technologically important applications, such as InN or
the so-called switchable mirror compounds: upon increase of hydrogen pressure, yttrium
hydrides switch from metallic to transparent, with an optical gap of 2.8 eV. In this process
the material passes from YH2 to YH3. LDA yields a metal in all cases. A G0W0 calculation

G0W0

There is a need to go beyond GW in a systematic way (estimating error-bar)



Also diagrammatic expansions beyond DMFT(see RMP 90, 025003 (2018)):

• GW+DMFT
• DΓA
• Trilex
• Quadrilex
• Dual Fermions
• Dual Bosons

Complicated when extended beyond lowest order, i.e., 
require 6 leg vertex, 8 leg vertex (can not store such 
object).

Or uncontrolled (GW+DMFT, Trilex, Quadrilex)

DMFT is very successful, but extensions are very expansive or uncontrolled

The controlled extension is the cluster-DMFT:
• Cellular DMFT (real space cluster) (Gabi Kotliar) 
• DCA (momentum space cluster) (M. Jarrel, T. Mayer)
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FIG. 1. (a) Crystal structure of deficient spinel GaV4S8 in the cubic
phase, in comparison with a fictitious perfect spinel Ga2V4S8 illus-
trated in (b). Note the inter-cluster V-V bonds depicted in red dashed
lines in (a), and white Ga sites in (b) which are absent in deficient
spinel structure (a). (c) Splitting of 12 atomic t2g orbitals at 4 V sites
in the V4S4 cluster into the molecular orbitals (MO) states. 7 elec-
trons in the (V4)13+ cluster occupy the singlet A1, doublet E, and
triplet T 2 states, as shown the diagram. (d) MO-projected fat-band
representation and density of state (PDOS) plots of GaV4S8 from the
DFT result (without U ).

Coulomb interaction at each site should be unitary trans-
formed and projected onto the MO subspaces for CDMFT
calculations, which are implemented in the DFT+embedded
DMFT code. Here we focus on the cubic and paramagnetic
phases of GaV4S8, and the detail of calculations are discussed
in Supplementary Information (SI).

Crystal structure and MO formation. Fig. 1(a) shows the
crystal structure of the cubic GaV4S8. Compared to the fic-
titious non-deficient spinel Ga2V4S8 shown in Fig. 1(b), half
of the Ga sites are missing (white Ga sites in the figure) in
GaV4S8 which breaks the inversion symmetry (space group
F 4̄3m) and allows the clustering of V and half of S (S1 sites
in the figure). This gives rise to the formation of MO out of
the 12 atomic t2g orbitals in the V4 cluster, as depicted in
Fig. 1(c), where the 12 orbitals are split into 5 irreducible rep-
resentations — A1�E�T 2�2T 1 (two 2T 1 denoted as T 1

a,b
in the diagram) — of the cubic Td point group. Note that, the
charge configuration is (V4)13+, so there are 7 electrons left
in the cluster, fully occupying the singlet A1 and doublet E,
and filling one electron in the T 2 triplet as shown in Fig. 1(c).
A DFT calculation (without including U ) result shown in Fig.
1(d), presents MO-projected fat bands and density of states
(PDOS) where blue, green, and red colors depict the MO-A1,
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FIG. 2. (a) A plot of single-site DMFT spectral function with atomic
V t2g states chosen as the correlated subspace (Ud = 6 eV, JH = 0.8
eV, T = 232K), showing a robust metallic character. (b) CDMFT
spectral function and PDOS with the MO-T 2 states as the correlated
subspace (Ud = 6 eV, T = 232K). The red hue in the spectral function
plot depicts the character of the MO-T 2 states.

E, and T 2 orbital characters respectively. Therein the MOs
are well-separated in energy because of the large clustering,
implying that the MO orbitals can be a reasonable basis set
for the following CDMFT calculations in this compound.

Single-site vs. MO-CDMFT. Fig. 2 shows the comparison
between the results from the conventional single-site DMFT
and the CDMFT calculations (T = 232 K)[38], where the
partially-filled T 2 triplet is chosen as the correlated subspace.
Note that, choosing the T 2 only as the correlated subspace is
the simplest approximation, but it already yields a completely
different result compared to the single-site DMFT. Fig. 2(a)
shows the k-dependent spectral function from the single-site
DMFT calculation, employing atomic V t2g-orbital as the cor-
related subspace with the on-site Coulomb repulsion U = 6
eV. It shows a metallic band structure near the Fermi level due
to the strong hybridization between the intra-cluster V sites
and the fractional occupancy (d1.75 per V), screening away
the on-site Coulomb interaction as expected. Increasing the
U value for the t2g orbital up to 12 eV does not induce a
qualitative difference. On the contrary, as we employ the T 2-
triplet as the correlated orbital for the whole V4 cluster, we
get a Mott-insulating phase even with U = 6 eV as shown in
Fig. 2(b). Therein the splitting of the T 2 states into the lower
and upper Hubbard bands can be seen, depicted in red hue in
the spectral function plot (and the red curve in the PDOS),
which leads to the opening of a charge gap. Note that, since
the T 2 triplet is 1/6-filled, in the band picture it is not pos-
sible to obtain an insulating phase without breaking both the
cubic and time-reversal symmetries [33], while in the Mott
phase both symmetries can be kept. Hence we conclude that
the MO description is indeed crucial in describing the Mott
physics of GaV4S8, at least in its cubic and paramagnetic
phase. It should be also commented that, similar result was
previously reported on GaTa4Se8 by employing maximally-

Clear unit for 
cluster DMFT.

But complexity scales exponentially with cluster size.
Not clear how to treat long range Coulomb repulsion 

(beyond boson bath approximation).

Not clear how to treat long range Coulomb repulsion

Systematic improvements beyond DMFT

A. Georges and G.Kotliar (1992)



Variational Diagrammatic Monte Carlo

Kun Chen

• variational principle to determine best starting point for perturbative 
expansion (such as screening by Yukawa form)

• leverage sign blessing*:  exact summation of diagrams that largely 
cancel (such as the conserving Baym-Kadanoff group of Hugenholtz 
diagrams)

* N. Prokof ’ev, B. Svistunov, PRL 81, 2514 (1998)
   N. Prokof ’ev. B. Svistunov, PRB 77, 020408 (2008)

Riccardo Rossi, Rossi, PRL 119, 045701 (2017)
Alternative type of combining diagrams using determinants:

Kun Chen & K. Haule, arXiv:1809.04651 

http://lanl.arxiv.org/abs/1809.04651
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Convergent Strong-Coupling Expansions from Divergent Weak-Coupling Perturbation Theory

W. Janke&, 2 and H. Kleinert
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Divergent weak-coupling perturbation expansions for physical quantities can be converted into
sequences of uniformly and exponentially fast converging approximations. This is possible with
the help of an additional variational parameter to be optimized order by order. The uniformity of
the convergence for any coupling strength allows us to take all expressions directly to the strong-
coupling limit, yielding a simple calculation scheme for the coefficients of convergent strong-coupling
expansions. As an example, we determine these coefficients for the ground state energy of the
anharmonic oscillator up to 22nd order with a precision of about 20 digits.

PACS numbers: 03.65.Db, 02.60.Gf, 12.38.Cy
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With the help of the recursion relations found by Ben-
der and Wu [I] it is easy to calculate a large num-
ber of these coefficients using some symbolic algebra
program, for example, MApLE. Nevertheless, as is well
known, the series (2) cannot be used to find an accu-
rate energy, since it has a zero radius of convergence
caused by the factorial growth of the coefficients e~ =—(1/7r) Q6/n (—3)'l!l 'I . Only for small couplings

One of the important problems in the physics of strong
interactions is the extraction of physically meaningful
results from perturbation expansions which all diverge,
even for small couplings, and become completely useless
for strong couplings. The perturbation expansion for the
energy eigenvalues of the quantum mechanical oscillator
is often used to illustrate this difficulty. The potential is

V(x) = x + —x (to, g ) 0), (1)
M 2 g 4
2 4

and Rayleigh-Schrodinger perturbation theory for the
ground-state energy yields a power-series expansion

g ~ 0.1 it yields reasonable approximations if truncated
at a finite order N, optimally at the integer closest to 3/4g.
For stronger couplings such as g = 1, the result becomes
worse for increasing orders.
The purpose of this Letter is to point out a possible

future remedy of this problem. It is based on a systematic
extension of the Feynman-Kleinert variational approach
to path integrals [2], which has recently been developed
into a fully Hedged convergent variational perturbation
theory [3,4]. This theory converts ordinary divergent
perturbation expansions into sequences of uniformly and
exponentially fast converging approximations. In this
Letter we show that the theory has a simple strong-
coupling limit which can efficiently be used to calculate
the coefficients of strong-coupling expansions. The latter
are convergent for all g & g„where g, may be quite
small ~

