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Exotic phenomena in systems with strongly correlated electrons 
emerge from the interplay between spin and motional degrees 
of freedom. For example, doping an antiferromagnet is 
expected to give rise to pseudogap states and high-temperature 
superconductors1. Quantum simulation2–8 using ultracold fermions 
in optical lattices could help to answer open questions about the 
doped Hubbard Hamiltonian9–14, and has recently been advanced 
by quantum gas microscopy15–20. Here we report the realization 
of an antiferromagnet in a repulsively interacting Fermi gas on a 
two-dimensional square lattice of about 80 sites at a temperature of 
0.25 times the tunnelling energy. The antiferromagnetic long-range 
order manifests through the divergence of the correlation length, 
which reaches the size of the system, the development of a peak 
in the spin structure factor and a staggered magnetization that is 
close to the ground-state value. We hole-dope the system away from 
half-filling, towards a regime in which complex many-body states 
are expected, and find that strong magnetic correlations persist 
at the antiferromagnetic ordering vector up to dopings of about  
15 per cent. In this regime, numerical simulations are challenging21 
and so experiments provide a valuable benchmark. Our results 
demonstrate that microscopy of cold atoms in optical lattices can 
help us to understand the low-temperature Fermi–Hubbard model.

The Hubbard Hamiltonian is a fundamental model for spin-1/2 lattice  
electrons and describes a competition between kinetic energy t and 
interaction energy U. In the limiting case of half-filling (an average of 
one particle per site) and dominant interactions ( / ≫U t 1), the Hubbard 
model maps to the Heisenberg model. In this limit, the exchange energy 
J =   4t2/U gives rise to antiferromagnetically ordered states at low tem-
peratures22. This order persists for all finite U/t, with charge fluctua-
tions reducing the ordering strength. Away from half-filling, the 
coupling between motional and spin degrees of freedom is expected to 
lead to a complicated many-body phase diagram (Fig. 1a) that is chal-
lenging to understand theoretically owing to the fermion sign 
problem21.

The strength of global antiferromagnetic order on bipartite lattices 
is quantified by the staggered magnetization m =   | m| . The component 
of this magnetization along the z spin direction is
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with m2 =   (mx)2 +  (my)2 +  (mz)2 =   3(mz)2 for SU(2) symmetry22. Here 
Ŝi

z is a spin-S operator on lattice site i, N denotes the number of lattice 
sites, and (−  1)i is 1 (−  1) on the A (B) sublattice. The ground state of 
the classical Heisenberg model on a square lattice is a perfectly ordered 
Néel state with m =   1. However, in the quantum case, superposition 
states such as local singlet pairs can reduce the energy of the many-body 
state. These quantum corrections decrease the staggered magnetization 
in the ground state and in the thermodynamic limit to m =   0.61 
(mz =   0.35) for the S =   1/2 Heisenberg model23. In two dimensions, 
long-range order disappears (m =   0) in the thermodynamic limit for 

finite temperatures, in accordance with the Mermin–Wagner–
Hohenberg theorem. In this case, the spin correlations decay exponen-
tially over a correlation length ξ, which grows exponentially with 
inverse temperature (setting kB =   1):

ξ
πρ

=
⎛
⎝
⎜⎜⎜

⎞
⎠
⎟⎟⎟ξT C

T
( ) exp

2
(2 )s

where ρs is the spin stiffness, T is the temperature and Cξ is a constant22. 
However, for the finite-size system investigated here, a crossover to 
antiferromagnetic long-range order occurs at a non-zero temperature,  
at which ξ becomes comparable to the size of the system and mz 
becomes order unity.

