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Q ⇠ 103
<latexit sha1_base64="+xD/2AoE4NAbUDmvrBSSYdLJQO8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ltBT0WvXhswX7Adi3ZNNuGJpslyQpl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2JNOYtp2zDDaS9RFIuQ0244uZv73SeqNJPxg5kmNBB4FLOIEWys5LdQXzOBPPexPihX3Kq7AFonXk4qkKM5KH/1h5KkgsaGcKy177mJCTKsDCOczkr9VNMEkwkeUd/SGAuqg2xx8gxdWGWIIqlsxQYt1N8TGRZaT0VoOwU2Y73qzcX/PD810U2QsThJDY3JclGUcmQkmv+PhkxRYvjUEkwUs7ciMsYKE2NTKtkQvNWX10mnVvXq1VrrqtK4zeMowhmcwyV4cA0NuIcmtIGAhGd4hTfHOC/Ou/OxbC04+cwp/IHz+QN8mpAU</latexit>

/2⇡ ⇠ 2.5GHz, !0/2⇡ ⇠ 2.5THz
<latexit sha1_base64="NbJgoF1wCVAz7sbD5VeqbNrt2Cw="></latexit>

⌧cav ⇠ 70 ps
<latexit sha1_base64="jtptW5lvqk5jn5Nfa//gsUHAA0E=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkpShbosunFZwT6gCWEynbRDJw9mboolZO/GX3HjQhG3/oA7/8bpY6GtBy4czrmXe+/xE8EVWNa3UVhb39jcKm6Xdnb39g/Mw6O2ilNJWYvGIpZdnygmeMRawEGwbiIZCX3BOv7oZup3xkwqHkf3MEmYG5JBxANOCWjJM8sOkNRzgD1ARsk4x47iIa5bzvlcS1TumRWras2AV4m9IBW0QNMzv5x+TNOQRUAFUapnWwm4GZHAqWB5yUkVSwgdkQHraRqRkCk3m/2S41Ot9HEQS10R4Jn6eyIjoVKT0NedIYGhWvam4n9eL4Xgys14lKTAIjpfFKQCQ4ynweA+l4yCmGhCqOT6VkyHRBIKOr6SDsFefnmVtGtV+6Jau7usNK4XcRTRCSqjM2SjOmqgW9RELUTRI3pGr+jNeDJejHfjY95aMBYzx+gPjM8fPXebKw==</latexit>

F ⇠ 100
<latexit sha1_base64="n1Z4ybKwiAoenGTvACFBwvlIf70=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoiMcI5oHJEmYns8mQeSwzs0JY8hdePCji1b/x5t84SfagiQUNRVU33V1Rwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZMeb1HXMIEC3++Vyn7FnwEtkyAnZchR75W+un1FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2u3iCTp3SR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtP3UZ9pSiwfO4KJZu5WRIZYY2JdSEUXQrD48jJpVivBeaV6f1GuXedxFOAYTuAMAriEGtxBHRpAQMIzvMKbZ7wX7937mLeuePnMEfyB9/kDsI2Png==</latexit>
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Si Bragg Mirror Si Bragg Mirror

1D THz Photonic-Crystal Cavity

Q. Zhang et al., Nature Physics 12, 1005 (2016) 4

nSi = 3.42
<latexit sha1_base64="O07yTmnhMSS6bjQIRs8ebLvpPD8=">AAAB+3icbVDLSsNAFJ3UV62vWpduBovgKiRtQTdC0Y3LivYBbQiT6aQdOpmEmRtpCf0VNy4UceuPuPNvnD4W2nrgwuGce7n3niARXIPjfFu5jc2t7Z38bmFv/+DwqHhcauk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYORrczv/3ElOaxfIRJwryIDCQPOSVgJL9Ykn4P2BiyBz7F17hq1yp+sezYzhx4nbhLUkZLNPziV68f0zRiEqggWnddJwEvIwo4FWxa6KWaJYSOyIB1DZUkYtrL5rdP8blR+jiMlSkJeK7+nshIpPUkCkxnRGCoV72Z+J/XTSG88jIukxSYpItFYSowxHgWBO5zxSiIiSGEKm5uxXRIFKFg4iqYENzVl9dJq2K7VbtyXyvXb5Zx5NEpOkMXyEWXqI7uUAM1EUVj9Ixe0Zs1tV6sd+tj0ZqzljMn6A+szx9J9pNJ</latexit>

nvac = 1
<latexit sha1_base64="4Ssk5umDZQuR7+VVgedI/vZOOKw=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9iNgl6EoBePEcwDkhBmJ51kyOzsMtMbDEv+xIsHRbz6J978GyfJHjSxoKGo6qa7K4ilMOh5305ubX1jcyu/XdjZ3ds/cA+P6iZKNIcaj2SkmwEzIIWCGgqU0Iw1sDCQ0AhGdzO/MQZtRKQecRJDJ2QDJfqCM7RS13VVt43whOmY8Sm9oX7XLXolbw66SvyMFEmGatf9avcinoSgkEtmTMv3YuykTKPgEqaFdmIgZnzEBtCyVLEQTCedXz6lZ1bp0X6kbSmkc/X3RMpCYyZhYDtDhkOz7M3E/7xWgv3rTipUnCAovljUTyTFiM5ioD2hgaOcWMK4FvZWyodMM442rIINwV9+eZXUyyX/olR+uCxWbrM48uSEnJJz4pMrUiH3pEpqhJMxeSav5M1JnRfn3flYtOacbOaY/IHz+QPRlpMd</latexit>



Si Bragg Mirror Si Bragg Mirror

THz ‘Cavity Lab’ for Materials
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Si Bragg Mirror Si Bragg Mirror

Sample

THz ‘Cavity Lab’ for Materials
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Ultrastrong Light-Matter Coupling

light
!0

: coupling rate

2g
<latexit sha1_base64="M/kGoAwVbM5vms6odDfjIRMWIR4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cqxhbaUDbbTbt0swm7E6GE/gMvHlS8+pO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10Xx/0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgn106IadW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoMsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZShDadsQ/AWX14mfr12VXPvzquN6yKNEhzDCZyBBxfQgFtogg8MIniGV3hzRs6L8+58zFtXnGLmCP7A+fwBq0WM+g==</latexit><latexit sha1_base64="M/kGoAwVbM5vms6odDfjIRMWIR4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cqxhbaUDbbTbt0swm7E6GE/gMvHlS8+pO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10Xx/0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgn106IadW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoMsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZShDadsQ/AWX14mfr12VXPvzquN6yKNEhzDCZyBBxfQgFtogg8MIniGV3hzRs6L8+58zFtXnGLmCP7A+fwBq0WM+g==</latexit><latexit sha1_base64="M/kGoAwVbM5vms6odDfjIRMWIR4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cqxhbaUDbbTbt0swm7E6GE/gMvHlS8+pO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10Xx/0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgn106IadW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoMsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZShDadsQ/AWX14mfr12VXPvzquN6yKNEhzDCZyBBxfQgFtogg8MIniGV3hzRs6L8+58zFtXnGLmCP7A+fwBq0WM+g==</latexit>

: resonance frequency
g

<latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="qh8tI0oAPbcHtAXdk4CUXp9gXCY=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIvSfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLCTGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVnPYr9b8uj8XW4dgCTVYqtGvfvUGqcgT1CQUt7Yb+BmFBTckhcJpuZdbzLgY8yF2HWqeoA2L+aBTdu6cAYtT444mNnd/vyh4Yu0kidzNhNPIrmYz87+sm1N8HRZSZzmhFouP4lwxStlsazaQBgWpiQMujHSzMjHihgty3ZRdCcHqyuvQuqzf1IOmDyU4hTO4gACu4BbuoQEtEIDwAm/w7j15r97Hoq0Nb1nbCfyR9/kDKO2LbQ==</latexit><latexit sha1_base64="qh8tI0oAPbcHtAXdk4CUXp9gXCY=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIvSfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLCTGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVnPYr9b8uj8XW4dgCTVYqtGvfvUGqcgT1CQUt7Yb+BmFBTckhcJpuZdbzLgY8yF2HWqeoA2L+aBTdu6cAYtT444mNnd/vyh4Yu0kidzNhNPIrmYz87+sm1N8HRZSZzmhFouP4lwxStlsazaQBgWpiQMujHSzMjHihgty3ZRdCcHqyuvQuqzf1IOmDyU4hTO4gACu4BbuoQEtEIDwAm/w7j15r97Hoq0Nb1nbCfyR9/kDKO2LbQ==</latexit><latexit sha1_base64="DQ/HN8xqLXlh2sfqa/NokG+W7Co=">AAAB53icbVBNT8JAEJ3iF+IX6tHLRmLiibRe1BvRi0dIrJBAQ7bLFFa222Z3a0IafoEXD2q8+pe8+W9coAcFXzLJy3szmZkXpoJr47rfTmltfWNzq7xd2dnd2z+oHh496CRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE3lvJikGMR1KHnFGjZVaw3615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n80Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroKci7TzKBki0VRJohJyOxrMuAKmRETSyhT3N5K2IgqyozNpmJD8JZfXiX+Rf267rXcWuOmSKMMJ3AK5+DBJTTgDprgAwOEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzmsjLs=</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit><latexit sha1_base64="xFH30m88TT9fILn9dXgteByhM6E=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWag16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA67Iy/</latexit>
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Ultrastrong Coupling Regime (and why THz?)

• Breakdown of the rotating-wave approximation (RWA) 
à Bloch-Siegert shift

• Diamagnetic (A2) term becomes non-negligible

• Nonclassical ground state properties (Ciuti et al., 2005)

• Possibility of the Dicke superradiant phase transition
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Landau-Quantized 2D Electrons in the 
Integer QH Regime in a High-Q THz Cavity
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reported as amplitude transmittance represent the absolute
value of the ratio of electric fields. The blue line in Fig. 1(a)
depicts the electric field amplitude of a single-cycle pulse after
having been transmitted through the sample. The long-lasting
oscillations correspond to the transmission resonances of the
split-ring resonator. When not stated, the measurements were
performed at a temperature T = 10 K.

B. Semiclassical modeling

The nontrivial mode shape of split-ring resonators com-
plicates the exact modeling of our system. We employed
FEM simulations to better understand the ultrastrong coupling
phenomena in our system. A semiclassical approach allows
us to take into account the effect of the 2DEG simply by its
conductivity. We use the Drude formula for the conductivity
[30]

σ (ω) = ω2
pϵϵ0

1
τCR

+ i(ω − ωc)

1/τ 2
CR + (ω − ωc)2

Leff, (9)

where the cyclotron lifetime is given by τCR = µm∗/e (µ
is the electron mobility) and the plasma frequency is ωp =√

ρ2DEG
Leff

e2

m∗ϵϵ0
. Leff = 30 nm is the width of the 2DEG wave

function in the growth direction. The anisotropy of the 2DEG
conductivity is taken into account by introducing a dielectric
function tensor

ϵ2DEG =

⎛

⎝
ϵ2DEG iϵ2DEG 0

−iϵ2DEG ϵ2DEG 0
0 0 ϵGaAs

⎞

⎠ (10)

with ϵ2DEG(ω) = ϵGaAs + i σ (ω)
ωϵ0Leff

. This leads to a circular
polarizability in the plane of the 2DEG and takes into account
that only the THz radiation with circular polarization in the
cyclotron active polarization direction is effectively coupling
to the cyclotron transition.