As an example, we consider the ground-state energy of
the quantum mechanical anharmonic oscillator and find
23 strong-coupling expansion coefficients. The associ-
ated approximate expansion yields accurate energies for
all g ~ 0.2 (the convergence radius of the full series be-
ing =0.16). There is no problem in applying the same
method to excited states.
The procedure goes as follows (see Sec. 5.13 of

Ref. [4]). First, the harmonic term of the potential is split
into a new harmonic term with a trial frequency 0, and a
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Variational Perturbation Theory

Started with Kleinert & Feynman 
Later improved by Kleinert & Janke 

Anharmonic oscillator:

Weak coupling series is diverging at small ω:
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Rearrange perturbation:

counter-term      variational  
parameter
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set to unity at the end
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Perform expansion:
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Principle of minimum sensitivity:
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Final expansion:



Check first order:
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Variational Perturbation Theory
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Turned diverging series into fast converging series



Variational Perturbation Theory

Higher order terms are well behaved 
and rapidly converging

Even odd term optimization:

VOLUME 75, NUMBER 15 PH YS ICAL REVIEW LETTERS 9 OcToBER 1995

all 23 digits with the most accurate value for no available
in the literature [6]:
~o = 0.667 986 259 155 777 108 270 962 016919860

199430 404 936 984 060 455 976 663 80. (17)
For a ~ to o. ~ ~, our results are consistent with,
but considerably more accurate than, previous re-
sults in Ref. [7] (e.g. , n~ = 0.143 668 783 380865,
n2 = —0.008 627 565 680 803).
As a further check we have evaluated our strong-

coupling series at g/4 = 0.1, 0.3, 0.5, 1, 2 (setting
cu = 1) and compared the numbers with the very pre-
cise lower and upper bounds of Vinette and Ciiek [6].
Table II shows that the energies are accurate to about
20 digits for all couplings g/4 ~ 1. The accuracy is
limited by the precision of the n, . Note that our strong-
coupling expansion gives very good energies down to
very small couplings g even at g/4 = 0.1 the so-
obtained energy agrees to seven digits with the value in
Ref. [6].
In Fig. 1 we show the approach of n„ to the asymptotic

value given in Table I by plotting
~w = l(~„)Jv —~.l (18)

on a logarithmic scale. The periodic structure in the
data is caused by an oscillatory approach of (n„)z —n„

TABLE II. Ground-state energies from strong-coupling series
expansion. The lines labeled "lb" and "ub" are the lower and
upper bounds of Ref. [6].
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FIG. 1. Convergence of the variational perturbation expansion
for the strong-coupling coefficients no, n~, nq, and n](). The
solid straight lines are the best eyeball fits to the envelope of
the data. The dashed line in the n() data has a slope equal to
the theoretically expected value 9.7 [4].
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Variational Diagrammatic Monte Carlo

1) choose a good reference system (L0), which allows for emergent property. We 
want to leverage the locality of correlations (as known from success of LDA and 
DMFT) to achieve fast convergence : screened short-range interaction in solids 
or DFT+DMFT solution the problem.

2) Optimize parameters in ΔL with principal of the minimal sensitivity, or 
renormalized condition.  ΔL makes L exact, hence ΔL is not just the interaction, 
but more complicated Lagrangian with counter-terms.

3) Use Diagrammatic Monte Carlo to evaluate Feynman expansion to high order until 
convergence (use sign blessed groups to avoid sign problem)  
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Lagrangian + counter-terms:
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electron operator

Uniform Electron gas as testbed for method development
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Uniform Electron gas, a testbed for method development



VDMC for electron gas
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and represents well the low-energy degrees of freedom
in the problem when parameters � and vk are properly
optimized. To compensate for this choice of L0, we have
to add the following interaction
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so that, when the number ⇠ is set to unity, L = L0 +
�L(⇠) is exactly the UEG Lagrangian. The density ⇢
is ⇢q =

P
k�  

†
k� k+q�. Note that the first two terms

in �L are the counterterms [23] which exactly cancel the
two terms we added to L0 above. We use the number ⇠ to
track the order of the Feynman diagrams, so that order
N contribution sums up all diagrams carrying the factor
⇠N . We set ⇠ = 1 at the end of the calculation. Note also
that this arrangement bears similarity with the well es-
tablished methods, such as G0W0 [36], which computes
the self-energy at the lowest order (⇠1) and sets vk to the
DFT Kohn-Sham potential, and �q to the bubble dia-

gram (�q = g0g0 with g0k
�1

= (i!+µ� k2

2m�vk)). The so-
called skeleton Feynman diagram technique is recovered
when vk and �q are equated with the self-consistently
determined self-energy and polarization. However, note
that such diagram expansion can be dangerous, as it can
lead to false convergence to the wrong solution [37]

In optimizing the screening parameter �q by the prin-
ciple of minimal sensitivity, we found it is su�cient

to take a constant �q = �. Furthermore, we found
that the uniform convergence for all momenta is best
achieved when the electron potential vk preserves the
Fermi surface volume of g0k, therefore we expand vk =
⇠ (⌃x

k �⌃x
kF

) + ⇠2 s2 + ⇠3 s3 · · · , and we determine sN so
that all contributions at order N do not alter the physical
volume of the Fermi surface. Since the exchange (⌃x

k) is
static, and is typically large, we accomodate it at the first
order into the e↵ective potential, so that at the first or-
der we recover the screened Hartree-Fock approximation,
i.e., interaction screened to exp(�r

p
�)/r and optimized

�.
The vertex corrected (VC) constant fermi surface

scheme (CFS) is a conserving approximation which is
derived from the Baym-Kadano↵ approach by regarding
the potential vk as a functional of the green’s function,
i.e., vk[g0k], while CFS is the conserving approximation
when vk is taken as a constant in the Baym-Kafano↵
derivation (see the Supplementary Material). In practice,
within the VCCFS scheme, we precompute the three-
point ladder vertex, and attach it to each Feynman dia-
gram on the right-hand side, and at the same time, we
eliminate all ladder-type diagrams from the sampling, to
avoid double-counting of diagrams. Similarly, the ladder
vertex is attached on both sides in the Double Vertex
Corrected Constant Fermi Surface (DVCCFS) scheme,
and a few additional ladder-type diagrams are then elim-
inated from sampling.
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Counter terms make sure that we get the 
exact answer at large order for any λ

Counter-term makes sure that the exact 
answer is obtained for any vk at large p.o.

electron propagator is optimized
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Advantages: 
•No need to deal with dynamic screening effects.
•No need to deal with long range Coulomb repulsion ("mother nature 
is usually local”)

• Screening by λ regularizes the weight of Feynman diagrams at small q, 
and considerably improves the DiagMC efficiency

•We can start with “the best” single particle propagator (DFT,DMFT,..)

Open questions:
•How to determine parameters λ and vk

Coulomb is static 

and short ranged with counter-term.