We created an antiferromagnet with long-range order governed by 
the Hubbard model using ultracold fermions in an optical lattice. Two 
aspects were critical for realizing the antiferromagnet: first, reaching 
sufficiently low temperatures; and second, creating a region of uniform 
density where a state with long-range order can form. We address both 
challenges simultaneously by exploiting a high-resolution microscope, 
which enables site-resolved measurements of the lattice occupation. 
In combination with the lattice, we finely tune the atomic potential 
landscape using a digital micromirror device in the image plane of the 
microscope as a spatial light modulator24. We engineer the potential 
to split the system into two subsystems: a central disk-shaped region 
Ω  that contains more than 75 sites, and a large surrounding reservoir 
with much lower density (Fig. 1b, Extended Data Fig. 1). Partitioning 
the system enhances the inherent entropy redistribution in the trap 
by shifting a higher fraction of the total entropy to the reservoir25. 
Additionally, the potential within Ω  is shaped to cancel out the under-
lying harmonic potential, ensuring a highly uniform and tunable filling 
(Extended Data Fig. 2, Methods).

We adiabatically load a balanced mixture of the two lowest hyperfine 
states of 6Li with repulsive contact interactions into an isotropic, square, 
7.4(1)ER lattice with spacing a =   569 nm, where ER/h =   25.6 kHz is the 
recoil energy, h is the Planck constant and all errors are defined as 
one standard deviation. The system is well described by the Hubbard 
model with t/h =   0.90(2) kHz and U/h =   6.50(3) kHz, which lead to 
U/t =   7.2(2). Similarly to previous work, our detection method is 
based on selective spin removal followed by site-resolved imaging of 
the remaining atomic distribution17 (Fig. 1c). Averaging over many 
independent experimental realizations, we determine the spin corre-
lator along the z direction:
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where the normalization Nd is the number of different two-point  
correlators at displacement d between sites r and s, which lie within Ω . 
The correlator compares the number of parallel and anti-parallel spin 
orientations on two sites separated by d =   (dx, dy), and so is positive (neg-
ative) if parallel (anti-parallel) spin orientations are preferred. In Fig. 2a  
we show Cd for different temperatures. For the lowest temperature,  
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Ŝi

z is a spin-S operator on lattice site i, N denotes the number of lattice 
sites, and (−  1)i is 1 (−  1) on the A (B) sublattice. The ground state of 
the classical Heisenberg model on a square lattice is a perfectly ordered 
Néel state with m =   1. However, in the quantum case, superposition 
states such as local singlet pairs can reduce the energy of the many-body 
state. These quantum corrections decrease the staggered magnetization 
in the ground state and in the thermodynamic limit to m =   0.61 
(mz =   0.35) for the S =   1/2 Heisenberg model23. In two dimensions, 
long-range order disappears (m =   0) in the thermodynamic limit for 

finite temperatures, in accordance with the Mermin–Wagner–
Hohenberg theorem. In this case, the spin correlations decay exponen-
tially over a correlation length ξ, which grows exponentially with 
inverse temperature (setting kB =   1):

ξ
πρ

=
⎛
⎝
⎜⎜⎜

⎞
⎠
⎟⎟⎟ξT C

T
( ) exp

2
(2 )s

where ρs is the spin stiffness, T is the temperature and Cξ is a constant22. 
However, for the finite-size system investigated here, a crossover to 
antiferromagnetic long-range order occurs at a non-zero temperature,  
at which ξ becomes comparable to the size of the system and mz 
becomes order unity.

We created an antiferromagnet with long-range order governed by 
the Hubbard model using ultracold fermions in an optical lattice. Two 
aspects were critical for realizing the antiferromagnet: first, reaching 
sufficiently low temperatures; and second, creating a region of uniform 
density where a state with long-range order can form. We address both 
challenges simultaneously by exploiting a high-resolution microscope, 
which enables site-resolved measurements of the lattice occupation. 
In combination with the lattice, we finely tune the atomic potential 
landscape using a digital micromirror device in the image plane of the 
microscope as a spatial light modulator24. We engineer the potential 
to split the system into two subsystems: a central disk-shaped region 
Ω  that contains more than 75 sites, and a large surrounding reservoir 
with much lower density (Fig. 1b, Extended Data Fig. 1). Partitioning 
the system enhances the inherent entropy redistribution in the trap 
by shifting a higher fraction of the total entropy to the reservoir25. 
Additionally, the potential within Ω  is shaped to cancel out the under-
lying harmonic potential, ensuring a highly uniform and tunable filling 
(Extended Data Fig. 2, Methods).