The simulated geometry is close to the experimental one.
A linearly polarized plane wave is excited at the top of
a subwavelength-sized box with dimensions of 50 × 50 ×
100 µm3. Periodic boundary conditions are chosen on the
side walls of the box. This corresponds to the experimental
situation with an array of resonators with the unit-cell size
of 50 × 50 µm2. The transmitted electric field is evaluated
at a second port at the bottom of the box. The absolute
value of the S-matrix element |S21|

√
nGaAs corresponds to the

transmittance which is measured in the experiment. In general,
the simulation reproduces most features of the measured
transmission. Simulations of split-ring resonators on a bare
GaAs substrate fit very well the experimental results as shown
in Fig. 1(e). However, the simulations including quantum wells
tend to give spurious resonances due to the large range of length
scales in the problem [free-space wavelength (λLC = 600 µm)
≫ resonator features (4 µm) ≫ 2DEG thickness (Leff =
30 nm)].

IV. MEASUREMENTS AND RESULTS

In this section, we report the measurements on the five
samples described above. The measurements on samples with
the EV1452 heterostructure are the clearest thanks to the

narrow cyclotron transition linewidth and will be discussed
first. We discuss in this context the differences in the coupling
of the direct and the complementary resonators. The results
from scaling nQW to 4 and 20 quantum wells are discussed in
the second part. In the last part, we present results achieved by
scaling the resonator frequency and the electron mass, leading
to higher filling factors ν and therefore to record high coupling
strengths.

A. Ultrastrong coupling with complementary
split-ring resonators

Figure 3(a) shows the amplitude transmission (normalized
to free space) through the array of direct split-ring resonators
on EV1452 (samples A). At zero magnetic field, the resonance
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FIG. 3. (Color online) (a) Contour plot of the transmittance
through the direct split-ring resonator on EV1452. The anticrossing of
the LC mode with the cyclotron transition takes place at Bres = 1.2 T.
Uncoupled areas of the 2DEG give rise to the minimum evolving
linearly with B (transmission measurements were performed at an
interval of (B = 0.2 T; this periodicity appears as an apparent
modulation of the transmission). (b) The same measurement for the
complementary version of of the split-ring resonator on EV1452
(color scale is inverted). The uncoupled parts of the 2DEG do
not contribute to the signal. (c) Comparison of the transmission at
three characteristic values of the magnetic field for the direct and
complementary split-ring resonators.
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cannot be directly measured; we thus applied a
best-fit procedure following the least square
method, analogously to what done in (14) (more
details in text S3). The minimal error (24) is
obtained for W1

w1
¼ 0:17 and W2

w2
¼ 0:075 (where

w1 ¼ 2pf ′1 and w2 ¼ 2pf ′2). As expected, the
coupling strength scales monotonously with
n: for the measured density r(1)2DEG, we have
n(B) ¼ n(2T ) ≃ 6:5 for the first mode and
n(B) ¼ n(5:5T ) ≃ 2:4 for the second one.

To increase the coupling strength, we kept
the resonator geometry, and hence the frequency
constant, and increased the effective number of
carriers in the system. A new sample was prepared
with n QW = 4 wells and an electron density

per well of r(4)2DEG ¼ 4:45" 1011 cm−2 (Fig. 1B

scheme and materials and methods). Sample
transmission as a function of the applied mag-
netic field (Fig. 3A) shows that the system is
driven deeply into the ultrastrong coupling re-
gime. The polaritonic line widths display nar-
rowing as the low quality cavity mode is mixed
with the cyclotron resonance (Fig. 3B). Fol-
lowing the fitting procedure previously de-
scribed, we observe a value of W1

w1
¼ 0:36 for

the first resonance. Indeed, the effects of the
antiresonant terms of the light-matter Hamil-
tonian start becoming relevant when the di-
mensionless ratio W

w is of the order of 0.1 (14).
Because of the increased doping, the filling
factor in the region of the anticrossing is n ≃ 9.
As expected, the coupling ratio scales withffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2DEGn QW

p
, and for the two samples at the

same resonant frequency we obtain experimen-

tally

Ω1
ω1

" #

n QW¼4

Ω1
ω1

" #

n QW¼1

¼ 0:36
0:17 ¼ 2:11 and theoretically

ffiffiffiffiffiffiffiffiffiffi
4rð4Þ2DEG

rð1Þ2DEG

r
¼ 2:35. The small discrepancy can be

attributed to the different coupling of the quan-
tum wells, which do not experience the same
electric field of the resonator (Fig. 1D). The gen-
eralized expression of the coupling ratio is calcu-
lated in the case when all the wells are coupled in
the same way to the resonator's field (20).

By further scaling the resonator frequency
down to f ≃ 500 GHz with a slightly modified
geometry (Fig. 3D inset, text S2, and fig. S5)
and by using the sample with nQW = 4 quantum
wells, we could probe the regime where the
polariton splitting at the anticrossing 2ħΩ is larger
than the bare cavity photon energy. In Fig. 3D,
we report the positions of the minima of the sam-
ple transmission for the case of f = 500 GHz
resonator together with the fitted dispersion
curves. We measure a normalized ratio W1

w1
¼ 0:58

for a filling factor of nð1:2TÞ ≃ 15:2, which cor-
responds to 2ℏW ≃ 1:2wc (fig. S6).

The generalization of the theory developed
in (20) accounts for the depolarization shift in
presence of a magnetic field (magnetoplasmon)
originating from the long-wavelength part of the
Coulomb interaction. We found that the renor-
malization of the cyclotron transition frequency
is too small to allow the experimental resolution
of the magnetoplasmon branch (Figs. 2A and

3A) in our experimental parameter regime, in-
cluding the small wave vector condition ql0 << 1,
which is always satisfied because we are dealing
with optical wave vectors.

We have observed ultrastrong light-matter cou-
pling in a composite THz metamaterial measur-
ing a normalized coupling ratio W

wc
¼ 0:58. The

impact of our results has to be considered also
in the perspective of a change in the DC trans-
port properties of the 2DEG, in analogy with
what already observed by direct irradiation at
lower frequencies (31).

These results should lead to the scaling of
the frequency to lower values and to an increase
of effective density to further enhance the cou-
pling strength.
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Fig. 3. (A) Transmission
|t| of the sample (nQW=4)
as a function of B. The
reference is a plain 2DEG
sample without resona-
tors on top, and the mea-
surement is performed
at T = 10 K. The black
dotted line highlights
the cyclotron signal com-
ing from the uncoupled
material that is left be-
tween the resonators. (B)
Sections in the two anti-
crossing regions for the
sample transmission. (C)
Best fit with the extracted
transmitted minima po-
sitions for the two or-
thogonal modes of the
split-ring electronic reso-
nator; the fitting param-
eter isWw. (D) Best fit with
the extracted transmitted
minima positions for the
f = 500 GHz resonator
and nQW = 4 measured
at T = 10 K; the fitting
parameter is W

w. (Inset)
Scheme of the 500-GHz
resonator.
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⌦(0) = 2g
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦(�),� = !0 � !c
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Frequency (THz)

0 T

1 T

2 T

3 T

-1 T

-2 T

-3 T

(� + )/2
<latexit sha1_base64="Fo+iDMMBFmdUubgMwIhvaif//hQ=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm2ARKkJNiqDLohuXFewFmlBOppN26EwyzEyUEvsoblwo4tYncefbOG2z0OoPAx//OYdz5g8Fo0q77pdVWFldW98obpa2tnd29+zyflslqcSkhROWyG4IijAak5ammpGukAR4yEgnHF/P6p17IhVN4js9ESTgMIxpRDFoY/XtctUfAudw6o9BCDg5q/ftiltz53L+gpdDBeVq9u1Pf5DglJNYYwZK9TxX6CADqSlmZFryU0UE4DEMSc9gDJyoIJufPnWOjTNwokSaF2tn7v6cyIArNeGh6eSgR2q5NjP/q/VSHV0GGY1FqkmMF4uilDk6cWY5OAMqCdZsYgCwpOZWB49AAtYmrZIJwVv+8l9o12ue4dvzSuMqj6OIDtERqiIPXaAGukFN1EIYPaAn9IJerUfr2Xqz3hetBSufOUC/ZH18A7Vpkvo=</latexit><latexit sha1_base64="Fo+iDMMBFmdUubgMwIhvaif//hQ=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm2ARKkJNiqDLohuXFewFmlBOppN26EwyzEyUEvsoblwo4tYncefbOG2z0OoPAx//OYdz5g8Fo0q77pdVWFldW98obpa2tnd29+zyflslqcSkhROWyG4IijAak5ammpGukAR4yEgnHF/P6p17IhVN4js9ESTgMIxpRDFoY/XtctUfAudw6o9BCDg5q/ftiltz53L+gpdDBeVq9u1Pf5DglJNYYwZK9TxX6CADqSlmZFryU0UE4DEMSc9gDJyoIJufPnWOjTNwokSaF2tn7v6cyIArNeGh6eSgR2q5NjP/q/VSHV0GGY1FqkmMF4uilDk6cWY5OAMqCdZsYgCwpOZWB49AAtYmrZIJwVv+8l9o12ue4dvzSuMqj6OIDtERqiIPXaAGukFN1EIYPaAn9IJerUfr2Xqz3hetBSufOUC/ZH18A7Vpkvo=</latexit><latexit sha1_base64="Fo+iDMMBFmdUubgMwIhvaif//hQ=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm2ARKkJNiqDLohuXFewFmlBOppN26EwyzEyUEvsoblwo4tYncefbOG2z0OoPAx//OYdz5g8Fo0q77pdVWFldW98obpa2tnd29+zyflslqcSkhROWyG4IijAak5ammpGukAR4yEgnHF/P6p17IhVN4js9ESTgMIxpRDFoY/XtctUfAudw6o9BCDg5q/ftiltz53L+gpdDBeVq9u1Pf5DglJNYYwZK9TxX6CADqSlmZFryU0UE4DEMSc9gDJyoIJufPnWOjTNwokSaF2tn7v6cyIArNeGh6eSgR2q5NjP/q/VSHV0GGY1FqkmMF4uilDk6cWY5OAMqCdZsYgCwpOZWB49AAtYmrZIJwVv+8l9o12ue4dvzSuMqj6OIDtERqiIPXaAGukFN1EIYPaAn9IJerUfr2Xqz3hetBSufOUC/ZH18A7Vpkvo=</latexit><latexit sha1_base64="Fo+iDMMBFmdUubgMwIhvaif//hQ=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm2ARKkJNiqDLohuXFewFmlBOppN26EwyzEyUEvsoblwo4tYncefbOG2z0OoPAx//OYdz5g8Fo0q77pdVWFldW98obpa2tnd29+zyflslqcSkhROWyG4IijAak5ammpGukAR4yEgnHF/P6p17IhVN4js9ESTgMIxpRDFoY/XtctUfAudw6o9BCDg5q/ftiltz53L+gpdDBeVq9u1Pf5DglJNYYwZK9TxX6CADqSlmZFryU0UE4DEMSc9gDJyoIJufPnWOjTNwokSaF2tn7v6cyIArNeGh6eSgR2q5NjP/q/VSHV0GGY1FqkmMF4uilDk6cWY5OAMqCdZsYgCwpOZWB49AAtYmrZIJwVv+8l9o12ue4dvzSuMqj6OIDtERqiIPXaAGukFN1EIYPaAn9IJerUfr2Xqz3hetBSufOUC/ZH18A7Vpkvo=</latexit>