What did we achieve?
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and represents well the low-energy degrees of freedom
in the problem when parameters � and vk are properly
optimized. To compensate for this choice of L0, we have
to add the following interaction
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so that, when the number ⇠ is set to unity, L = L0 +
�L(⇠) is exactly the UEG Lagrangian. The density ⇢
is ⇢q =

P
k�  

†
k� k+q�. Note that the first two terms

in �L are the counterterms [23] which exactly cancel the
two terms we added to L0 above. We use the number ⇠ to
track the order of the Feynman diagrams, so that order
N contribution sums up all diagrams carrying the factor
⇠N . We set ⇠ = 1 at the end of the calculation. Note also
that this arrangement bears similarity with the well es-
tablished methods, such as G0W0 [36], which computes
the self-energy at the lowest order (⇠1) and sets vk to the
DFT Kohn-Sham potential, and �q to the bubble dia-

gram (�q = g0g0 with g0k
�1

= (i!+µ� k2

2m�vk)). The so-
called skeleton Feynman diagram technique is recovered
when vk and �q are equated with the self-consistently
determined self-energy and polarization. However, note
that such diagram expansion can be dangerous, as it can
lead to false convergence to the wrong solution [37]

In optimizing the screening parameter �q by the prin-
ciple of minimal sensitivity, we found it is su�cient

to take a constant �q = �. Furthermore, we found
that the uniform convergence for all momenta is best
achieved when the electron potential vk preserves the
Fermi surface volume of g0k, therefore we expand vk =
⇠ (⌃x

k �⌃x
kF

) + ⇠2 s2 + ⇠3 s3 · · · , and we determine sN so
that all contributions at order N do not alter the physical
volume of the Fermi surface. Since the exchange (⌃x

k) is
static, and is typically large, we accomodate it at the first
order into the e↵ective potential, so that at the first or-
der we recover the screened Hartree-Fock approximation,
i.e., interaction screened to exp(�r

p
�)/r and optimized

�.
The vertex corrected (VC) constant fermi surface

scheme (CFS) is a conserving approximation which is
derived from the Baym-Kadano↵ approach by regarding
the potential vk as a functional of the green’s function,
i.e., vk[g0k], while CFS is the conserving approximation
when vk is taken as a constant in the Baym-Kafano↵
derivation (see the Supplementary Material). In practice,
within the VCCFS scheme, we precompute the three-
point ladder vertex, and attach it to each Feynman dia-
gram on the right-hand side, and at the same time, we
eliminate all ladder-type diagrams from the sampling, to
avoid double-counting of diagrams. Similarly, the ladder
vertex is attached on both sides in the Double Vertex
Corrected Constant Fermi Surface (DVCCFS) scheme,
and a few additional ladder-type diagrams are then elim-
inated from sampling.
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For UEG vk is chosen so that zero-th order is 
the screened Hartree-Fock, and we preserve 
Luttinger’s theorem in G0 and G at each order

Single particle potential

In solids, a better choice is probably:

where are numbers
which take care of the shift of the 
chemical  potential due to interaction
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For DMFT, expansion in powers of interaction exist, 
which can be used to expand the counter-term:
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Average perturbation order:
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3)

Possible choices for λ: 
Makes sure that average p. order < 1

renormalized condition, 

borrowed from renormalized perturbation theory 

1) Poor convergence and rapid oscillations with orders (approx. 5-times too small)
2)  To converge we need to go to order 25=8𝜋 ! (approx. 5 times too large)
3)  The best choice is due to variational perturbation theory, i.e., still quite small 

perturbation order, but quite monotonic convergence to exact answer.

Exact cancelation of bubbles+c.t. at low energy
i.e., self-consistent determination of screening

The principle of smallest sensitivity.
(borrowed from variational perturbation theory)
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FIG. 1. Feynman diagram building blocks: The bare

electron propagator g describes an electron propagating in an

e↵ective potential vk, the interaction line 8⇡/(q2 + �q) repre-

sents a boson propagator with an e↵ective mass ⇠ �, which
makes the Coulomb repulsion short ranged. The counter

terms, which compensate for our choice of the e↵ective L0,

are proportional to vk(⇠) (the single-particle counter term)

and ⇠�q (the interaction counter term), and are depicted in

the last two diagrams.

Note that the U derivative is taken by the chain rule,
i.e., �/�U = (�g/�U)(�/�g), where the the U -derivative
of the propagator is simple: it just splits the propagator
into two by inserting an external vertex,

�g(1, 2; U)

�U(3+, 3)
= �g(1, 3)g(3, 2). (8)

This relation is derived by taking the derivative of the
identity g�1g = 1, which is g�1dg/dU + (dg�1/dU)g =
0, therefore dg/dU = �g(dg�1/dU)g and dg�1/dU =
1, provided vk is independent of U . Diagrammatically,
a derivative �/�U removes a single-particle propagator
from the Feynman diagram (�/�g), and we then replace
it with an external vertex and the two propagators, i.e.,
�g/�U = �gg. In other words, it inserts an external
vertex on an existing bare electron propagator. Note
that this operation increases the diagram order by one.
Finally, after the derivative is taken, we substitute vk
with its expression in terms of the exchange self-energy,
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) + ⇠2 s2 + ⇠3 s3 · · · . (9)

With the above described algorithm, we obtain the
conserving expansion for the two particle correlation
function �, however, the convergence for the dielectric
function is even faster when the expansion is carried out
for the polarization function defined by Eq. 5. In the
momentum and frequency space, the two are related by
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or any combination of interaction with counter terms of
arbitrary order, i.e., 8⇡
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q2+� )n. The resulting po-

larization diagrammatic expansion is shown in Fig. 2.
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FIG. 2. Feynman diagrammatic expansion with coun-

terterms: The perturbative expansion for the polarization is

formulated with the standard Feynman diagrams with coun-

terterms. The shaded block represents all one-interaction-

irreducible diagrams for the particle-hole four-point vertex

function. Note that the single-particle counterterm first ap-

pears at the second order, while the interaction counter-term

first appears at the third order.
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FIG. 3. Ladder-type vertex correction: The ladder

diagrams can be resummed by the Bethe-Salpeter equation.

To derive the vertex corrected VCCFS scheme, we
carry out slightly di↵erent order of operations, namely

�(1, 2) =
�

�U(1+, 1)
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#
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which means that we substitute the expression for the
e↵ective potential after the first derivative is taken (i.e.,
into the expression for the bare electron propagator).
When taking the second derivative, we need to keep in
mind that the e↵ective potential vk = vk[U ] now de-
pends on U through the exchange self-energy, which is a
functional of the bare propagator g[U ]. The chain rule is
therefore modified to
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where the second derivative acts only on the single-
particle counter-terms. Taking the derivative with re-
spect to U as above gives dg/dU = �g(dg�1/dU)g =
�g(1 � d⌃x/dU)g, and since d⌃x/dU = �[8⇡/(q2 +
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First order is the standard RPA:



From sign problem to sign blessing
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sign problem in MC!

Physical weight:

Weight in diagMC:

Weight in VDMC:

From Sign Problem to Sign Blessing
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How to group diagrams to sign-blessed groups?

Baym-Kadanoff algorithm is used to construct 
groups of diagrams with consistent internal 
variables (preserve particle number, energy, 
momentum in each MC step).

Ward identity (each MC step is conserving):
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I. CONSERVING DIAGRAMMATIC
EXPANSION

This section introduces two conserving diagrammatic
techniques, which are called CFS and VCCFS in the main
text, to calculate the polarization P (or susceptibility �).
Both schemes preserve the exact crossing symmetry and
conservation laws (particle number, momentum, energy,
etc.) order by order. We note that the particle-number
conservation law of the polarization P (q ! 0, ⌧) ! const
is essential for the Coulomb electron gas, in order to prop-
erly describe the plasmon physics.

The conserving diagrammatic expansions for the po-
larization can be constructed with the Baym-Kadano↵
approach [1, 2], which is briefly reviewed below, before
presenting the computational schemes used in the main
text. In the Baym-Kadano↵ approach one first intro-
duces an external potential coupled to the density oper-
ator of the system,

S[ †, ; U ] = S[ †, ] �
Z

d1d2  †(1)U(1, 2) (2), (1)

where  are a Grassmann field for the electrons; the in-
dexes represent spatial, temporal and spin variables. The
generating functional for the connected correlation func-
tions is defined as ln Z[U ] with,

Z[U ] =

Z
D †D e�S[ †, ;U ]. (2)

For a given approximation to ln Z[U ], one can derive
a conserving approximation for the one-particle Green’s
function by making sure that

G(1, 10) =
� ln Z[U ]

�U(10, 1)

����
U!0

, (3)

while the two particle correlation function (charge, or
spin correlation function if spin indexes are not summed),
should satisfy

�(1, 2) =
�G(2, 2+; U)

�U(1+, 1)

����
U!0

, (4)

where the notation 1+ and 2+ indicates the time ordering
of the field operators. The polarization, for which we

⇤ haule@physics.rutgers.edu

will develop a diagrammatic expansion, is related to the
correlation function � by

�(1, 2) = �P (1, 2) +

Z
d3d30P (1, 3)vbare(3, 30)�(30, 2),

(5)
where vbare is the unscreened Coulomb interaction. Note
that the second term vanishes for the spin correlation
function �zz in the unpolarized electron gas.

We will apply the above algorithm to the uniform elec-
tron gas model defined by the Lagrangian L = L0 + �L,
where the solvable part is

L0 =
X

k�
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k�
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(�q⇢�q + ⇢q��q) . (8)

This Lagrangian was introduced in the main part of the
text. Here the density ⇢ is ⇢q =

P
k�  

†
k� k+q�. Note

that the e↵ective potential vk and the inverse screening
length � in L0 are compensated by the counter-terms in
the correction �L. The parameter ⇠ is set to unity at
the end of the calculation.