We adiabatically load a balanced mixture of the two lowest hyperfine 
states of 6Li with repulsive contact interactions into an isotropic, square, 
7.4(1)ER lattice with spacing a =   569 nm, where ER/h =   25.6 kHz is the 
recoil energy, h is the Planck constant and all errors are defined as 
one standard deviation. The system is well described by the Hubbard 
model with t/h =   0.90(2) kHz and U/h =   6.50(3) kHz, which lead to 
U/t =   7.2(2). Similarly to previous work, our detection method is 
based on selective spin removal followed by site-resolved imaging of 
the remaining atomic distribution17 (Fig. 1c). Averaging over many 
independent experimental realizations, we determine the spin corre-
lator along the z direction:

∑= 〈 〉 − 〈 〉〈 〉
Ω∈

= −
N

C
S

S S S S1 1 ˆ ˆ ˆ ˆd
d r s

d r s

r s r s
z z z z

2
,

where the normalization Nd is the number of different two-point  
correlators at displacement d between sites r and s, which lie within Ω . 
The correlator compares the number of parallel and anti-parallel spin 
orientations on two sites separated by d =   (dx, dy), and so is positive (neg-
ative) if parallel (anti-parallel) spin orientations are preferred. In Fig. 2a  
we show Cd for different temperatures. For the lowest temperature,  

1 Department of Physics, Harvard University, Cambridge, Massachusetts, USA.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

LETTER RESEARCH

2 5  M A Y  2 0 1 7  |  V O L  5 4 5  |  N A T U R E  |  4 6 3

we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >   2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by
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In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω  of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >   2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >   2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

- experiments have reached a regime with long-range correlations

- at low enough T to study the metal vs. insulator physics  - central 
feature of the Hubbard model

Reliable theoretical predictions are needed 
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Key ingredients: 
- Fermi surface nesting =>  tendency towards AFM ordering

(band insulator in the ground state at any U>0)

- Mermin-Wagner => no long-range order at T>0 
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FIG. 1. (Color online) MIT of the Hubbard model on a square
lattice determined by different nonperturbative techniques. The
DMFT transition line (blue [39]) is shifted towards lower inter-
action values due to short-range spatial correlations (violet line:
CDMFT [26]; orange cross at T = 0: VCA). This trend is accompa-
nied by a simultaneous shrinking of the coexistence regions (hatched
regions). The inclusion of long-range fluctuations leads to a vanishing
Uc in the low-temperature regime (crosses and red dashed line:
D!A; solid red box: BSS-QMC). Error bars mark the temperature
range, where the onset of an insulating behavior on the whole Fermi
surface has been found, according to the electronic self-energy of
D!A (see Fig. 3). Also shown are the DMFT [9] and the D!A 3D
Néel temperatures (light gray dotted lines) [11] as well as the D!A
2D one (gray line at T = 0) [40] which fulfills the Mermin-Wagner
theorem [41]; 4t ≡ 1 sets the energy scale.

made possible by the algorithmic progress, increased computer
power, and careful extrapolations (see the Appendix) [36,37].

II. PHASE DIAGRAM IN TWO DIMENSIONS

Let us first summarize the results of our combined com-
parative studies for the half-filled Hubbard model on a square
lattice with nearest-neighbor hopping t ≡ 1/4 using the phase
diagram in Fig. 1; all details on the spectra and the underlying
physics of the different regimes are presented afterwards.