⌦(0) = 2g
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

C =
4g2

�
= 3513

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Frequency (THz)

0 T
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2 T

3 T

-1 T

-2 T

-3 T

2g
<latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit><latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit><latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit><latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit>

2g

!0
= 0.72

<latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit><latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit><latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit><latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit>

!0
<latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit><latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit><latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit><latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit>
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?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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g/!0
<latexit sha1_base64="AMjH26KACCT+WTYg9tFp0J4TKwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoN6CXjxGcE0wWcLspHczZB7LzKwQQv7CiwcVr36ON//GSbIHjRY0FFXddHfFGWfG+v6XV1paXlldK69XNja3tnequ3v3RuWaQkgVV7odEwOcSQgtsxzamQYiYg6teHg99VuPoA1T8s6OMogESSVLGCXWSQ/pSVcJSEnP71Vrft2fAf8lQUFqqECzV/3s9hXNBUhLOTGmE/iZjcZEW0Y5TCrd3EBG6JCk0HFUEgEmGs8unuAjp/RxorQrafFM/TkxJsKYkYhdpyB2YBa9qfif18ltchGNmcxyC5LOFyU5x1bh6fu4zzRQy0eOEKqZuxXTAdGEWhdSxYUQLL78l4Sn9ct6cHtWa1wVaZTRATpExyhA56iBblAThYgiiZ7QC3r1jPfsvXnv89aSV8zso1/wPr4BVbKQPA==</latexit><latexit sha1_base64="AMjH26KACCT+WTYg9tFp0J4TKwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoN6CXjxGcE0wWcLspHczZB7LzKwQQv7CiwcVr36ON//GSbIHjRY0FFXddHfFGWfG+v6XV1paXlldK69XNja3tnequ3v3RuWaQkgVV7odEwOcSQgtsxzamQYiYg6teHg99VuPoA1T8s6OMogESSVLGCXWSQ/pSVcJSEnP71Vrft2fAf8lQUFqqECzV/3s9hXNBUhLOTGmE/iZjcZEW0Y5TCrd3EBG6JCk0HFUEgEmGs8unuAjp/RxorQrafFM/TkxJsKYkYhdpyB2YBa9qfif18ltchGNmcxyC5LOFyU5x1bh6fu4zzRQy0eOEKqZuxXTAdGEWhdSxYUQLL78l4Sn9ct6cHtWa1wVaZTRATpExyhA56iBblAThYgiiZ7QC3r1jPfsvXnv89aSV8zso1/wPr4BVbKQPA==</latexit><latexit sha1_base64="AMjH26KACCT+WTYg9tFp0J4TKwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoN6CXjxGcE0wWcLspHczZB7LzKwQQv7CiwcVr36ON//GSbIHjRY0FFXddHfFGWfG+v6XV1paXlldK69XNja3tnequ3v3RuWaQkgVV7odEwOcSQgtsxzamQYiYg6teHg99VuPoA1T8s6OMogESSVLGCXWSQ/pSVcJSEnP71Vrft2fAf8lQUFqqECzV/3s9hXNBUhLOTGmE/iZjcZEW0Y5TCrd3EBG6JCk0HFUEgEmGs8unuAjp/RxorQrafFM/TkxJsKYkYhdpyB2YBa9qfif18ltchGNmcxyC5LOFyU5x1bh6fu4zzRQy0eOEKqZuxXTAdGEWhdSxYUQLL78l4Sn9ct6cHtWa1wVaZTRATpExyhA56iBblAThYgiiZ7QC3r1jPfsvXnv89aSV8zso1/wPr4BVbKQPA==</latexit><latexit sha1_base64="AMjH26KACCT+WTYg9tFp0J4TKwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoN6CXjxGcE0wWcLspHczZB7LzKwQQv7CiwcVr36ON//GSbIHjRY0FFXddHfFGWfG+v6XV1paXlldK69XNja3tnequ3v3RuWaQkgVV7odEwOcSQgtsxzamQYiYg6teHg99VuPoA1T8s6OMogESSVLGCXWSQ/pSVcJSEnP71Vrft2fAf8lQUFqqECzV/3s9hXNBUhLOTGmE/iZjcZEW0Y5TCrd3EBG6JCk0HFUEgEmGs8unuAjp/RxorQrafFM/TkxJsKYkYhdpyB2YBa9qfif18ltchGNmcxyC5LOFyU5x1bh6fu4zzRQy0eOEKqZuxXTAdGEWhdSxYUQLL78l4Sn9ct6cHtWa1wVaZTRATpExyhA56iBblAThYgiiZ7QC3r1jPfsvXnv89aSV8zso1/wPr4BVbKQPA==</latexit>
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Jaynes-Cummings Model

matter light interaction 
Ĥ JC =

1
2
!ω 0σ̂ z + !ω câ

†â + !g(σ̂ +â + σ̂ −â
†)

2-level atom in a cavity
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Magnetic Resonance for Nonrotating Fields
F. BLOCH AND A. SIEGERT*

Department of Physics, Stanford University, Stanford University, California
(Received January 19, 1940)

A treatment of the magnetic resonance is given for a particle with spin & in a constant field
Hp and under the action of an arbitrary alternating field with circular frequency ~ perpendicu-
lar to Hp. A method of finding a solution, valid at any time, is given which converges the better
the smaller the deviations from a rotating field or the larger Hp. It is shown that in the lowest
order correction the shape of the resonance curve is unchanged but that it is shifted by a per-
centage amount Hp/16 Hp where Hl is the effective amplitude of the oscillating field. This
also involves a correction in the values of the magnetic moments thus obtained towards
smaller values which however in all practical cases is negligibly small.

HE principle of the magnetic resonance has
been known since considerable time and it

has already led to several important applications.
In the outstanding work of Rabi and' his col-
laborators' on molecular beams it has not only
been used for the most precise determination of
the magnetic moments of many nuclei but it has
also revealed entirely new features like the
quadrupole moment of the deuteron. Further-
more, by applying it to polarized neutron beams,
it has recently allowed Alvarez and one of us'
a quantitative measurement of the magnetic
moment of the neutron.
The basic idea of the magnetic resonance is

very simple and consists in the remark that in
causing transitions of the orientation of a
moment a weak alternating magnetic field is
particularly effective when its frequency is in
resonance with the frequency with which the
moment precesses in a strong and constant
perpendicular field. While the special case of a
weak field rotating around the strong field can
be easily treated there lies an essentially more
dificult problem in the mathematical theory of
a field, for which the polarization is no more
circular but generally elliptic; this includes the
case, commonly used, in which the alternating
field performs a simple linear oscillation. It is
the purpose of this paper to solve this problem
by a method of successive approximations which
converges the better the smaller the eccentricity
and the greater the ratio of the consta

the magnitude of the varying field; we here
restrict ourselves for convenience to the treat-
ment of a particle with angular momentum ~~.**
Let c~ and c ~ be the probability amplitudes

for the s component of the moment to have the
values m=-', and m= —-'„respectively. They
satisfy the Schroedinger equation

——c =—p P (He„„)c
m'=——12

where H is the vector of the magnetic field with
components H, H„, H„p the magnetic moment
of the particle and e ~ a matrix vector the com-
ponents of which are the spin matrices of Pauli. t
Written out Eq. (1) becomes

(a/i) c, =uDH, +iH„)c,+H,c,), (2a)

(5/i)c ) u/(H, iH——„)c) H—,c )j —(2b).
These two equations can be reduced into one for
the only quantity

u =cy/c
which is physically important, since it deter-
mines directly the probabilities P (m= &2) to
find any one of the two possible values of m in
the form

(4a)

(4b)

~ Now with the Texas Company, Houston.' I. I. Rabi, S. Millman, P. Kusch and J. R.
Phys. Rev. 55, 526 (1939).' L. W. Alvarez and F. Bloch, Phys. Rev. 57,

**As the unit of the angular momentum we shall through-
out use the quantity A =h/2m", h=Planck's constant.
t With this form of Eq. (1) we have decided that positive

Zacharias, or negative values of p, , respectively, mean, that the
orientation of the magnetic moment of the particle is

111 (1940). parallel or opposite to that of its angular momentum.
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must be kept à Bloch-Siegert shift
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Ultrastrong Coupling Regime g > 0.1!0

Breakdown of the RWA: counter-rotating terms
must be kept à Bloch-Siegert shift

co-rotating terms counter-rotating terms

Ĥ =
1

2
~!0�̂z + ~!câ

†
â

+ ~g(�̂+â+ �̂�â
† + �̂�â+ �̂+â

†)
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Ultrastrong Coupling Regime g > 0.1!0

Breakdown of the RWA: counter-rotating terms
must be kept à Bloch-Siegert shift

co-rotating terms counter-rotating terms

Ĥ =
1

2
~!0�̂z + ~!câ

†
â

+ ~g(�̂+â+ �̂�â
† + �̂�â+ �̂+â

†)

A2 term

+⌘(â+ â†)(â+ â†)
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Theory of Landau Polaritons
in the Ultrastrong Coupling Regime

by Motoaki Bamba (Osaka Univ.):

Ĥ = ĤCR + Ĥcav + Ĥint + ĤA2

Here, ĤCR, Ĥcav, Ĥint, and ĤA2 represent the Hamiltonian for 2DEG CR, cavity photons, CR-

cavity-photon interaction, and photon-field self-interaction, respectively. They are expressed as

ĤCR = h̄!c�̂
†
0�̂0 , (2a)

Ĥcav =
1X

nz=1

X

⇠=±

h̄!
nz
cavâ

†
nz ,⇠

ânz ,⇠ , (2b)

Ĥint =
1X

nz=1

ih̄gnz

h
�̂
†
0(ânz ,+ + â

†
nz ,�)� �̂0(ânz ,� + â

†
nz ,+)

i
,

ĤA2 =
1X

nz=1

1X

n0
z=1

h̄gnzgn0
z

!c
(ânz ,� + â

†
nz ,+)(ân0

z ,+ + â
†
n0
z ,�) , (2c)

where �̂†
0 (�̂0) is the creation (annihilation) operator for the collective CR excitation of the electrons

in the highest Landau level, which satisfy [�̂0, �̂
†
0] = 1, â†nz ,⇠

(ânz ,⇠) represents the creation (anni-

hilation) operator for cavity photons of the nzth-order cavity mode with polarization ⇠, where ⇠ is

the polarization index, with ‘+’ and ‘�’ representing the CRA and CRI circularly polarized mode,

respectively, gnz = g0

p
!c/!cav is the coupling rate of CR with the nzth-order cavity mode, where

g0 =
p

e2n/("0"cavm
⇤L) is the coupling rate at zero detuning, L is the effective cavity length, and

"cav is the permittivity of the cavity filling material.