In the Baym-Kadano↵ approach the external poten-
tial term U(1, 2) should be added to the solvable part
L0, and then the perturbative expansion for the gener-
ating functional ln Z[U ] should be carried out using the
standard Feynman diagrammatic expansion with build-
ing blocks shown in Fig. 1. Note that the diagrammatic
series constructed in this way only implicitly depends on
the external potential U through the bare electron prop-
agator g[U ]�1 = � @

@⌧ + µ � k2 � vk + U .
Now we are ready to discuss the Feynman diagram-

matic expansion used in our work. We will first discuss
the CFS scheme. To do this, we generate all free energy
diagrams of order N�1, for example the diagram in Fig.1
of the main text, where the e↵ective potential vk is re-
garded as an arbitrary function, independent of U . We
then calculate the two-particle correlation function with
the second derivatives with respect to external potential
U ,

�(1, 2) =


�2 ln Z[U ]

�U(1+, 1)�U(2+, 2)

�

vk=⌃x
k+··· ,U=0

,
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This Lagrangian was introduced in the main part of the
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that the e↵ective potential vk and the inverse screening
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the correction �L. The parameter ⇠ is set to unity at
the end of the calculation.

In the Baym-Kadano↵ approach the external poten-
tial term U(1, 2) should be added to the solvable part
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ating functional ln Z[U ] should be carried out using the
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series constructed in this way only implicitly depends on
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I. CONSERVING DIAGRAMMATIC
EXPANSION

This section introduces two conserving diagrammatic
techniques, which are called CFS and VCCFS in the main
text, to calculate the polarization P (or susceptibility �).
Both schemes preserve the exact crossing symmetry and
conservation laws (particle number, momentum, energy,
etc.) order by order. We note that the particle-number
conservation law of the polarization P (q ! 0, ⌧) ! const
is essential for the Coulomb electron gas, in order to prop-
erly describe the plasmon physics.

The conserving diagrammatic expansions for the po-
larization can be constructed with the Baym-Kadano↵
approach [1, 2], which is briefly reviewed below, before
presenting the computational schemes used in the main
text. In the Baym-Kadano↵ approach one first intro-
duces an external potential coupled to the density oper-
ator of the system,

S[ †, ; U ] = S[ †, ] �
Z

d1d2  †(1)U(1, 2) (2), (1)

where  are a Grassmann field for the electrons; the in-
dexes represent spatial, temporal and spin variables. The
generating functional for the connected correlation func-
tions is defined as ln Z[U ] with,

Z[U ] =

Z
D †D e�S[ †, ;U ]. (2)

For a given approximation to ln Z[U ], one can derive
a conserving approximation for the one-particle Green’s
function by making sure that

G(1, 10) =
� ln Z[U ]

�U(10, 1)

����
U!0

, (3)

while the two particle correlation function (charge, or
spin correlation function if spin indexes are not summed),
should satisfy

�(1, 2) =
�G(2, 2+; U)

�U(1+, 1)

����
U!0

, (4)

where the notation 1+ and 2+ indicates the time ordering
of the field operators. The polarization, for which we

⇤ haule@physics.rutgers.edu

will develop a diagrammatic expansion, is related to the
correlation function � by

�(1, 2) = �P (1, 2) +

Z
d3d30P (1, 3)vbare(3, 30)�(30, 2),

(5)
where vbare is the unscreened Coulomb interaction. Note
that the second term vanishes for the spin correlation
function �zz in the unpolarized electron gas.

We will apply the above algorithm to the uniform elec-
tron gas model defined by the Lagrangian L = L0 + �L,
where the solvable part is
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Symmetry preserved in each group:

Crossing symmetry, spin rotational symmetry,…
At the lowest order leads to “Hugenholtz diagrams”
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Vertex renormalization:

Make sure to combine diagram with the corresponding 
counter-term that cancels the high-energy contributions

Physical Motivation of the Sign Cancellation

Symmetry:

• Crossing symmetry, spin rotation symmetry, gauge symmetry, …

Ward identity:

• Particle number, energy, momentum, …

• Baym-Kadanoff algorithm can be used to construct conserving 

diagrammatic expansions.

Vertex renormalization (very important for bosonic field theory):

• Skeleton expansion, renormalized perturbation theory, shifted action

• Remove the UV sensitivity (sub)diagram by (sub)diagram

Crossing symmetry

In a massless 𝜙4 model at 𝑑 = 4:
Vertex renormalization
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𝑞2 −#𝑔Λ2𝑙𝑛
Λ∞2

Λ2

Minimal algorithm: 𝐹𝑁 = 𝑁[𝑑𝑥]׬ σ𝑑𝑖𝑎𝑔𝑊𝑑𝑖𝑎𝑔

From sign problem to sign blessing



Example of 3rd order polarization diagrams
Diagram Generation & Internal Variables

Examples of the 3rd order polarization diagrams:

Step 1: Start with a Hugenholz diagram for the free energy

functional ~𝑙𝑛𝑍:

1

2

Step 2: Attach two external vertices in all possible way 

(Baym-Kadanoff construction ~ 𝜕2𝑙𝑛𝑍
𝜕𝐺−1𝜕𝐺−1

, conserving group):

1

2

Step 3: Expand Hugenholtz vertex (crossing symmetry) :
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Step 1:

Step 2:

Start with Hugenholtz diagram for the free 
energy functional        . Choose momentum 
loops (shortest path) and time indices.
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Attach two external vertices in all possible ways 

(creates a Baym-Kadanoff conserving group)
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Step 3:
Expand each vertex in Hugenholtz 
diagrams, to generate normal 
Feynman diagrams. Keep all 
momenta and time indices equal to 
those in           diagram. 
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Notice that 2N diagrams are 
evaluated at once by Hugenholtz 
trick : GGG (V1-V2) (V1-V2)…
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Spin-susceptibility at rs=4 (                  )

broad plateau in λ at large order => 
converged value in the plateau.

Scan in λ reveals the speed of convergence.

Values at the optimum (principle of minimal 
sensitivity) converge very fast

spin susceptibility at q=0, ⍵=0 see: Feynman & Kleinert, PRA 34, 5080 (1986) 

Kun Chen & K. Haule, arXiv:1809.04651 
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Spin-susceptibility at rs=4 (                  )

3

All results in this work are obtained at temperature
T = 0.04EF , which is much lower than any other scale
in the problem, hence results are the zero temperature
equivalent. We want to point out that finite tempera-
ture calculations are very hard in the Di↵usion Monte
Carlo (DMC), while our method is very well suited for fi-
nite temperature calculations, and converges even faster
with the increasing order. While wave-function proper-

FIG. 2: Spin susceptibility of UEG at rs = 4 (i.e., den-
sity n = 2/(4⇡r3s)) The optimization of �s(q = 0,! = 0) ver-
sus the screening parameter � within (a) CFS and (b) VCCFS
scheme. A single extrememum at the optimized �⇤ appears,
which is however order dependent (�⇤

N ). (c) The value of the
optimized �(q = 0,! = 0)[�⇤] versus diagram order in both
schemes. (d) The momentum dependent �(q,! = 0) at the
converged order N = 6 and optimized �⇤

N=6 = 1.0 in both
CFS and VCCFS schemes, and its comparison with Random
phase approximation (RPA), which is exact when interaction
is ignored.