Our VCA data for the MIT at zero temperature (orange
cross in Fig. 1) appear to be consistent with the previous
CDMFT, DCA, and older VCA [38] studies, as well as
with second-order dual-fermion [29] calculations [30]: short-
range antiferromagnetic correlations reduce the critical Uc

(violet line) significantly with respect to DMFT. Moreover,
the width of the coexistence region is considerably reduced
(see the violet hatched area for CDMFT [26]). The VCA
calculations performed on different clusters, however, also
suggest something more definite in this respect: At low
temperatures, the smaller U is, the more important the effect
of longer-range antiferromagnetic fluctuations becomes.

To address this issue in more detail, we include such
long-range correlations by means of D!A. Results are also
compared with lattice Blankenbecler-Scalapino-Sugar (BSS)
QMC calculations [33]. The red dashed line in Fig. 1 marks
the interaction Uc(T ), above which, for a given temperature T ,
a spectral gap is opened because of a strong enhancement of

the electronic scattering rate in the very low frequency regime
(see below).

These D!A data, confirmed by our extrapolated BSS-
QMC data, strongly suggest that at low enough T strong
antiferromagnetic spin fluctuations always open a spectral
gap, even at arbitrarily small values of U (red dashed line
in Fig. 1). Hence, for T → 0, Uc → 0; that is, no MIT can be
identified any longer for the 2D unfrustrated Hubbard model,
similar to what happens in one dimension. As we will elaborate
in the following, the mechanism is, however, rather different
in this case. By increasing U the temperature of the onset of
the insulating behavior is enhanced until the high-temperature
crossover regime of DMFT at intermediate U is reached: Here,
the electron mobility is already suppressed by purely local
correlations.

Our results for the phase diagram indicate that the
“idealized” physical picture of the Mott-Hubbard metal-
insulator transition of DMFT is completely overturned in two
dimensions by strong, spatially extended antiferromagnetic
correlations. In the following, we will discuss explicitly
the most important aspects in terms of spatial correlations
over different length scales and their underlying physics by
analyzing in detail the numerical data used for determining
the phase diagram in two dimensions.

III. SHORT-RANGE CORRELATIONS

The physics of short-range correlations at T = 0 is captured
very well by VCA in the paramagnetic phase. In fact, our
results for a VCA cluster of Nc = 4 sites (plus four bath sites)
show a clear-cut MIT at a finite Uc = 1.4 for T = 0, within
the CDMFT coexistence region of a metallic and an insulating
solution. The local spectral function A(ω) and the self-energy
#(iωn) at the Fermi level of the two coexisting solutions at
U = Uc = 1.4 are reported in Fig. 2. The two solutions differ
qualitatively, showing a correlated metallic behavior with a
quasiparticle weight of ZVCA = 0.37 at k = (π,0) (bottom
panel) and an insulating behavior (top panel) characterized
by a divergence of Im #(iωn) and a corresponding spectral
gap, respectively. The VCA calculation of the grand potential
indicates that for U < Uc = 1.4 the thermodynamically stable
solution is the metallic one, while for U > 1.4 the insulator
is stabilized, with a level crossing at U = Uc. Such a Uc

value is in fairly good agreement with CDMFT [26]; it gets
reduced by slightly increasing the lattice size in the VCA
calculations from Uc = 1.4 for Nc = 4 = 2 × 2 to Uc = 1.325
for Nc = 6 = 2 × 3. This reflects the fact that correlations of
very short range (actually two sites in the case of Nc = 4) are
strong enough to destroy the low-temperature metallic phase
at intermediate coupling but are less effective for lower values
of the interaction. In fact, in the presence of a T =0 (magnetic)
instability, a correct description of the weak-coupling regime
in two dimensions cannot be obtained without the inclusion of
correlations on all length scales, as we show in the following.