The vacuum BS shift results from counter-rotating coupling between the CR and the cavity

vacuum field. In the full Hamiltonian, Equation (1), it only appears in Ĥint as products of the

CR operators (�̂†
0 and �̂0) with the CRI mode photon operators (â†nz ,� and ânz ,�). These products

constitute the so-called counter-rotating terms (CRTs). On the other hand, the A
2 terms (ĤA2), as

shown in Equation (2c), affects both the CRA and the CRI modes. When the CR-photon interaction

enters the USC regime, both the CRTs and the A
2 terms can lead to a breakdown of the RWA. We

found that only by measuring the CRI mode dispersion can one distinguish the contributions from

9
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The vacuum Bloch-Siegert shift appears only
on the CRI side only in the USC regime.
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Summary (Part I)
THz Cavity QED

We have developed high-Q THz cavities that are
easy to fabricate usable for studying a variety of materials

compatible with low T & high B

Landau polaritons in a high-mobility 2DEG revealed

ultrastrong coupling with a record-high cooperativity (> 3.5 x 102)

vacuum Bloch-Siegert shift (distinguished from the A2 shift), 
coming from the counter-rotating terms in the Hamiltonian

coherent THz-light/matter coupling à Landau polaritons

Magnetic)Field)(T)

Fr
eq
ue
nc
y)
(T
H
z)

UP

LP

CRI

THz Cavity QED = THz Strong-Field Physics + THz 
Quantum Optics + THz Condensed Matter Physics
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  2g ∝ ne

Density (ne) Dependent Vacuum Rabi Splitting, 2g:
Cooperative Light-Matter Coupling
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Dicke Cooperativity:
Many-Body Enhancement of Coupling

The Tavis-Cummings (or Dicke) Hamiltonian

Ĥint =
NX

j=1

~g
�
�̂j,+â+ �̂j,�â

†�
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N ~g (b̂†â+ b̂â
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The Dicke Superradiant Phase Transition

Ann. Phys. 76,  360 (1973)
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On the Superradiant Phase Transition for 
Molecules in a Quantized Radiation Field: 

the Dicke Maser Model 

KLAUS HEPP 

Physics Department, ETH, Ziirich, 8049 Switzerland 

AND 

ELLIOTT H. LIEB* 

Mathematics Department, MIT, Cambridge, Mass. 02139, USA 

A system of N two-level molecules coupled to finitely many modes of a quantized 
radiation field via a truncated dipolar interaction is investigated. The thermodynamic 
and correlation functions can be exactly computed in the limit N -+ ~0. The system 
exhibits a second order phase transition from normal to superradiance. Different 
effective Hamiltonians with linear Heisenberg equations of motion become asymptotio 
ally exact in the limit N + co. 

I. INTRODUCTION 

The interaction of an ultraviolet cut-off quantized radiation field in a box A 
with a system of Nmolecules is described by the folIowing Hamiltonian [l](A = 1): 

where a#(k, A) are boson operators and 

AA(x) - T ,kzK (, A :, k ,)l,z 4k J9Mk A) eik- + a*& A) e-ik9. (1.2) 
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Phase Transition in the Dicke Model of Snperradiance*

Y. K. Wang and F. T, Hioe

(Received 10 October 1972)

A system of X two-level atoms interacting with a quantized field, the so-called Dicke model of
superradiance, is studied. By making use of a set of Glauber's coherent states for the field, the free
energy of the system is calculated exactly in the thermodynamic limit. The results agree precisely with
those obtained by Hepp and Lieb, who studied the same model using a different method. The exhibition
of a phase transition of the system is presented mathematically in an elementary manner in our
approach. The generalization to the case of finitely many radiation modes is also presented.

I. INTRODUCTION

The problem of a system of N two-level atoms
interacting with a radiation field has been studied
by a number of authors. ~ 8 In the so-called Dicke
model, the atoms are considered to be at fixed
positions within a linear cavity of volume V and
the separations between the atoms are assumed to
be large enough so that the direct interaction among
them can be ignored. However, by the fact that the
atoms interact with the same radiation field, the
atoms cannot be treated as independent. The im-
portance of treating the radiating atoms as a single
quantum system was recognized by Dicke' who cor-
rectly described a coherent spontaneous radiation
process of the system. An exact solution for the
Hamiltonian of N identical two-level atoms inter-
acting with a single-mode quantized radiation field
at resonance was given by Tavis and Cummings.
One of the most significant and interesting results
regarding the Dicke model was obtained very re-
cently by Hepp and Lieb. 7 They calculated exactly
the thermodynamic properties of the system, the
free energy in particular, in the thermodynamic
limit that N, V- ~, N/V= finite and showed that for
a sufficiently large value of the coupling constant
between the atoms and the field, the system exhib-
its a second-order phase transition from normal
to superradiance at a certain critical temperature.
The results of Hepp and Lieb are rigorous, but
the mathematics which they used in arriving at
their important results is somewhat abstract.
In this paper, we study the same problem by a

rather different method. Employing a set of co-
herent states of the field defined by Glauber, e we
find that the partition function of the system can
be expressed in terms of an integral which is
readily evaluated in the thermodynamic limit. The
results, which are in exact agreement with those of
Hepp and Lieb, are derived, as will be seen, in a
much more straightforward manner than the meth-
od used by them. The phase-transition property
of the Dicke model is shown, in our approach, to
be closely analogous to that of the Curie-gneiss
model of ferromagnetism given by the mean-field
theory. Other thermodynamic quantities such as
those relevant to the study of the photon statistics
of the system are also given readily by our method.
The generalization to the case in which the field
consists of finitely many radiation modes is
straightforward.
In Sec. II, the Dicke model of superradiance is

briefly reviewed. The free energy of the model is
evaluated exactly and analyzed in detail in Sec. III.
The generalization to the multimode case is pre-
sented in Sec. IV. Finally, a conclusion and a few
remarks on other possible generalizations are
given in Sec. V.

II. DICKE MODEL OF SUPERRADIANCE

First let us briefly review the Dicke model of
superradiance. %e consider a system of N iden-
tical two level atoms, coupled through dipole in-
teractions with an electromagnetic field in a cavity
of volume V'. The atoms are kept at fixed position
and the dimension V is much smaller than the

Copyright 1973 by The American Physical Society.
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The Dicke Superradiant Phase Transition g > !0

態 |g0⟩が不安定になることは 1969年にW. R. Malloryによって示された 13)．N → ∞

の極限で g2 > ωaωc において電磁場と原子集団の分極や電流が熱平衡下で自発的に期待

値を獲得すること，つまり超放射相転移することは，1973年に K. Heppと E. H. Liebに

よって示された 8)．同年，Y. K. Wangと F. T. Hioeによって，明快な計算法が示され

た 14)．

 
ᗘ

 k
B
T

 / 
ħ
ω

a

┦஫స⏝ࡢᙉࡉ g / ωa

αeq /   N√¯¯

Tc

図 3 Dicke Hamiltonian [式 (1)] で記述される系の N → ∞ の極限での相図．温度
T と相互作用の強さ g を，それぞれ kBT/!ωa と g/ωa に無次元化して縦軸と横軸と
し，電磁場の期待値 αeq = ⟨â⟩ を

√
N で規格化して，赤色でプロットした．太線で

示す臨界温度 Tc において超放射相転移（2次の相転移）が起こる．ここでは，単純に
ωc = ωa としており，g >

√
ωaωc = ωa において超放射相が得られる．

図 3に相図を示す．縦軸は温度 T を kBT/!ωa として無次元化し，横軸は g/ωa とし，

熱平衡下での電磁場の期待値 αeq = ⟨â⟩を
√
N で規格化した値を赤色でプロットした*9．

ここでは単純に ωc = ωa としており，g >
√
ωaωc = ωa において，太線で示した臨界温度

Tc を境に電磁場が期待値を獲得した超放射相が現れる（2次の相転移である 8)）．g の増

大と共に，臨界温度 Tcは高まっていく．図示してはいないが，各原子の分極や電流も期待

値 ⟨σ̂j⟩ = −(ωc/g)αeq/
√
N を獲得する．図 3が超放射相転移を示す系の典型的な相図で

ある．次々節で触れるように，絶対零度や温度を定義できない非平衡下で，Hamiltonian

中のパラメータ g などを変化した際に得られる転移が，近年では量子相転移として議論

されてもいる 15–17)．有限温度ではなく絶対零度，つまり基底状態のみを議論するなら，

Holstein–Primakoff変換による解析が分かりやすい 15,16)．この解析法に基づいて，ここ

*9 つまり，光子の数 αeq2 は原子数 N でスケールする．
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K. Hepp & E. H. Lieb, Ann. Phys. 76,  360 (1973) Y. K. Wang & F. T. Hioe, Phys. Rev. A 7, 831 (1973)
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The Dicke Superradiant Phase Transition g > !0
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No-Go Theorem for the Dicke Phase Transition (?)
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Phase Transitions, Two-Level Atoms, and the A2 Term
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We show that the presence of the recently discovered phase transition in the Dicke
Hamiltonian is due entirely to the absence of the A terms from the interaction Hamil-
tonlan.

Consider the well- studied Hamiltonian
E E

II, = "g ot'+I(rata+~ Q (v, 'a+o, at).j~ 1
This Hamiltonian describes the collective interaction of a single mode of radiation (frequency co) with
a single transition between levels a and b (frequency &u„&0) in N identical two-level atoms. Operators
a and a denote here the annihilation and creation operators of the photons; cr&', o;, o,. are Pauli ma-
trices used to describe the jth atom. The Hamiltonian (1), sometimes called the Dicke Hamiltonian,
may be derived' from the more familiar one

II = Q p, ——A(r, ) +V(r;) +h(cata
SFL C
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Dicke Superradiant Phase Transition: Ongoing Debate

Elimination of the A-Square Problem from Cavity QED

András Vukics,1,* Tobias Grießer,2 and Peter Domokos1
1Institute for Solid State Physics and Optics, Wigner Research Centre for Physics, Hungarian Academy of Sciences,

P.O. Box 49, H-1525 Budapest, Hungary
2Institut für Theoretische Physik, Universität Innsbruck, Technikerstraße 25, 6020 Innsbruck, Austria

(Received 2 October 2013; published 20 February 2014)

We generalize the Power-Zineau-Woolley transformation to obtain a canonical Hamiltonian of cavity
quantum electrodynamics for arbitrary geometry of boundaries. This Hamiltonian is free from the A-square
term and the instantaneous Coulomb interaction between distinct atoms. The single-mode models of cavity
QED (Dicke, Tavis-Cummings, Jaynes-Cummings) are justified by a term by term mapping to the
proposed microscopic Hamiltonian. As one straightforward consequence, the basis of no-go argumenta-
tions concerning the Dicke phase transition with atoms in electromagnetic fields dissolves.