ties, such as energy and pair distribution function, are
very precisely computed by DMC, and some of them are
also are amenable to approximations such as GW [27, 28],
the response functions are more challenging to evaluate
with the existing techniques. The strength of our ap-
proach is that it can be used to compute both the static
and the dynamic, the single and the multiparticle correla-
tion functions. In Figs. 2 and 3 we show the momentum-
dependent (Pauli) spin susceptibility at zero frequency,
which has never been precisely calculated before to our
knowledge even though its overall shape is crucial for the
design of appropriate exchange-correlation functionals of
the DFT to predict magnetic order in real materials. In
panels (a) and (b) we show how the convergence prop-
erties of the susceptibility �s depends on the screening
parameter � in the theory. Note that the static screening
in L0 is always compensated by the counter-term in �L,
so that with the increasing expansion order the suscep-
tibility conerges towards the exact result. The observ-
able �s(q = 0) develops a broad plateau as a function
of � (Fig. 2a and b) at the point �⇤, which is slightly
increasing with the increasing order. This shows that
if expansion is carried out to high enough order, the

physics becomes more and more local and allows one
to use very short range form of the interaction, which
greatly improves the e�ciency of the method. We note
that this property will be very beneficial in the realistic
material applications, where the converged result is ex-
tremely di�cult to obtain due to the long range nature
of the bare Coulomb interaction. Fig. 2c shows the value
of �s(q = 0) at the optimized �⇤ versus perturbation or-
ders. When the PMS is used, such that the variational
parameter � is optimized order by order, the convergence
to the exact results is very rapid, even when the bare
interaction is strong. The value �s(q = 0) at the opti-
mized �⇤ is monotonically increasing (decreasing) with
the increasing order when we use CFS (LVCFS) method.
Hence the exact result is bracketed from above and below
with these two methods, establishing the controllness of
the extraplations and allowing one to extract very precise
value of �s(q = 0) even at a moderate order (see Fig. 2c).
Fig. 2d shows the momentum dependence of spin-

susceptibility �s(q) at �⇤ = 1.0, optimized at the highest
order (N = 6). Since the two methods CFS and LVCFS
approach the exact result from below and above, the dif-
ference between the two is a good estimate of the system-
atic error due to the finite diagram order, and as the two
curves are extremely close to each other, the precision of
this method is very high.

FIG. 3: Spin susceptibility: (a) �s(q,! = 0) at optimized
�⇤ for rs = 1�4. VC corresponds to VCCFS scheme, and the
rest to CFS scheme. (b) The local field correction for the same
rs = 1 � 4, and its deviation from quadratic approximation
(see the color envelope). For clarity the curves for rs = 1, 2
and 3 are shifted up for 0.75, 0.5, and 0.25.

In Figs. 3a we show the same spin-susecptibility as
in Fig. 2d, but for other values of density parameter
rs = 1� 4 (here density n = 3/(4⇡r3s) ). Finally, Fig. 3b
displays the static local-field correction, which measures
the correction of the electron correlations to the non-
interacting electron gas, in which the Random phase ap-

proximation (RPA) is exact, G(q) ⌘ q2

8⇡ (�
�1
RPA(q,! =

0) � ��1(q,! = 0)). It is a very sensitive measure of
correlations. It has been suggested in the literature that
the possible peak near k ⇠ 2kF is of great importance
in the understanding of the quasiparticle properties [29].
The susceptibility also plays a central role in construc-
tion of the DFT exchange-correlation kernel. Within the
local density approximation, the function G(q) is taken
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spin susceptibility at q=0, ⍵=0

Kun Chen & K. Haule, arXiv:1809.04651 

3

therefore modified to

�

�U
=

�g

�U

✓
@

@g

◆

vk

+
�vk
�U

✓
@

@vk

◆

g

.

where the second derivative acts only on the single-
particle counter-terms. Taking the derivative with re-
spect to U as above gives dg/dU = �g(dg�1/dU)g =
�g(1 � d⌃x/dU)g, and since d⌃x/dU = �[8⇡/(q2 +
�)] dg/dU , we now need to insert a ladder vertex be-
tween the two g’s in the following way [1],

�g(1, 2; U)

�U(3+, 3)
= �

Z
d10d20 g(1, 10)�3(1

0, 20; 3)g(20, 2),

(14)
where the ladder vertex correction �3 is defined with a
self-consistent equation as shown in Fig. 3. Similarly we
can see that �vk/�U = �⌃x/�U = �[8⇡/(q2 +�)] �g/�U ,
where �g/�U is given by Eq. 14.

This operation then gives the diagrammatic expansion
for the two-particle correlation function, similar to the
previous CFS scheme, except that the external vertex on
one side has to be replaced by the ladder vertex correc-
tions �3, and the ladder diagrams in the bare expansion
on the same side are removed by the diagrams generated
by the operator �vk

�U
@

@vk
. The resulting diagrams for the

polarization function are again the irreducible part of �,
and are depicted in Fig. 4. Note that VCCFS scheme
resumes an infinite series of ladder diagrams, and hence
encodes nonperturbative e↵ects of the charge renormal-
ization.

We emphasize here that all polarization diagrams
in both schemes only involve the statically screened
Coulomb interaction 8⇡

q2+�q
. This is a nontrivial result,

given that the definition of the polarization in Eq. (5) ex-
plicitly depends on the bare Coulomb interaction. Comb-
ing this feature with the fact that screened Coulomb in-
teraction does not diverge in the long-wave-length limit,
all polarization diagrams are now automatically regular-
ized, making the Monte Carlo simulations much more
e�cient.
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FIG. 4. Polarization with the ladder-type vertex cor-
rection: The perturbative expansion for the polarization can

be improved using the ladder resummation. The ladder vertex

correction is attached to one side (the right external vertex)

and to all polarization diagrams. The double-counted dia-

grams need to be subtracted, and the diagram on the right

exactly takes care of the double-counted diagrams. It is gen-

erated by the derivative with respect to the single-particle

counter-term (@/@vk), as explained above.

II. EFFICIENT DIAGRAMMATIC MONTE
CARLO ALGORITHM

In this section, we introduce a simple yet e�cient
Monte Carlo algorithm to evaluate high order Feynman
diagrams. To calculate all order N contributions, the
diagrammatic Monte Carlo algorithm needs to integrate
over all internal variables, such as momenta and times,
and also sum over all topology of the diagrams, i.e.,

FN
1 =

Z
[d⌧ ]2N [dk]N+1

X

topology

W [{⌧}, {k}] (15)

All diagrams in the same order share the same set of
interval variables. Due to the Fermi statistics, the sign
of the integrand W [{⌧}, {k}] alternates as the topology
and internal variables change. However, a Monte Carlo
algorithm can only handle positively defined weight func-
tions. A straightforward choice would be to sample the
absolute value of the integrand |W [{⌧}, {k}]|, namely
working with the sum,

FN
3 =

Z
[d⌧ ]2N [dk]N+1

X

topology

|W [{⌧}, {k}]| (16)

However, as pointed out by the previous studies [XXX],
the sign cancellation between diagrams causes FN

1 ⌧
FN
3 . More specifically, although FN

3 always diverge fac-
torially with the number of diagrams, the series FN

1 is
much better behaved (diverging slowly, or even conver-
gent if the series is within the convergence radius). This
phenomenon is referred as sign blessing in Ref. [XXX]. As
a result, the straightforward Monte Carlo scheme sam-
pling FN

3 to evaluate FN
1 su↵ers from the notorious sign

problem, and is very ine�cient. In this work, we propose
a Monte Carlo algorithm, which samples the following
weight function,

FN
2 =

Z
[d⌧ ]2N [dk]N+1|

X

topology

W [{⌧}, {k}]| (17)

Thanks to the inequality FN
1  FN

2  FN
3 , a method

sampling FN
2 is almost guaranteed to su↵er less sign

problem, thus more e�cient, than the straightforward
approach. Of course, the e�ciency of this approach re-
lies on how small is FN

2 , and how close is FN
2 to FN

1 . The
minimization of FN

2 can be achieved by optimizing the
arrangement of interval variables of di↵erent diagrams, so
that the sum of their weights with the same set of vari-
ables strongly cancel with each other. We will discuss
this in more detail in the next section.

Now we summarize the main steps of the new diagram-
matic Monte Carlo algorithm used in this work.

i) Write a script to generate all Feynman diagrams
up to the desired truncation order (say order 6 in
this work), including all necessary symmetry fac-
tors and counter-terms.
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wherethesecondderivativeactsonlyonthesingle-
particlecounter-terms.Takingthederivativewithre-
specttoUasabovegivesdg/dU=�g(dg�1/dU)g=
�g(1�d⌃x/dU)g,andsinced⌃x/dU=�[8⇡/(q2+
�)]dg/dU,wenowneedtoinsertaladdervertexbe-
tweenthetwog’sinthefollowingway[1],

�g(1,2;U)

�U(3+,3)
=�

Z
d10d20g(1,10)�

3(10,20;3)g(20,2),

(14)
wheretheladdervertexcorrection�3isdefinedwitha
self-consistentequationasshowninFig.3.Similarlywe
canseethat�vk/�U=�⌃x/�U=�[8⇡/(q2+�)]�g/�U,
where�g/�UisgivenbyEq.14.