IV. LONG-RANGE CORRELATIONS

We include correlations on all length scales by either
extrapolating lattice BSS-QMC results to Nc → ∞ or using
D!A [32] in its ladder version [40], a diagrammatic extension
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FIG. 1. (Color online) MIT of the Hubbard model on a square
lattice determined by different nonperturbative techniques. The
DMFT transition line (blue [39]) is shifted towards lower inter-
action values due to short-range spatial correlations (violet line:
CDMFT [26]; orange cross at T = 0: VCA). This trend is accompa-
nied by a simultaneous shrinking of the coexistence regions (hatched
regions). The inclusion of long-range fluctuations leads to a vanishing
Uc in the low-temperature regime (crosses and red dashed line:
D!A; solid red box: BSS-QMC). Error bars mark the temperature
range, where the onset of an insulating behavior on the whole Fermi
surface has been found, according to the electronic self-energy of
D!A (see Fig. 3). Also shown are the DMFT [9] and the D!A 3D
Néel temperatures (light gray dotted lines) [11] as well as the D!A
2D one (gray line at T = 0) [40] which fulfills the Mermin-Wagner
theorem [41]; 4t ≡ 1 sets the energy scale.

made possible by the algorithmic progress, increased computer
power, and careful extrapolations (see the Appendix) [36,37].

II. PHASE DIAGRAM IN TWO DIMENSIONS

Let us first summarize the results of our combined com-
parative studies for the half-filled Hubbard model on a square
lattice with nearest-neighbor hopping t ≡ 1/4 using the phase
diagram in Fig. 1; all details on the spectra and the underlying
physics of the different regimes are presented afterwards.

Our VCA data for the MIT at zero temperature (orange
cross in Fig. 1) appear to be consistent with the previous
CDMFT, DCA, and older VCA [38] studies, as well as
with second-order dual-fermion [29] calculations [30]: short-
range antiferromagnetic correlations reduce the critical Uc

(violet line) significantly with respect to DMFT. Moreover,
the width of the coexistence region is considerably reduced
(see the violet hatched area for CDMFT [26]). The VCA
calculations performed on different clusters, however, also
suggest something more definite in this respect: At low
temperatures, the smaller U is, the more important the effect
of longer-range antiferromagnetic fluctuations becomes.

To address this issue in more detail, we include such
long-range correlations by means of D!A. Results are also
compared with lattice Blankenbecler-Scalapino-Sugar (BSS)
QMC calculations [33]. The red dashed line in Fig. 1 marks
the interaction Uc(T ), above which, for a given temperature T ,
a spectral gap is opened because of a strong enhancement of

the electronic scattering rate in the very low frequency regime
(see below).

These D!A data, confirmed by our extrapolated BSS-
QMC data, strongly suggest that at low enough T strong
antiferromagnetic spin fluctuations always open a spectral
gap, even at arbitrarily small values of U (red dashed line
in Fig. 1). Hence, for T → 0, Uc → 0; that is, no MIT can be
identified any longer for the 2D unfrustrated Hubbard model,
similar to what happens in one dimension. As we will elaborate
in the following, the mechanism is, however, rather different
in this case. By increasing U the temperature of the onset of
the insulating behavior is enhanced until the high-temperature
crossover regime of DMFT at intermediate U is reached: Here,
the electron mobility is already suppressed by purely local
correlations.

Our results for the phase diagram indicate that the
“idealized” physical picture of the Mott-Hubbard metal-
insulator transition of DMFT is completely overturned in two
dimensions by strong, spatially extended antiferromagnetic
correlations. In the following, we will discuss explicitly
the most important aspects in terms of spatial correlations
over different length scales and their underlying physics by
analyzing in detail the numerical data used for determining
the phase diagram in two dimensions.