DOI: 10.1103/PhysRevLett.112.073601 PACS numbers: 42.50.Pq, 05.30.Rt, 37.30.+i, 42.50.Nn

The fundamental description of the interaction of atom-
istic matter with the electromagnetic field in the Coulomb
gauge is known to suffer from the presence of an awkward
term containing the square of the vector potential. In most
of the practical cases, in the framework of a diluteness
assumption for the atoms, this term can be neglected and
the observable effects are ultimately accounted for in terms
of a simplified model, such as the Jaynes-Cummings one.
In typical quantum optical systems, such a phenomeno-
logical approach with properly adjusted parameters usually
gives a satisfactory quantitative accuracy. However, there
are situations where even the qualitative behavior of the
system is questionable because of the confusion around
this term. A prominent example is the Dicke model, where
the very existence of the predicted superradiant phase
transition depends on the validity of the adopted effective
model [1–4]. Another important field in this respect is the
so-called ultrastrong coupling regime [5] realized by
novel artificial systems [6,7], where the Coulomb gauge
entailing the A-square term is not well suited to the
consistent description of light-matter interaction and the
self-interaction within the polarizable medium [8].
In this Letter, we show that cavity quantum electrody-

namics, i.e., when the field itself as well as the light-matter
interaction is significantly influenced by the presence of
boundaries, can be established at a fundamental level on a
Hamiltonian which eliminates the problem of the A-square
term. We present a canonical transformation which makes
manifest that this term is compensated by a dipole-dipole
interaction term, and the remaining terms are of a simple
linear form [9]. From our approach, it follows, for example,
that there is no principle that would prevent the super-
radiant phase transition in the case of an ensemble of
atomic dipoles in a cavity. The canonical transformation is
analogous to the Power-Zienau-Woolley transformation in
free space; however, in our approach we allow for arbitrary
geometry, thereby treating the general cavity QED system.

All our vector fields are, thus, defined on a generic
(possibly even multiply connected) domain D in the
three-dimensional real space bounded by (possibly several
disjunct) sufficiently smooth surfaces ∂D, which consist of
a perfect conductor. Overall, D is assumed to be bounded.
Consider an arbitrary number of point charges coupled to

the electromagnetic field confined into D. In the Coulomb
(minimal-coupling) gauge, defined by

∇ ·A ¼ 0 ; (1)

the Hamiltonian of the system reads

H¼
X

α

½pα−qαAðrαÞ%2

2mα
þε0

2

Z

D
d3rð∇UÞ2þHfield; (2a)

with U being the scalar potential, pα the canonical
momentum of particle α conjugate to its position rα, and

Hfield ¼
ε0
2

Z

D
d3r

!"
Π
ε0

#
2

þ c2ð∇ ×AÞ2
$
; (2b)

with Π ¼ ε0 ∂tA being the momentum conjugate to A.
An important observation is that, unlike in free space,

condition (1) does not fix the potentials completely.
The remaining freedom of choosing the potentials within
the Coulomb gauge amounts to a freedom in choosing
different constant values for U on each of the connected
components of ∂D, which will result in various configu-
rations of capacitor fields carried by U. Our choice, here,
will be to set

Uj∂D ¼ 0 and A × nj∂D ¼ 0 : (3)

Together with Eq. (1), the latter condition makes up for the
vector potential satisfying both the electric and magnetic
boundary conditions [10].

PRL 112, 073601 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

21 FEBRUARY 2014

0031-9007=14=112(7)=073601(5) 073601-1 © 2014 American Physical Society

PHYSICAL REVIEW A 90, 063825 (2014)

Stability of polarizable materials against superradiant phase transition

Motoaki Bamba* and Tetsuo Ogawa
Department of Physics, Osaka University, 1-1 Machikaneyama, Toyonaka, Osaka 560-0043, Japan

(Received 10 June 2014; published 16 December 2014)

The possibility of the superradiant phase transition in polarizable materials described by the minimal-coupling
Hamiltonian with the longitudinal dipole-dipole interaction is examined. We try to reduce the Hamiltonian
into the Dicke one in the homogeneous and infinite case, and discuss the stability of normal ground state by
the formalism of the Green function in the spatially inhomogeneous case. The presence of the longitudinal
dipole-dipole interaction does not enable the superradiant phase transition, if the transverse and longitudinal
fields are decoupled. Although the full dipole-dipole interaction can be eliminated in the electric-dipole gauge in
the absence of overlap between individual atomic dipoles, we cannot reduce the Hamiltonian to the Dicke one,
because the elimination is justified only if all the transverse and longitudinal fields remain. Even if the transverse
and longitudinal fields are mixed in spatially inhomogeneous systems, the normal ground state is still stable if
the system does not show the superradiant phase transition in the homogeneous case.
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I. INTRODUCTION

The light-matter interaction has been discussed by the
classical electrodynamics, in which the Maxwell equations
describe the dynamics of the electromagnetic fields in matters,
and also by the quantum electrodynamics [1]. In the latter
regime, an ensemble of atoms interacting with the radiation
field in a cavity has been supposed as a standard model for
discussing a variety of optical phenomena, e.g., studying the
laser [2], which are well described by the Dicke Hamiltonian

ĤDicke = !ωcâ
†â+

N∑

λ=1

!ωa

2
σ̂ z

λ +
N∑

λ=1

i!g̃√
N

(â†σ̂λ − σ̂
†
λ â).

(1)

Here, â is the annihilation operator of a photon in a cavity
mode with a frequency ωc. σ̂ z

λ = |eλ⟩⟨eλ| − |gλ⟩⟨gλ| and σ̂λ =
|gλ⟩⟨eλ| are operators involving the λth atom with ground state
|gλ⟩ and excited one |eλ⟩, and ωa is the frequency difference
between them. N is the number of atoms, and g̃ represents
the strength of the light-matter coupling. When the coupling
strength goes into the ultrastrong regime (g̃ ! ωa,ωc), it is
known [3–5] that the radiation field and the atomic polarization
get nonzero amplitudes even in the ground state of the system
described by the Dicke Hamiltonian (1). This is called the
superradiant phase transition (SPT). However, it is also known
that the SPT is prevented by the presence of the A2 term [6–9]

ĤA2 = !g̃2

ωa
(â+ â†)(â+ â†) (2)

appearing in the Coulomb gauge [1], and also by the P 2 term

ĤP 2 =
∑

λ,λ′

!g̃2

Nωc
(σ̂λ + σ̂

†
λ )(σ̂λ′ + σ̂

†
λ′) (3)

appearing in the electric-dipole gauge [10,11]. Further, the SPT
was also discussed from the viewpoint of gauge invariance
[12–14]. Concerning the minimal-coupling Hamiltonian with
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the Coulomb interaction [in the Coulomb gauge and shown
in Eq. (4)], the SPT is forbidden at least under the dipole
approximation (no-go theorem) [14,15], and is also denied
beyond that approximation but in the classical treatment of the
radiation field [16]. Due to the gauge invariance, the SPT in
the same system is denied also in the electric-dipole gauge.

Although we do not yet find any real systems for obtaining
the SPT in equilibrium situations, it is recently recognized
that the SPT can occur effectively at least in nonequilibrium
situations (driven-dissipative systems). It was suggested the-
oretically that an analog of the Dicke Hamiltonian (without
A2 or P 2 term) can be constructed in a system of multilevel
atoms under coherent pumping [17], and a phase transition
corresponding to the SPT has been observed experimentally
in the system of cold atoms [18]. Further, in recent years, the
ultrastrong light-matter coupling has also been realized in a
variety of systems [19–28]. Now, the possibility of the SPT re-
attracts an attention [29–32] in the direction of how the Dicke
Hamiltonian is constructed and the SPT occurs in real systems,
although it is not yet observed in the equilibrium situations.

In order to investigate the systems with the ultrastrong
light-matter coupling quantitatively and qualitatively, it is
inevitable to understand precisely the Hamiltonian of those
systems, i.e., whether the A2 or P 2 term exists and the SPT
can occur even in the equilibrium situations. For example, its
possibility involving the magnetic-dipole interaction involving
electron spins [13] is not yet denied. The gauge transformation
under finite-level and finite-mode approximations, which are
performed for deriving the Dicke Hamiltonian (1) and destroy
the gauge invariance, is also recognized as a problem from
the experimental viewpoint in the ultrastrong light-matter
coupling regime [22,33,34]. Further, it was recently pointed
out in Refs. [35,36] that the P 2 term seems to disappear in the
electric-dipole gauge thanks to the presence of the longitudinal
dipole-dipole interaction and the absence of overlap between
individual atomic dipoles (atoms are well separated from
each other), and the SPT seems to occur at first glance.
This indication does not violate the gauge invariance, and
avoids the no-go theorem [14,15] by the modification of the
Hamiltonian, although the model itself seems to be included in
those discussed by the no-go theorem [14,15] in the Coulomb
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We predict the existence of novel first-order phase transitions in a general class of multiqubit cavity
systems. Apart from atomic systems, the associated superradiant phase transition should be observable
in a variety of solid-state experimental systems, including the technologically important case of
interacting quantum dots coupled to an optical cavity mode.
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Phase transitions in quantum systems are of great
interest to the solid-state and atomic communities [1,2],
and have even caught the attention of the quantum infor-
mation community in connection with entanglement
[3,4]. Most of the focus within the solid-state community
has been on phase transitions in electronic systems such
as low-dimensional magnets [1,2] while in atomic physics
there has been much interest in phase transitions in cold
atom gases and in atoms coupled to a cavity. In particular,
a second-order phase transition, from normal to super-
radiance, is known to arise in the Dicke model which
considers N two-state atoms (i.e., ‘‘spins’’ or ‘‘qubits’’
[3,4]) coupled to an electromagnetic field (i.e., bosonic
cavity mode) [5–7]. The Dicke model itself has been
studied within the atomic physics community for
50 years, but has recently caught the attention of solid-
state physicists working on arrays of quantum dots,
Josephson junctions, and magnetoplasmas [8]. Its exten-
sion to quantum chaos [9], quantum information [10], and
other exactly solvable models has also been considered
recently [11].