Thisoperationthengivesthediagrammaticexpansion
forthetwo-particlecorrelationfunction,similartothe
previousCFSscheme,exceptthattheexternalvertexon
onesidehastobereplacedbytheladdervertexcorrec-
tions�3,andtheladderdiagramsinthebareexpansion
onthesamesideareremovedbythediagramsgenerated
bytheoperator

�vk
�U

@
@vk.Theresultingdiagramsforthe

polarizationfunctionareagaintheirreduciblepartof�,
andaredepictedinFig.4.NotethatVCCFSscheme
resumesaninfiniteseriesofladderdiagrams,andhence
encodesnonperturbativee↵ectsofthechargerenormal-
ization.

Weemphasizeherethatallpolarizationdiagrams
inbothschemesonlyinvolvethestaticallyscreened
Coulombinteraction

8⇡
q2+�q.Thisisanontrivialresult,

giventhatthedefinitionofthepolarizationinEq.(5)ex-
plicitlydependsonthebareCoulombinteraction.Comb-
ingthisfeaturewiththefactthatscreenedCoulombin-
teractiondoesnotdivergeinthelong-wave-lengthlimit,
allpolarizationdiagramsarenowautomaticallyregular-
ized,makingtheMonteCarlosimulationsmuchmore
e�cient.
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FIG.4.Polarizationwiththeladder-typevertexcor-
rection:Theperturbativeexpansionforthepolarizationcan

beimprovedusingtheladderresummation.Theladdervertex

correctionisattachedtooneside(therightexternalvertex)

andtoallpolarizationdiagrams.Thedouble-counteddia-

gramsneedtobesubtracted,andthediagramontheright

exactlytakescareofthedouble-counteddiagrams.Itisgen-

eratedbythederivativewithrespecttothesingle-particle

counter-term(@/@vk),asexplainedabove.

II.EFFICIENTDIAGRAMMATICMONTE
CARLOALGORITHM

Inthissection,weintroduceasimpleyete�cient
MonteCarloalgorithmtoevaluatehighorderFeynman
diagrams.TocalculateallorderNcontributions,the
diagrammaticMonteCarloalgorithmneedstointegrate
overallinternalvariables,suchasmomentaandtimes,
andalsosumoveralltopologyofthediagrams,i.e.,

F
N
1=

Z
[d⌧]

2N
[dk]

N+1X

topology

W[{⌧},{k}](15)

Alldiagramsinthesameordersharethesamesetof
intervalvariables.DuetotheFermistatistics,thesign
oftheintegrandW[{⌧},{k}]alternatesasthetopology
andinternalvariableschange.However,aMonteCarlo
algorithmcanonlyhandlepositivelydefinedweightfunc-
tions.Astraightforwardchoicewouldbetosamplethe
absolutevalueoftheintegrand|W[{⌧},{k}]|,namely
workingwiththesum,

F
N
3=

Z
[d⌧]

2N
[dk]

N+1X

topology

|W[{⌧},{k}]|(16)

However,aspointedoutbythepreviousstudies[XXX],
thesigncancellationbetweendiagramscausesFN

1⌧
FN
3.Morespecifically,althoughFN

3alwaysdivergefac-
toriallywiththenumberofdiagrams,theseriesFN

1is
muchbetterbehaved(divergingslowly,orevenconver-
gentiftheseriesiswithintheconvergenceradius).This
phenomenonisreferredassignblessinginRef.[XXX].As
aresult,thestraightforwardMonteCarloschemesam-
plingFN

3toevaluateFN
1su↵ersfromthenotorioussign

problem,andisveryine�cient.Inthiswork,wepropose
aMonteCarloalgorithm,whichsamplesthefollowing
weightfunction,

F
N
2=

Z
[d⌧]

2N
[dk]

N+1
|

X

topology

W[{⌧},{k}]|(17)

ThankstotheinequalityFN
1FN

2FN
3,amethod

samplingFN
2isalmostguaranteedtosu↵erlesssign

problem,thusmoree�cient,thanthestraightforward
approach.Ofcourse,thee�ciencyofthisapproachre-
liesonhowsmallisFN

2,andhowcloseisFN
2toFN

1.The
minimizationofFN

2canbeachievedbyoptimizingthe
arrangementofintervalvariablesofdi↵erentdiagrams,so
thatthesumoftheirweightswiththesamesetofvari-
ablesstronglycancelwitheachother.Wewilldiscuss
thisinmoredetailinthenextsection.

Nowwesummarizethemainstepsofthenewdiagram-
maticMonteCarloalgorithmusedinthiswork.

i)WriteascripttogenerateallFeynmandiagrams
uptothedesiredtruncationorder(sayorder6in
thiswork),includingallnecessarysymmetryfac-
torsandcounter-terms.
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where the second derivative acts only on the single-
particle counter-terms. Taking the derivative with re-
spect to U as above gives dg/dU = �g(dg�1/dU)g =
�g(1 � d⌃x/dU)g, and since d⌃x/dU = �[8⇡/(q2 +
�)] dg/dU , we now need to insert a ladder vertex be-
tween the two g’s in the following way [1],

�g(1, 2; U)

�U(3+, 3)
= �

Z
d10d20 g(1, 10)�3(1

0, 20; 3)g(20, 2),

(14)
where the ladder vertex correction �3 is defined with a
self-consistent equation as shown in Fig. 3. Similarly we
can see that �vk/�U = �⌃x/�U = �[8⇡/(q2 +�)] �g/�U ,
where �g/�U is given by Eq. 14.

This operation then gives the diagrammatic expansion
for the two-particle correlation function, similar to the
previous CFS scheme, except that the external vertex on
one side has to be replaced by the ladder vertex correc-
tions �3, and the ladder diagrams in the bare expansion
on the same side are removed by the diagrams generated
by the operator �vk

�U
@

@vk
. The resulting diagrams for the

polarization function are again the irreducible part of �,
and are depicted in Fig. 4. Note that VCCFS scheme
resumes an infinite series of ladder diagrams, and hence
encodes nonperturbative e↵ects of the charge renormal-
ization.

We emphasize here that all polarization diagrams
in both schemes only involve the statically screened
Coulomb interaction 8⇡

q2+�q
. This is a nontrivial result,

given that the definition of the polarization in Eq. (5) ex-
plicitly depends on the bare Coulomb interaction. Comb-
ing this feature with the fact that screened Coulomb in-
teraction does not diverge in the long-wave-length limit,
all polarization diagrams are now automatically regular-
ized, making the Monte Carlo simulations much more
e�cient.
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FIG. 4. Polarization with the ladder-type vertex cor-
rection: The perturbative expansion for the polarization can

be improved using the ladder resummation. The ladder vertex

correction is attached to one side (the right external vertex)

and to all polarization diagrams. The double-counted dia-

grams need to be subtracted, and the diagram on the right

exactly takes care of the double-counted diagrams. It is gen-

erated by the derivative with respect to the single-particle

counter-term (@/@vk), as explained above.

II. EFFICIENT DIAGRAMMATIC MONTE
CARLO ALGORITHM

In this section, we introduce a simple yet e�cient
Monte Carlo algorithm to evaluate high order Feynman
diagrams. To calculate all order N contributions, the
diagrammatic Monte Carlo algorithm needs to integrate
over all internal variables, such as momenta and times,
and also sum over all topology of the diagrams, i.e.,

FN
1 =

Z
[d⌧ ]2N [dk]N+1

X

topology

W [{⌧}, {k}] (15)

All diagrams in the same order share the same set of
interval variables. Due to the Fermi statistics, the sign
of the integrand W [{⌧}, {k}] alternates as the topology
and internal variables change. However, a Monte Carlo
algorithm can only handle positively defined weight func-
tions. A straightforward choice would be to sample the
absolute value of the integrand |W [{⌧}, {k}]|, namely
working with the sum,

FN
3 =

Z
[d⌧ ]2N [dk]N+1

X

topology

|W [{⌧}, {k}]| (16)

However, as pointed out by the previous studies [XXX],
the sign cancellation between diagrams causes FN

1 ⌧
FN
3 . More specifically, although FN

3 always diverge fac-
torially with the number of diagrams, the series FN

1 is
much better behaved (diverging slowly, or even conver-
gent if the series is within the convergence radius). This
phenomenon is referred as sign blessing in Ref. [XXX]. As
a result, the straightforward Monte Carlo scheme sam-
pling FN

3 to evaluate FN
1 su↵ers from the notorious sign

problem, and is very ine�cient. In this work, we propose
a Monte Carlo algorithm, which samples the following
weight function,

FN
2 =

Z
[d⌧ ]2N [dk]N+1|

X

topology

W [{⌧}, {k}]| (17)

Thanks to the inequality FN
1  FN

2  FN
3 , a method

sampling FN
2 is almost guaranteed to su↵er less sign

problem, thus more e�cient, than the straightforward
approach. Of course, the e�ciency of this approach re-
lies on how small is FN

2 , and how close is FN
2 to FN

1 . The
minimization of FN

2 can be achieved by optimizing the
arrangement of interval variables of di↵erent diagrams, so
that the sum of their weights with the same set of vari-
ables strongly cancel with each other. We will discuss
this in more detail in the next section.