III. SHORT-RANGE CORRELATIONS

The physics of short-range correlations at T = 0 is captured
very well by VCA in the paramagnetic phase. In fact, our
results for a VCA cluster of Nc = 4 sites (plus four bath sites)
show a clear-cut MIT at a finite Uc = 1.4 for T = 0, within
the CDMFT coexistence region of a metallic and an insulating
solution. The local spectral function A(ω) and the self-energy
#(iωn) at the Fermi level of the two coexisting solutions at
U = Uc = 1.4 are reported in Fig. 2. The two solutions differ
qualitatively, showing a correlated metallic behavior with a
quasiparticle weight of ZVCA = 0.37 at k = (π,0) (bottom
panel) and an insulating behavior (top panel) characterized
by a divergence of Im #(iωn) and a corresponding spectral
gap, respectively. The VCA calculation of the grand potential
indicates that for U < Uc = 1.4 the thermodynamically stable
solution is the metallic one, while for U > 1.4 the insulator
is stabilized, with a level crossing at U = Uc. Such a Uc

value is in fairly good agreement with CDMFT [26]; it gets
reduced by slightly increasing the lattice size in the VCA
calculations from Uc = 1.4 for Nc = 4 = 2 × 2 to Uc = 1.325
for Nc = 6 = 2 × 3. This reflects the fact that correlations of
very short range (actually two sites in the case of Nc = 4) are
strong enough to destroy the low-temperature metallic phase
at intermediate coupling but are less effective for lower values
of the interaction. In fact, in the presence of a T =0 (magnetic)
instability, a correct description of the weak-coupling regime
in two dimensions cannot be obtained without the inclusion of
correlations on all length scales, as we show in the following.

IV. LONG-RANGE CORRELATIONS

We include correlations on all length scales by either
extrapolating lattice BSS-QMC results to Nc → ∞ or using
D!A [32] in its ladder version [40], a diagrammatic extension
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >   2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by

∑= 〈 〉 ⎡
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⋅ − ⎤
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q q r sS
N S
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N z z

,
2

In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω  of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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crossover

in current 
experiments:
pure 2d Hubbard model

Hard problem to solve with controlled accuracy:
• at T>0 long-range AFM correlations with correlation length ξ ~ exp(t/T) => quasi-antiferromagnet
• extrapolation to the thermodynamic limit is extremely challenging

quasi-AFM, ξ ~ exp(t/T) 
metal

Key ingredients: 
- Fermi surface nesting =>  tendency towards AFM ordering

(band insulator in the ground state at any U>0)

- Mermin-Wagner => no long-range order at T>0 



DiagMC in the thermodynamic limit
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Self-energy for the Hubbard model
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eik(r1�rn)�i!(⌧1�⌧n)

G̃0

an(k,!) =
X

r1...rn

Z
d⌧1 . . . d⌧n

all
disconnected 

diagrams
for {rn, ⌧n}

all 
reducible
diagrams
for {rn, ⌧n}

– –

all possible             diagrams(n!)2

sampled by 
Monte Carlo

summed in                  steps 
by determinant x determinant

O(n3)
O(n23n)

O(n52n)

bare-series expansion (Taylor series):

summed in                    steps 
( fast subset convolution:                    )O(n42n)

typically less than cost                    
of computing sub-determinants

( tree algorithm for principle minors                    ) O(n22n)

Šimkovic, PhD Thesis 2018



Šimkovic, EK 2017

2D Hubbard model T=0.2t, U=7t, n=0.935(1):
(strongly-correlated regime)

numerically exact partial sums 
up to diagram order n
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1. Find location of first singularity from ratio test 

Reconstruct self-energy from its divergent series:
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1st singularity at

likely corresponds to 
phase transiNon

U⇠s1 ⇡ �5t

⌃(n)(k,!) =
nX

m=1

am(k,!)⇠m



2. Remove the singularity by conformal map

⇠ w

1

we use

2nd singularity at
U⇠s2 ⇡ 9t

(interested in                      )U⇠ = 7tratio test for transformed series:
□
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transformed series converges:

… but slowly special cases:
QM (x) ⌘ 0 :

RN (x) ⌘ 0 :
d ln[g(x)]

dx
= � PL(x)

QM (x)

g(x) = �RN (x)

PL(x)
(Padé approximant)

(D-log-Padé approximant)

Integral approximant (IA) technique:                          , the solution of

Hunter, Baker 1979

⌃(w) ⇡ g(w)