Despite its obvious appeal, the Dicke model ignores
interactions between the spins. In atomic systems where
each spin is an atom, this is arguably an acceptable
approximation if the atoms are neutral and the atom-
atom separation d ! a where a is the atomic diameter.
However, there are several reasons why this approxi-
mation is unlikely to be valid in typical solid-state sys-
tems. First, the spin can be represented by any nano-
structure (e.g., quantum dot) possessing two well-
defined energy levels, yet such nanostructures are not
typically neutral. Hence, there is, in general, a short-
ranged (due to screening) electrostatic interaction be-
tween neighboring nanostructures. Second, even if each
nanostructure is neutral, the typical separation d between
nanostructures in fabricated arrays is similar to the size
of the individual nanostructures themselves (102–103 A).
Hence, neutral systems such as excitonic quantum dots

still have a significant interaction between nearest neigh-
bors [12].

Motivated by the experimental relevance of spin-spin
interactions, we introduce and analyze a generalized
Dicke Hamiltonian which is relevant to current experi-
mental setups in both the solid-state and atomic commun-
ities [13]. We show that the presence of transverse spin-
spin coupling terms leads to novel first-order phase tran-
sitions associated with superradiance in the bosonic cav-
ity field. A technologically important example within the
solid-state community is an array of quantum dots
coupled to an optical mode. This mode could arise from
an optical cavity or a defect mode in a photonic band gap
material [13]. However, we emphasize that the N spins
may correspond to any two-level system, including super-
conducting qubits and atoms [8,13]. The bosonic field is
then any field to which the corresponding spins couple
[8,13]. Apart from the experimental prediction of novel
phase transitions, our work also provides an interesting
generalization of the well-known Dicke model.

Just as the themodynamic results for the original Dicke
model turned out to be valid for a wider class of Dicke-
like Hamiltonians [7], the results we present are actually
valid for a wider class of Hamiltonian incorporating spin-
spin and spin-boson interactions [14]. However, for sim-
plicity we focus here on a straightforward example:

H " aya#
XN

j"1

!
!

2
""""

N
p $a# ay%$"#

j # "&
j %

# #
2
"Z

j &J"Y
j '"Y

j#1

#

(1)
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Following the discussions above, the experimental spin-
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An argument is given which rules out super-radiant phase transitions in which the atone states 'involved
are connected by electric-dipole matrix elements. The argument is based on gauge invariance, and is valid
even in the presence of direct interatomic interactions. Its relevance is demonstrated by presenting a number
of two-level models exhibiting super-radiant phase transitions which are not forbidden by previous sum-rule
arguments. As a preliminary to the argument, the nature of the super-radiant phase transition is discussed,
and a simple model is given which reproduces its main features. It is argued, finally, that in at least one
case in which our argument fails a super-radiant phase transition is possible in principle.

I. INTRODUCTION

The possibility of a phase transition involving
resonant interaction of a collection of atoms with
the electromagnetic field in a cavity is a very at-
tractive one. The order parameter for such a
transition, being the field itself, would be acces-
sible to refined measurements, possibly giving a
new method of studying interacting atomic sys-
tems. A super-radiant phase transition of the kind
described was shown by Hepp and Lieb' to follow
rigorously from a thermodynamic treatment of the
Dicke model, ' used previously to discuss radiation
phenomena far from thermal equilibrium. Later,
Rzazewski, Wodkiewicz, and Zakowicz' showed
that this result is a consequence of the neglect of
the 4' and counter-rotating terms in the Dicke
Hamiltonian, and that the Thomas-Reiche-Kuhn
sum rule places a constraint on the coefficients
of these terms which rules out the phase transi-
tion. '
Underlying this result is the fact that gauge in-

variance requires the presence of the A' and
counter-rotating terms, as has recently been re-
emphasized by Wooley. ' .In fact, the sum rule can
be derived from charge-current conservation, ' an
immediate consequence of gauge invariance. When
these terms are dropped, the remaining part of
the kinetic energy term in the fundamental Ham-
iltonian can become negative, allowing false con-
clusions concerning the energies and thermal
properties of the system.
The work cited above does not make clear, how-

ever, the impossibility of some kind of phase
transition involving an electromagnetic field
which becomes large due to interactions with an
atomic system. Indeed, phase transitions are ex-
hibited by a number of extended versions of the
Dicke model w'hich have been treated in the litera-
ture. ' " We have constructed additional examples
which show' that phase transitions can occur in

two-level systems which satisfy all the cohstraints
imposed by the sum rule. These models have di-
rect interatomic interactions in addition to the
proper A' and counter-rotating terms.
In the present paper, we seek a criterion which

will enable us to assess the validity of these mod-
els and to determine whether a phase transition
of super-radiant type can occur in principle in a
physical system. We find an argument, based on
the gauge invariance of the fundamental Hamjlton-
ian, which is stronger than previous arguments,
and which can be applied more generally. One of
the consequences of the argument is that no two-
level model where the atoms make electric-dipole
transitions can validly exhibit a super-radiant
phase transition. We then show that there still
exist physical systems for which such a phase
transition is not ruled out.
We begin by describing some preliminary no-

tions concerning the .nature of the phase transition
which have motivated our work. In the. model in-
troduced by Dicke, a single mode of the electro-
magnetic field interacts with a collection of N two-
level atoms via a term proportional to &D, where
& is a component of the vector potential and & the
corresponding component of the total electric-di-
pole moment of the atoms. If this system is
brought to thermal equilibrium below a critical
temperature T„it is found to be: in a state which
differs from the normal equilibrium state above
T, in several respects, provided the strength of
the atom-field interaction is large enough to sat-
isfy a certain condition given by Hepp and Lieb.
The photon number n is macroscopic and of the
order of the number N of atoms, rather than being
of order unity as given by the Planck formula;
Furthermore, A. and D become large —& of order
WN and D of order N—and have a well-defined rel-
ative phase.
When the temperature is decreased to zero, the

system retains these properties as it continuously
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Abstract
Phase transitions of a generalized Dicke model in the Coulomb gauge—
including A2 terms in the matter–radiation coupling, as well as direct dipole–
dipole interaction terms—are studied. After a brief review of previous work
on the ‘no-go theorem’ for phase transitions in the Dicke model, it is shown
that a consistent truncation of the radiation modes and of the direct interactions
leads to a model that does have a phase transition. When transformed to the
electric dipole gauge, such a system takes exactly the form of the original Dicke
Hamiltonian, which displays the expected phase transition.

1. Introduction

The Dicke model [1] has been long studied as a model of collective behaviour of radiation
coupled to matter. In its original form, it describes a set of two-level systems with constant
energy, coupled to a single photon mode, i.e. a bosonic field. At low temperatures, the Dicke
model has a phase transition, below which the two-level systems become polarized, and there
is an expectation for the bosonic field [2–4]. This transition occurs even in the canonical
ensemble, and so would describe the instability of the vacuum of the interacting light–matter
system to spontaneous generation of a photon field. However, if the Dicke model is understood
as an approximation of the interaction of light and matter in the Coulomb (A · p) gauge, then
the Dicke model neglects terms like A2. As shown by Rza̧żewski et al [5, 6], including such
terms prevents the phase transition occurring.

Generalizations of the Dicke model have been studied in many contexts, including
polariton condensation [7–9], quantum computing [10–12], and the dynamics of strongly
interacting fermionic atomic gases near a Feshbach resonance [13, 14]. In several of these
examples, phase transitions are studied, but in the grand canonical ensemble, i.e. with
constrained density, in which case the A2 terms do not destroy the phase transition [8]. One
reason for its wide use is that, in the rotating wave approximation, the generalization of the
Dicke model with varying two-level system energies, but constant couplings to the photon field,
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An argument is given which rules out super-radiant phase transitions in which the atone states 'involved
are connected by electric-dipole matrix elements. The argument is based on gauge invariance, and is valid
even in the presence of direct interatomic interactions. Its relevance is demonstrated by presenting a number
of two-level models exhibiting super-radiant phase transitions which are not forbidden by previous sum-rule
arguments. As a preliminary to the argument, the nature of the super-radiant phase transition is discussed,
and a simple model is given which reproduces its main features. It is argued, finally, that in at least one
case in which our argument fails a super-radiant phase transition is possible in principle.
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The possibility of a phase transition involving
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these terms are dropped, the remaining part of
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Coherent THz Magnon Excitation

Our large H increases the scale of the magnetic energy so that it is comparable with or even larger than E and D;
hence, our experiment provides an unprecedented opportunity for studying the microscopic interaction mechanism
in the crystal. The splitting in Fig. 1d indicates a breakdown of the two-sublattice approximation. Specifically, the
rare earth ions can have slight displacements from the high symmetry axes. The displacement of Y3+ induces a slight
distortion in the crystal field experienced by the Fe3+ spins, leading to sublattice degeneracy breaking. We used Eq. (2)
to fit the lines in Fig. 1d, given the known values of E and D. We determine that Ax = 5.17 µeV and Az = 3.23 µeV for
the first set while Ax = 5.58 µeV and Az = 3.49 µeV for the second set. The anisotropy energy differences between the
two groups of parameters are less than 0.5 µeV, which are so small that previous low-H experiments could not resolve
this difference. The crystal field effect plays a critical role in the magnetic properties of rare-earth orthoferrites, and our
results demonstrate a way to quantitatively analyze the delicate aspects of it to reveal both the fundamental physical
nature of these spins and may provide crucial information for practical applications of these unique THz magnons.

Fig. 1. (a) Schematic diagram of the experimental setup. (b) Measurement scheme to show the sampled mag-
netic fields while rapidly performing multiple single-shot THz measurements. (c) Time-domain waveforms of
the transmitted THz radiation at various magnetic fields. Clear beating behavior is observed at the highest mag-
netic fields. (d) Fast Fourier transform of the time-domain data showing two well-resolved frequency modes
above 20 T. (e) Center frequency of the quasi-ferromagnetic modes as a function of magnetic field.
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Figure 2: Energy-level diagram and absorption spectra for ErFeO3. (A) Energy-level splitting
scheme of Er3+ ions due to multiple effects. The levels shown by red lines are involved in the transitions
observed in our experiments. (B) Absorption coefficient spectra at various magnetic fields from 0 T to
10 T. The measurement conditions are: HTHz k b, HDC k c, and T = 30K. The labeled blue and purple
dashed lines are the calculated results in (C). The white dashed line is the Fe3+ qFM magnon mode.
(C) Calculated energy levels for the |i = 1i and |i = 2i crystal-field doublets as a function of magnetic
field. Transition lines observed in (B) are labeled. Line A is the Er3+ EPR that interacts with the Fe3+

qFM magnon. Exchange splittings happen at zero magnetic field due to the Fe3+–Er3+ static interaction.
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Based on the above considerations, we extracted the values of ⇤ for all spectra in Figs. 3A-

3K where a spectroscopic anticrossing is resolvable, and plotted these values versus p⌘spin !FM

in Fig. 3L. It can be seen that all data points fall onto a line that passes through the origin. This

scaling behavior for the vacuum Rabi splitting evidences that the Er3+ spins are cooperatively

coupled to the Fe3+ vacuum magnon field.