Now we summarize the main steps of the new diagram-
matic Monte Carlo algorithm used in this work.

i) Write a script to generate all Feynman diagrams
up to the desired truncation order (say order 6 in
this work), including all necessary symmetry fac-
tors and counter-terms.
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wherethesecondderivativeactsonlyonthesingle-
particlecounter-terms.Takingthederivativewithre-
specttoUasabovegivesdg/dU=�g(dg�1/dU)g=
�g(1�d⌃x/dU)g,andsinced⌃x/dU=�[8⇡/(q2+
�)]dg/dU,wenowneedtoinsertaladdervertexbe-
tweenthetwog’sinthefollowingway[1],

�g(1,2;U)

�U(3+,3)
=�

Z
d10d20g(1,10)�

3(10,20;3)g(20,2),

(14)
wheretheladdervertexcorrection�3isdefinedwitha
self-consistentequationasshowninFig.3.Similarlywe
canseethat�vk/�U=�⌃x/�U=�[8⇡/(q2+�)]�g/�U,
where�g/�UisgivenbyEq.14.

Thisoperationthengivesthediagrammaticexpansion
forthetwo-particlecorrelationfunction,similartothe
previousCFSscheme,exceptthattheexternalvertexon
onesidehastobereplacedbytheladdervertexcorrec-
tions�3,andtheladderdiagramsinthebareexpansion
onthesamesideareremovedbythediagramsgenerated
bytheoperator

�vk
�U

@
@vk.Theresultingdiagramsforthe

polarizationfunctionareagaintheirreduciblepartof�,
andaredepictedinFig.4.NotethatVCCFSscheme
resumesaninfiniteseriesofladderdiagrams,andhence
encodesnonperturbativee↵ectsofthechargerenormal-
ization.

Weemphasizeherethatallpolarizationdiagrams
inbothschemesonlyinvolvethestaticallyscreened
Coulombinteraction

8⇡
q2+�q.Thisisanontrivialresult,

giventhatthedefinitionofthepolarizationinEq.(5)ex-
plicitlydependsonthebareCoulombinteraction.Comb-
ingthisfeaturewiththefactthatscreenedCoulombin-
teractiondoesnotdivergeinthelong-wave-lengthlimit,
allpolarizationdiagramsarenowautomaticallyregular-
ized,makingtheMonteCarlosimulationsmuchmore
e�cient.
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FIG.4.Polarizationwiththeladder-typevertexcor-
rection:Theperturbativeexpansionforthepolarizationcan

beimprovedusingtheladderresummation.Theladdervertex

correctionisattachedtooneside(therightexternalvertex)

andtoallpolarizationdiagrams.Thedouble-counteddia-

gramsneedtobesubtracted,andthediagramontheright

exactlytakescareofthedouble-counteddiagrams.Itisgen-

eratedbythederivativewithrespecttothesingle-particle

counter-term(@/@vk),asexplainedabove.

II.EFFICIENTDIAGRAMMATICMONTE
CARLOALGORITHM

Inthissection,weintroduceasimpleyete�cient
MonteCarloalgorithmtoevaluatehighorderFeynman
diagrams.TocalculateallorderNcontributions,the
diagrammaticMonteCarloalgorithmneedstointegrate
overallinternalvariables,suchasmomentaandtimes,
andalsosumoveralltopologyofthediagrams,i.e.,

F
N
1=

Z
[d⌧]

2N
[dk]

N+1X

topology

W[{⌧},{k}](15)

Alldiagramsinthesameordersharethesamesetof
intervalvariables.DuetotheFermistatistics,thesign
oftheintegrandW[{⌧},{k}]alternatesasthetopology
andinternalvariableschange.However,aMonteCarlo
algorithmcanonlyhandlepositivelydefinedweightfunc-
tions.Astraightforwardchoicewouldbetosamplethe
absolutevalueoftheintegrand|W[{⌧},{k}]|,namely
workingwiththesum,

F
N
3=

Z
[d⌧]

2N
[dk]

N+1X

topology

|W[{⌧},{k}]|(16)

However,aspointedoutbythepreviousstudies[XXX],
thesigncancellationbetweendiagramscausesFN

1⌧
FN
3.Morespecifically,althoughFN

3alwaysdivergefac-
toriallywiththenumberofdiagrams,theseriesFN

1is
muchbetterbehaved(divergingslowly,orevenconver-
gentiftheseriesiswithintheconvergenceradius).This
phenomenonisreferredassignblessinginRef.[XXX].As
aresult,thestraightforwardMonteCarloschemesam-
plingFN

3toevaluateFN
1su↵ersfromthenotorioussign

problem,andisveryine�cient.Inthiswork,wepropose
aMonteCarloalgorithm,whichsamplesthefollowing
weightfunction,

F
N
2=

Z
[d⌧]

2N
[dk]

N+1
|

X

topology

W[{⌧},{k}]|(17)

ThankstotheinequalityFN
1FN

2FN
3,amethod

samplingFN
2isalmostguaranteedtosu↵erlesssign

problem,thusmoree�cient,thanthestraightforward
approach.Ofcourse,thee�ciencyofthisapproachre-
liesonhowsmallisFN

2,andhowcloseisFN
2toFN

1.The
minimizationofFN

2canbeachievedbyoptimizingthe
arrangementofintervalvariablesofdi↵erentdiagrams,so
thatthesumoftheirweightswiththesamesetofvari-
ablesstronglycancelwitheachother.Wewilldiscuss
thisinmoredetailinthenextsection.

Nowwesummarizethemainstepsofthenewdiagram-
maticMonteCarloalgorithmusedinthiswork.

i)WriteascripttogenerateallFeynmandiagrams
uptothedesiredtruncationorder(sayorder6in
thiswork),includingallnecessarysymmetryfac-
torsandcounter-terms.
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where the second derivative acts only on the single-
particle counter-terms. Taking the derivative with re-
spect to U as above gives dg/dU = �g(dg�1/dU)g =
�g(1 � d⌃x/dU)g, and since d⌃x/dU = �[8⇡/(q2 +
�)] dg/dU , we now need to insert a ladder vertex be-
tween the two g’s in the following way [1],

�g(1, 2; U)

�U(3+, 3)
= �

Z
d10d20 g(1, 10)�3(1

0, 20; 3)g(20, 2),

(14)
where the ladder vertex correction �3 is defined with a
self-consistent equation as shown in Fig. 3. Similarly we
can see that �vk/�U = �⌃x/�U = �[8⇡/(q2 +�)] �g/�U ,
where �g/�U is given by Eq. 14.

This operation then gives the diagrammatic expansion
for the two-particle correlation function, similar to the
previous CFS scheme, except that the external vertex on
one side has to be replaced by the ladder vertex correc-
tions �3, and the ladder diagrams in the bare expansion
on the same side are removed by the diagrams generated
by the operator �vk

�U
@

@vk
. The resulting diagrams for the

polarization function are again the irreducible part of �,
and are depicted in Fig. 4. Note that VCCFS scheme
resumes an infinite series of ladder diagrams, and hence
encodes nonperturbative e↵ects of the charge renormal-
ization.

We emphasize here that all polarization diagrams
in both schemes only involve the statically screened
Coulomb interaction 8⇡

q2+�q
. This is a nontrivial result,

given that the definition of the polarization in Eq. (5) ex-
plicitly depends on the bare Coulomb interaction. Comb-
ing this feature with the fact that screened Coulomb in-
teraction does not diverge in the long-wave-length limit,
all polarization diagrams are now automatically regular-
ized, making the Monte Carlo simulations much more
e�cient.