- polynomials of orders M, L, N:    M+L+N+2 = maximal diagram order QM , PL, RN

QM (x)g0(x) + PL(x)g(x) +RN (x) = 0

and has the same Taylor series up to maximal diagram order

general structure of           :     g(x)

- singularides are zeros of QM (x)

- close to a singularity      ,   xs g(x) = �1(x)(1� x/xs)
�⌫ + �2(x)

regular
(typical for a phase transition)
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final result

g(w)

extrapolation to infinite order:



3. Apply the IA approach to the original series                          :
(no conformal map: automatic way of resumming the series)                             

details: Šimkovic, EK, arXiv:1712.10001 

RepeaNng the reconstrucNon procedure 
for different momentum points: 
T=0.2t, U=7t, n=0.935(1): 
(strongly-correlated regime, 
best any approach can currently do)
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QM (x)g0(x) + PL(x)g(x) +RN (x) = 0

has the same Taylor series as            up to maximal diagram order

- singularities are zeros of QM (x)

- close to a singularity      ,   xs g(x) = �1(x)(1� x/xs)
�⌫ + �2(x)

regular
(typical for a phase transition)
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Identifying quasiparticle properties from self-energy2

of determinants [9] and uses a recursive scheme in the
spirit of Ref. [10] to filter out only one-particle irreducible
self-energy diagrams. This permits the computation of a
factorial number of Feynman diagram topologies in ex-
ponential time and improves the Monte Carlo variance
due to symmetrization over topologies and internal ver-
tex variables. This approach leads to significantly im-
proved precision over obtaining the self-energy from the
Green’s function via Dyson equation [11]. We present
the Fermi/non-Fermi liquid crossover diagram of the 2D
Hubbard model in the thermodynamic limit. We find two
crossovers; a low temperature crossover to the state with
a quasigap in the single-particle spectrum and a stan-
dard high-temperature crossover to the thermal liquid
state. We demonstrate that the extremely slow conver-
gence of observables as a function of finite size scaling is
the source of past inconsistencies in numerical results[6]
and we further illustrate this issue through comparison
of ⌃DDMC in the TDL to ⌃DDMC on finite lattices
as well as results from the dynamical cluster approxi-
mation (DCA). We conclude that the ground state of
the 2D Hubbard model is an insulator and that there
is no metal-insulator transition at any U > 0 and show
that the FL/non-FL crossover temperature tends to zero
as U goes to zero. Further, we find that for U � 3, or
T � 0.2 the crossover becomes poorly defined due to ther-
mal excitation. As the FL/non-FL crossover is essentially
driven by extended magnetic correlations, it is rather in-
structive that both crossover temperatures, Tn(U) and
Tan(U), are captured by the mean-field Neel tempera-
ture ansatz, a exp(�b/

p
U). The formula is the result

of the mean-field (BCS) theory (with empirical param-
eters) for the antiferromagnetic transition at half filling
and marks the temperature scale at which the magnetic
correlations become extensive.

MODEL AND METHODS

We study the single-band Hubbard model in two-
dimensions with nearest neighbor hopping,

H =
X

k,�

(✏k � µ) c†k�ck� + U

X

i

ni"ni#, (1)

where µ is the chemical potential, k momentum, i labels
of sites in real-space, U the interaction, and the disper-
sion is given by ✏k = �2t [cos(kx) + cos(ky)] .

We seek solutions in the TDL and to make connection
to dynamical mean-field theory (DMFT). To accomplish
this, we employ two numerical techniques: Self-energy
Determinant Diagrammatic Monte Carlo (⌃DDMC) and
dynamical cluster approximation (DCA).