In order to extract more quantitative information from our experimental data, we devel-

oped a microscopic theoretical model. For the Fe3+ subsystem, we followed the treatment

of Herrmann (32). The Hamiltonian ĤFe takes into account the symmetric exchange, anti-

symmetric exchange, and anisotropy of the spins in the two sublattices, S2l�1 and S2l, where

l = 1, 2, ..., NUC is the unit-cell index (with NUC being the total number of unit cells). For

the Er3+ subsystem, we modeled the EPR associated with the |1�i ! |1+i transition as

the Larmor precession of an Er3+ spin Rl in the l-th unit cell. The EPR Hamiltonian is

ĤEr =
PNUC

l=1 �µ̂l · µ0HDC, where µ̂l is the magnetic moment, which is expressed as the dot

product of the anisotropic Landé g-factor and Rl, and µ0 is the vacuum permeability.

As shown in Fig. 4A, the Er3+ EPR interacts with the Fe3+ qFM magnon (represented by

the oscillation of S+ = S2l�1 + S2l) through both the symmetric and antisymmetric exchange

interactions (16, 33). The dipolar interactions are neglected because, according to Ref. (26), its

energy scale is much smaller than the exchange interactions. The Fe3+–Er3+ coupling Hamil-

tonian for ErFeO3 is

ĤFe-Er =
NUCX

l=1

[J1R̂l · Ŝ2l�1 + J2R̂l · Ŝ2l +D1 · (R̂l ⇥ Ŝ2l�1) +D2 · (R̂l ⇥ Ŝ2l)], (1)

where J1 and J2 (D1 and D2) are the symmetric (antisymmetric) exchange constants.

We expanded the Fe3+ spins about their equilibrium positions, Ŝ2l�1 = S̄2l�1 + �S2l�1,

and Ŝ2l = S̄2l + �S2l, where S̄ is the static equilibrium position and �S is the time-dependent

small deviations responsible for magnons; see S̄+ and �S+ in Fig. 4A. We found that ĤFe-Er can

12

To derive the Fe3+-Er3+ hybrid mode dispersion, we only need to consider the
quasi-FM magnon mode, so we can simplify Ĥmag as

Ĥmag ! ~!FMâ
†
â, (S57)

where !FM = �

p
(b� a)(d+ c) can be determined from experiments. Similarly,

the Er3+ paramagnetic resonance Hamiltonian can be simplified as

ĤEr ! ~!Erb̂
†
b̂. (S58)

Here, !Er(HDC) = (E+(HDC)� E�(HDC))/~ is a function of HDC, and E+ (E�)
is the energy of the |1+i (|1�i) state. Furthermore, in ĤFe–Er, only the dynamic
component ĤFe–Er,dynamic contributes to the spectroscopic anticrossing, which is
expressed in Eq. (S48) as

ĤFe–Er,dynamic = i~g
⇣
b̂
† + b̂

⌘ �
â
†
� â

�
. (S59)

Therefore, we can used the following simplified total Hamiltonian

Ĥ ! ~!FMâ
†
â+ ~!Erb̂

†
b̂+ i~g

⇣
b̂
† + b̂

⌘ �
â
†
� â

�
. (S60)

The equations of motion of this Hamiltonian are derived as

i
@

@t
â = !FMâ+ ig(b̂† + b̂) (S61a)

i
@

@t
b̂ = !Erb̂+ ig(â† � â) (S61b)

Then, we get

(!FM
2
� !

2)(â† � â)� i2g!FM(b̂
† + b̂) = 0 (S62a)

(!Er
2
� !

2)(b̂† + b̂) + i2g!Er(â
†
� â) = 0 (S62b)

(!FM
2
� !

2)(!Er
2
� !

2)� 4g2!FM!Er = 0 (S63a)
!
4
� (!FM

2 + !Er
2)!2 + !FM!Er(!FM!Er � 4g2) = 0 (S63b)

The eigen-frequencies of the Fe3+-Er3+ coupled modes are obtained by solving
this equation. One thing to note is that, the expression of g (Eq. (S55)) explic-
itly contains HDC; the experimentally determined splitting at zero detuning g(B0)
only applies to the zero detuning magnetic field. In Fig. 4B of the main text, we
plotted the calculated dispersion using the the model described above with an ex-
perimental data at 10 K.
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Strong light–matter coupling continues to stimulate much inter-
est in diverse disciplines, including quantum optics1, semi-
conductor optoelectronics2, ultrafast optics3, plasmonics4, 

magnetism5 and circuit quantum electrodynamics6. Resonant cou-
pling leads to light–matter hybridization into two normal modes 
with an energy separation, ħΩR, known as the vacuum Rabi split-
ting (VRS). Different regimes exist, depending on the value of the 
coupling constant g, with 2g ≈  ΩR when g ≫  κ, γ, where κ (γ) is the 
photon (matter) decay rate. The strong coupling regime is achieved 
when the cooperativity 4g2 / (κγ) >  1. Furthermore, the ultrastrong 
coupling regime arises when g / ω0 >  0.1, where ω0 is the resonance 
energy, whereas the deep strong coupling regime is defined as 
g / ω0 >  1 (ref. 7). In these regimes of light–matter coupling, a variety 
of phenomena and states are predicted to occur, for example, a two-
mode squeezed vacuum state8,9, induced by the dynamic Casimir 
effect10–12 or through spontaneous conversion13, unusual photon 
counting statistics14, light–matter decoupling15 and the Dicke super-
radiant phase transition16,17.

Microcavity polaritons based on Wannier excitons in inorganic 
semiconductors18 remain in the strong coupling regime, typically 
with g / ω0 <  10−2. Frenkel excitons in organic semiconductors have 
large binding energies and oscillator strengths and have displayed 
larger VRS19,20. Moreover, nanomaterials with large-binding-energy 
Wannier excitons, such as transition metal dichalcogenides21 and 
single-wall carbon nanotubes (SWCNTs)22,23, have recently emerged, 
providing a platform for studying strong coupling physics under 
extreme quantum confinement. In particular, one-dimensional 
(1D) excitons in SWCNTs have enormous oscillator strengths, 
revealing giant VRS in devices containing a film of randomly ori-
ented single-chirality SWCNTs22.

However, the VRS value in a given exciton–polariton system is 
typically a single constant. One particular class of phenomena that 
tunable coupling strength allows one to study is the physics of excep-

tional points (EPs)24 in an open or dissipative system with a non-
Hermitian Hamiltonian. EPs are spectral singularities where both 
the eigenenergies and eigenstates coalesce. The rich physics at and 
around EPs have been demonstrated in diverse physical systems, 
including microwave cavities25, coupled atom–cavity systems26, 
photonic crystal slabs27 and exciton–polariton billiards28. Exotic 
phenomena associated with EPs have been observed, including 
unidirectional transmission and reflection29, loss-induced revival of 
lasing30 and nontrivial geometric phases by encircling EPs25,28.

Here, we describe a microcavity exciton–polariton system with 
built-in coupling-strength tunability and on-demand ultrastrong 
coupling. The system is based on a centimetre-sized uniform film of 
aligned, packed and single-chirality (6,5) SWCNTs31,32 in a Fabry–
Pérot microcavity. The observed value of VRS was up to 329 meV, 
the highest value ever reported for Wannier excitons, which also 
corresponds to the largest value ever achieved (13.3%) for the ratio 
of the coupling strength to the transition energy in a microcavity 
Wannier exciton–polariton system. Interestingly, this large VRS 
appears only when the polarization of probe light is parallel to the 
nanotube alignment direction. For light with perpendicular polar-
ization, no VRS was observed. This polarization-dependent VRS 
allowed us to continuously transition from weak coupling to the 
strong and ultrastrong coupling regimes through simple polariza-
tion rotation. We observed this behaviour both for the first inter-
band (E11) exciton–polaritons in the near-infrared range and the 
second interband (E22) exciton–polaritons in the visible range. 
Continuous mapping of the polariton dispersion surfaces revealed 
four EPs, or two pairs of EPs, symmetrically located with respect to 
the origin in momentum space, details of which are describable by a 
model based on quantum Langevin equations. We found two equie-
nergy arcs bounded by each pair of the EPs, and the upper and lower 
polariton branches coalesce onto the arcs. Furthermore, the VRS 
exhibited cooperative enhancement, proportional to the square root 

Continuous transition between weak and 
ultrastrong coupling through exceptional points in 
carbon nanotube microcavity exciton–polaritons
Weilu Gao! !1, Xinwei Li1, Motoaki Bamba! !2,3 and Junichiro Kono! !1,4,5*

Non-perturbative coupling of photons and excitons produces hybrid particles, exciton–polaritons, which have exhibited a vari-
ety of many-body phenomena in various microcavity systems. However, the vacuum Rabi splitting (VRS), which defines the 
strength of photon–exciton coupling, is usually a single constant for a given system. Here, we have developed a unique architec-
ture in which excitons in an aligned single-chirality carbon nanotube film interact with cavity photons in polarization-dependent 
manners. The system reveals ultrastrong coupling (VRS up to 329!meV or a coupling-strength-to-transition-energy ratio of 
13.3%) for polarization parallel to the nanotube axis, whereas VRS is absent for perpendicular polarization. Between these 
two extremes, VRS is continuously tunable through polarization rotation with exceptional points separating crossing and anti-
crossing. The points between exceptional points form equienergy arcs onto which the upper and lower polaritons coalesce. 
The demonstrated on-demand ultrastrong coupling provides ways to explore topological properties of polaritons and quantum 
technology applications.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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FIG. 1. (a) Scanning electron microscope image of a SWCNT
film on a sapphire substrate showing the high degree of nanotube
alignment. (b) Optical microscope image of the SWCNT film showing
the high uniformity of the nanotube lengths.

The highly aligned SWCNT samples used in this study
were synthesized via chemical vapor deposition, as described
in Refs. 27–31. The diameter range was 1–6 nm with an
average diameter of ∼2.7 nm.31 The as-grown lines of
aligned SWCNTs are vertically oriented with respect to the
growth substrate, their length determined by the duration of
catalyst exposure to the growth conditions. A high temperature
(750 ◦C), H2O vapor etch was then used to free the catalyst-
SWCNT interface,30 allowing the resulting aligned film to
be efficiently transferred to a host substrate (c-plane sapphire
or undoped silicon in our case). The transfer process results
in a homogeneous film (initially ∼2 µm thick) that remains
as-grown, highly aligned, and free of exposure to any solvent
or liquid. Figure 1(a) shows a top-down scanning electron
microscope image of the SWCNTs showing alignment present
in such a transferred film. Figure 1(b) shows a top-down
optical microscope image of this horizontally aligned SWCNT
film, indicating the high uniformity of the nanotube lengths
(∼75 µm in this case).