!"#$$%& = −Γ* Γ*+

FIG. 4. Polarization with the ladder-type vertex cor-
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In this section, we introduce a simple yet e�cient
Monte Carlo algorithm to evaluate high order Feynman
diagrams. To calculate all order N contributions, the
diagrammatic Monte Carlo algorithm needs to integrate
over all internal variables, such as momenta and times,
and also sum over all topology of the diagrams, i.e.,
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algorithm can only handle positively defined weight func-
tions. A straightforward choice would be to sample the
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working with the sum,
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However, as pointed out by the previous studies [XXX],
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3 . More specifically, although FN

3 always diverge fac-
torially with the number of diagrams, the series FN

1 is
much better behaved (diverging slowly, or even conver-
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phenomenon is referred as sign blessing in Ref. [XXX]. As
a result, the straightforward Monte Carlo scheme sam-
pling FN

3 to evaluate FN
1 su↵ers from the notorious sign

problem, and is very ine�cient. In this work, we propose
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3 , a method
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2 is almost guaranteed to su↵er less sign

problem, thus more e�cient, than the straightforward
approach. Of course, the e�ciency of this approach re-
lies on how small is FN

2 , and how close is FN
2 to FN

1 . The
minimization of FN

2 can be achieved by optimizing the
arrangement of interval variables of di↵erent diagrams, so
that the sum of their weights with the same set of vari-
ables strongly cancel with each other. We will discuss
this in more detail in the next section.

Now we summarize the main steps of the new diagram-
matic Monte Carlo algorithm used in this work.

i) Write a script to generate all Feynman diagrams
up to the desired truncation order (say order 6 in
this work), including all necessary symmetry fac-
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3

therefore modified to

�

�U
=

�g

�U

✓
@

@g

◆

vk

+
�vk
�U

✓
@

@vk

◆

g

.

where the second derivative acts only on the single-
particle counter-terms. Taking the derivative with re-
spect to U as above gives dg/dU = �g(dg�1/dU)g =
�g(1 � d⌃x/dU)g, and since d⌃x/dU = �[8⇡/(q2 +
�)] dg/dU , we now need to insert a ladder vertex be-
tween the two g’s in the following way [1],

�g(1, 2; U)

�U(3+, 3)
= �

Z
d10d20 g(1, 10)�3(1

0, 20; 3)g(20, 2),

(14)
where the ladder vertex correction �3 is defined with a
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where �g/�U is given by Eq. 14.

This operation then gives the diagrammatic expansion
for the two-particle correlation function, similar to the
previous CFS scheme, except that the external vertex on
one side has to be replaced by the ladder vertex correc-
tions �3, and the ladder diagrams in the bare expansion
on the same side are removed by the diagrams generated
by the operator �vk
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. The resulting diagrams for the

polarization function are again the irreducible part of �,
and are depicted in Fig. 4. Note that VCCFS scheme
resumes an infinite series of ladder diagrams, and hence
encodes nonperturbative e↵ects of the charge renormal-
ization.

We emphasize here that all polarization diagrams
in both schemes only involve the statically screened
Coulomb interaction 8⇡

q2+�q
. This is a nontrivial result,

given that the definition of the polarization in Eq. (5) ex-
plicitly depends on the bare Coulomb interaction. Comb-
ing this feature with the fact that screened Coulomb in-
teraction does not diverge in the long-wave-length limit,
all polarization diagrams are now automatically regular-
ized, making the Monte Carlo simulations much more
e�cient.
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given that the definition of the polarization in Eq. (5) ex-
plicitly depends on the bare Coulomb interaction. Comb-
ing this feature with the fact that screened Coulomb in-
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working with the sum,
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3 to evaluate FN
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weight function,
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2 can be achieved by optimizing the
arrangement of interval variables of di↵erent diagrams, so
that the sum of their weights with the same set of vari-
ables strongly cancel with each other. We will discuss
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Now we summarize the main steps of the new diagram-
matic Monte Carlo algorithm used in this work.

i) Write a script to generate all Feynman diagrams
up to the desired truncation order (say order 6 in
this work), including all necessary symmetry fac-
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FIG. 1. Feynman diagram building blocks: The bare

electron propagator g describes an electron propagating in an

e↵ective potential vk, the interaction line 8⇡/(q2 + �q) repre-

sents a boson propagator with an e↵ective mass ⇠ �, which
makes the Coulomb repulsion short ranged. The counter

terms, which compensate for our choice of the e↵ective L0,

are proportional to vk(⇠) (the single-particle counter term)

and ⇠�q (the interaction counter term), and are depicted in

the last two diagrams.

Note that the U derivative is taken by the chain rule,
i.e., �/�U = (�g/�U)(�/�g), where the the U -derivative
of the propagator is simple: it just splits the propagator
into two by inserting an external vertex,

�g(1, 2; U)

�U(3+, 3)
= �g(1, 3)g(3, 2). (8)

This relation is derived by taking the derivative of the
identity g�1g = 1, which is g�1dg/dU + (dg�1/dU)g =
0, therefore dg/dU = �g(dg�1/dU)g and dg�1/dU =
1, provided vk is independent of U . Diagrammatically,
a derivative �/�U removes a single-particle propagator
from the Feynman diagram (�/�g), and we then replace
it with an external vertex and the two propagators, i.e.,
�g/�U = �gg. In other words, it inserts an external
vertex on an existing bare electron propagator. Note
that this operation increases the diagram order by one.
Finally, after the derivative is taken, we substitute vk
with its expression in terms of the exchange self-energy,

vk = ⇠ (⌃x
k � ⌃x

kF
) + ⇠2 s2 + ⇠3 s3 · · · . (9)

With the above described algorithm, we obtain the
conserving expansion for the two particle correlation
function �, however, the convergence for the dielectric
function is even faster when the expansion is carried out
for the polarization function defined by Eq. 5. In the
momentum and frequency space, the two are related by

�(q) = � Pq

1 � Pq
8⇡
q2

(10)

or �(q) = �[Pq+Pq
8⇡
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q2 Pq+· · · ], meaning

that Pq is the irreducible part of �(q) with respect to cut-
ting the interaction propagator 8⇡

q2 Similarly, when work-

ing with the screened interaction 8⇡
q2+� , we can rewrite
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�(q) = � Pq

1 � Pq
8⇡

q2+�

P1
n=0

⇣
⇠�
8⇡
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q2+�

⌘n , (12)

which shows that Pq is now the irreducible part of �(q)
with respect to cutting the interaction propagator 8⇡

q2+�

or any combination of interaction with counter terms of
arbitrary order, i.e., 8⇡

q2+� ( ⇠�
8⇡

8⇡
q2+� )n. The resulting po-

larization diagrammatic expansion is shown in Fig. 2.
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FIG. 2. Feynman diagrammatic expansion with coun-

terterms: The perturbative expansion for the polarization is

formulated with the standard Feynman diagrams with coun-

terterms. The shaded block represents all one-interaction-

irreducible diagrams for the particle-hole four-point vertex

function. Note that the single-particle counterterm first ap-

pears at the second order, while the interaction counter-term

first appears at the third order.
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FIG. 3. Ladder-type vertex correction: The ladder

diagrams can be resummed by the Bethe-Salpeter equation.

To derive the vertex corrected VCCFS scheme, we
carry out slightly di↵erent order of operations, namely

�(1, 2) =
�

�U(1+, 1)

"
� ln Z[U ]

�U(2+, 2)

�

vk=⌃x
k+···

#

U=0

which means that we substitute the expression for the
e↵ective potential after the first derivative is taken (i.e.,
into the expression for the bare electron propagator).
When taking the second derivative, we need to keep in
mind that the e↵ective potential vk = vk[U ] now de-
pends on U through the exchange self-energy, which is a
functional of the bare propagator g[U ]. The chain rule is
therefore modified to
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where the second derivative acts only on the single-
particle counter-terms. Taking the derivative with re-
spect to U as above gives dg/dU = �g(dg�1/dU)g =
�g(1 � d⌃x/dU)g, and since d⌃x/dU = �[8⇡/(q2 +
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Conclusion

• Variational Diag. MC very promising direction to extend DFT 
(or DFT+DMFT) towards controlled solution of solid state 
problem. 

• Long range Coulomb repulsion makes even Hartree-Fock in 
solids very expensive (similar to GW). By leveraging the 
emergent locality of correlations, we can avoid the expensive 
description in terms of bare long-range interaction.  

• Sign-problem can be turned into sign-blessing by grouping 
Feynman diagrams, using crossing symmetry and BK 
generating functional. Need to choose integration variables 
(momentum and times) optimally.  

• Renormalization of four-point vertex function is a promising 
direction to explore.