We used time-domain THz spectroscopy (TDTS) in the
7–100 cm− 1 range and Fourier-transform infrared spec-
troscopy (FTIR) in the 100–7000 cm− 1 range. The TDTS setup
used was a typical system based on photoconductive antennas
made from low-temperature grown GaAs.21,32 The THz beam
from the emitter was already highly linearly polarized, but
a wire-grid polarizer was placed eight inches from both the
emitter and the sample to increase the polarization degree of
the incident THz beam. As schematically shown in Fig. 2(a),
the SWCNT sample was rotated about the propagation
direction of the THz wave. This angle, θ , between the nanotube
axis and the THz polarization direction was varied from 0◦ to
90◦. Polarization-dependent THz transmission measurements
were performed on both the SWCNT film sample on a sapphire
substrate and a reference sapphire sample with the same
thickness as the sample substrate.

Figure 2(b) shows the transmitted time-domain waveforms
for four different angles (θ = 0◦, 30◦, 45◦, and 90◦), along
with the transmitted waveform from the reference sapphire
substrate. The 90◦ trace is particularly of note. It closely
follows the reference waveform, meaning that there is no
attenuation when the polarization of the incident beam is
perpendicular to the sample’s nanotube alignment. When
θ = 0◦ (parallel polarization), however, strong attenuation of
the THz wave is seen. The response of the sapphire reference
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FIG. 2. (Color online) (a) Experimental configuration. The angle
between the THz polarization direction and the nanotube alignment
direction, θ , was tuned between 0◦ and 90◦. (b) Transmitted THz
waveforms in the time domain for the reference sapphire substrate
(black dashed circled curve) and for the SWCNT film for different
angles (colored solid curves) between the THz polarization direction
and the nanotube alignment direction. (c) THz transmittance spectra
for four different polarization angles. As the angle between the
THz polarization and nanotube alignment direction increases, the
transmittance monotonically increases.

was totally isotropic. The amount of THz attenuation is more
evident in the frequency domain after Fourier-transforming
the time-domain waveforms and calculating transmittance
spectra, as shown in Fig. 2(c). Here, we plot the transmittance,
T = |Ẽs/Ẽr |2, as a function of frequency in the 0.2–1.8 THz
(7–60 cm− 1) range, where Ẽs and Ẽr are the complex THz
signals in the frequency domain for the sample (SWCNT film
on sapphire substrate) and reference (sapphire substrate only),
respectively. From this figure, we see that the transmittance
of the SWCNT film increases monotonically as the angle θ
increases from 0◦ to 90◦. When θ = 90◦, the transmittance
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The highly aligned SWCNT samples used in this study
were synthesized via chemical vapor deposition, as described
in Refs. 27–31. The diameter range was 1–6 nm with an
average diameter of ∼2.7 nm.31 The as-grown lines of
aligned SWCNTs are vertically oriented with respect to the
growth substrate, their length determined by the duration of
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SWCNT interface,30 allowing the resulting aligned film to
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made from low-temperature grown GaAs.21,32 The THz beam
from the emitter was already highly linearly polarized, but
a wire-grid polarizer was placed eight inches from both the
emitter and the sample to increase the polarization degree of
the incident THz beam. As schematically shown in Fig. 2(a),
the SWCNT sample was rotated about the propagation
direction of the THz wave. This angle, θ , between the nanotube
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90◦. Polarization-dependent THz transmission measurements
were performed on both the SWCNT film sample on a sapphire
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thickness as the sample substrate.

Figure 2(b) shows the transmitted time-domain waveforms
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follows the reference waveform, meaning that there is no
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evident in the frequency domain after Fourier-transforming
the time-domain waveforms and calculating transmittance
spectra, as shown in Fig. 2(c). Here, we plot the transmittance,
T = |Ẽs/Ẽr |2, as a function of frequency in the 0.2–1.8 THz
(7–60 cm− 1) range, where Ẽs and Ẽr are the complex THz
signals in the frequency domain for the sample (SWCNT film
on sapphire substrate) and reference (sapphire substrate only),
respectively. From this figure, we see that the transmittance
of the SWCNT film increases monotonically as the angle θ
increases from 0◦ to 90◦. When θ = 90◦, the transmittance
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Microcavity Exciton Polaritons
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Polariton Dispersion

200

160

120

80= :
R
 (m

eV
)

806040200
I (deg)

 Exp.
 Sim.

120

80

40

0

= :
R
 (m

eV
)

806040200
I�(deg)

120

80

40

0
2g (m

eV)

UP

LP

EPs

-4

0

4

k x
 (1

06  m
-1

)

-4 0 4
ky (106 m-1)

1.40

1.30

1.20

1.10

En
er

gy
 (e

V)

6420
kx or ky (106m-1) 

65

60

55

50Im
 (Z

r)
 (m

eV
)

6040200
g (meV)

90 60 40 20 0
I�(deg)

-0.10

-0.05

0.00

0.05

0.10

R
e 

(Z
r�
�Z

�)
 (e

V
)

6040200
g (meV)

90 60 40 20 0
I�(deg)

Figure 3

10

8

6

4

2

0

Tr
an

sm
itt

an
ce

 (a
rb

. u
ni

ts
)

1.41.21.0
Energy (eV)

d = 8 nm, T ~ 39q

Weak coupling

ħΩR

a

b

10

8

6

4

2

0

Tr
an

sm
itt

an
ce

 (a
rb

. u
ni

ts
)

1.61.41.21.0
Energy (eV)

90q

ħΩR

c

d

ed = 24 nm, T ~ 46q

h i

I =0q

80q

70q

60q

50q

40q

30q

20q

10q

f g

EPs

ϕ = 0q
ϕ = 90q

ϕ = 90q

ϕ = 0q
64Nature Photonics 12, 362 (2018)



Appearance of Exceptional Points in 
Open or Dissipative Systems

90�. In such a situation, the maximum coupling strength g(✓,� = 0�) = g0/

p
1� sin2

✓/"m

is strongly enhanced due to the elongation of the propagation distance in the oblique direction.

Even if we consider the SWCNT layer with a fixed thickness of d in tunable cavity length

Leff = ⇡c/(
p
"m!cav,0) and the coupling strength is given as g0 = gCNT

p
d/Leff, the maximum

coupling strength at !cav(✓) = !0 is g(✓,� = 0�) = gCNT
pp

"m!0
2d/(⇡c!cav,0). In this

way, the maximum coupling strength itself is also enhanced by decreasing !cav,0 (increasing the

cavity length Leff) at the large ✓ giving !cav(✓) = !0.

The incident polarization ~Ein is parallel to the x and y directions at � = 0� and 90�, respec-

tively, as depicted in Figs. S11c and d. Then, the polariton modes are excited at � = 0�, and

the ~E? mode with ! = !cav(✓) (without the VRS) is excited at � = 90�. The VRS at � = 90�

shown in Fig. 3C of the main text originates from the polarizability of the SWCNT layer in the

perpendicular direction, which is not considered in the current simple model. At least in the

current model, both ~Epol and ~E? are excited by the incident polarization ~Ein at 0� < � < 90�,

i.e., there exist in principle three peaks in the transmittance spectra. However, the loss of the

system strongly broadens the spectra, and we simply find the continuous change of the VRS by

the change in �. Furthermore, by introducing the photonic loss with a rate  in addition to the

excitation damping rate �, Eq. (27) is modified as

(!2 + i�! � !0
2)(!2 + i! � !cav(✓)

2)� 4g(✓,�)2!2 = 0. (30)

The real and imaginary parts of the complex frequencies satisfying this equation represent the

resonance frequency and the loss rate, respectively, of the polariton modes. In the case of

relatively large losses, especially of |��|/4 > g(✓,�), the resonance frequencies of the lower

and upper polaritons merge and the VRS disappears.

11

Quantum Langevin equations and full anisotropic dispersion surfaces

We consider a microcavity photonic system with a total decay rate , a reservoir for SWCNT

excitons with a loss rate �, and their coupling constant g. Here, � and  are intensity decay

rates. The quantum Langevin equations derived in the frequency domain are expressed as

�i!b̂(!) = �i(!exc � i�/2)b̂(!)� igâ(!)�p
�b̂in (31a)

�i!â(!) = �i(!cav � i/2)â(!)� igb̂(!)�
p
1âin1 �

p
2âin2 (31b)

where âin1 and âin2 are the input operators for the cavity mode from the input and transmission

sides, respectively, b̂in is the input operator for the excitation, and 1 and 2 are the photon

decay rates from both the input and transmission sides with 1 = 2 = /2. We can rearrange

Eqs. (31) in matrix form as

�i!

✓
b̂

â

◆
= �i

✓
!exc � i�/2 g

g !cav � i/2

◆✓
b̂

â

◆
�
✓ p

�b̂inp
1âin1 +

p
2âin2

◆
. (32)

The characteristic equation is
����
!exc � ! � i�/2 g

g !cav � ! � i/2

���� = 0, (33)

and the corresponding eigenfrequencies are

!± =
1

2
(!exc + !cav)�

i(� + )

4
±

s

g2 +

✓
i
(� �)

4
+

(!exc � !cav)

2

◆2

. (34)

At zero detuning (!exc = !cav = !0), we obtain

!± = !0 �
i(� + )

2
±

s

g2 �
✓
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As we can see from Eq. (35), the eigenfrequencies coalesce at g = |� �|/4. For ↵in =
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Conclusions

1. High-Q THz cavities combine many-body 
condensed matter physics and cavity-based strong-
field physics

2. ErFeO3 provides a novel environment in which to 
study ultrastrog coupling physics without light

3. Microcavity exciton polaritons in aligned carbon 
nanotubes exhibit continuous tunability from weak 
to ultrastrong

Cooperative & Ultrastrong
Light-Matter / Matter-Matter Coupling

68



Cavity QED in Condensed Matter Systems
Quantum Optics Inspired Many-Body Condensed Matter Physics

Phys. Rev. Lett. 122, 017401 (2019)

Phys. Rev. Lett. 122, 133602 (2019)

Sci. Adv. 4, 6969 (2018)

69



Cavity QED in Condensed Matter Systems
Quantum Optics Inspired Many-Body Condensed Matter Physics

Phys. Rev. B 99, 085116 (2019)

Phys. Rev. Lett. 122, 167002 (2019)

70



Coworkers

X. Li, Q. Zhang, N. Komatsu, W. Gao & G. T. 
Noe, Rice University

K. Yoshioka, Yokohama National University, Japan
D. Turchinovich, University of Duisburg-Essen, 

Germany
J. D. Watson, S. Fallah & M. J. Manfra, Purdue 

University, U.S.A.
W. Pan and J. L. Reno, Sandia National 

Laboratories, U.S.A.
N. Yuan, M. Xiang, K. Xu, Z. Jin, W. Ren, G. 

Ma & S. Cao, Shanghai University, China
M. Bamba, Osaka University, Japan

Experiments

Samples

Theory
71