In the language of Fermi liquid theory, an inter-
acting system has a quasiparticle residue defined at
the Fermi level which contains a term proportional to
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Figure 1. (Color online.) Frequency dependence of the imagi-
nary part of the self-energy for T/t = 0.1 at di↵erent values of
interaction U/t showing a transition from FL (Im⌃k(i!0) >
Im⌃k(i!1)) to nFL behavior (Im⌃k(i!0) < Im⌃k(i!1)).

lim
!!0

@Re⌃k(!)
@! . When on the Matsubara axis, in the low

temperature limit, this is equivalent through a wick ro-
tation to lim

i!n!0

@Im⌃k(i!n)
@i!n

. By presuming we are at

su�ciently low temperatures, this provides a metric to
the metallic or insulating character of the system. We
call a system a Fermi liquid (FL) by the property that
Im⌃k(i!0) > Im⌃k(i!1). However, when the reverse is
true Im⌃k(i!0) < Im⌃k(i!1) we say the system exhibits
a non-Fermi Liquid (nFL) behavior indicating the open-
ing of a quasi-gap (at low temperature) or the onset of
the high-T thermal state. Throughout we use the short-
hand �⌃k = Im⌃k(i!0)� Im⌃k(i!1) which is FL like for
positive values and nFL for negative ones.

As in previous works we track both where the first
point on the Fermi surface exhibits a sign change, the so-
called anti-nodal point at k = (⇡, 0), and the last point
to do so, the so-called nodal point at k = (⇡/2,⇡/2).
It can be shown that all other momenta on the Fermi
surface crossover between these two points and we define
this crossover region to be the pseudogap.[12] We find
it convenient to define the crossover lines in the T � U

plane by critical temperatures and interaction strengths
(Tan, Uan) for the anti-nodal point and (Tn, Un) for the
nodal point.

Central to the success of the ⌃DDMC method ([8]) is
the direct stochastic sampling and order by order eval-
uation of diagrams for the self-energy ⌃k�. One starts
from the modified e↵ective action with the arbitrary free

Matsubara frequency index n

Fermi-liquid (metallic)

crossover

non-Fermi-liquid 
(insulator, temperature-activated)

T=0.1t:

• immediately in the thermodynamic limit         
(no finite-size errors by construction)

• arbitrary momentum resolution

• diagram orders up to 12 with <10% error bars    
-> controlled results in the regime of interest

Meatal-to-insulator crossover in half-filled 2D Hubbard model (square la]ce)

Determinantal Diagrammatic Monte Carlo 
for the self-energy (ΣDDMC):



• extended crossover from Fermi-liquid to quasi-AFM insulator, most interesting regime: 2.5t<U<4t
• at U<2.5t: mean-field physics, crossover happens at BCS Néel temperature  
• at U>4t: low-T physics is not different from that of the Heisenberg model

Meatal-to-insulator crossover in half-filled 2D Hubbard model (square lattice)

controlled result in the thermodynamic limit:

quasi-AFM insulator 
ξ>>1 good metal

T⇤ = a exp(b/
p
U)

kan = (⇡, 0)

Fermi surface

kn = (⇡/2,⇡/2)

kx

ky

Q = (⇡,⇡)

pardally-gapped FS
(pseudo-gap)

kn = (⇡/2,⇡/2)
insulator at

kan = (⇡, 0)
insulator at

T ⇤ / exp(�#
p

t/U)

Šimkovic, LeBlanc, Kim, Deng, Prokof’ev, Svistunov, EK, arXiv:1812.11503 (2018)

verified at higher T
with 144-site DCA



Meatal-to-insulator crossover in half-filled 2D Hubbard model (square la]ce)

controlled result in the thermodynamic limit:

quasi-AFM insulator 
ξ>>1 good metal

kan = (⇡, 0)

Fermi surface

kn = (⇡/2,⇡/2)

kx

ky

Q = (⇡,⇡)

partially-gapped FS
(pseudo-gap)

kn = (⇡/2,⇡/2)
insulator at

kan = (⇡, 0)
insulator at

T ⇤ / exp(�#
p

t/U)

Šimkovic, LeBlanc, Kim, Deng, Prokof’ev, Svistunov, EK, arXiv:1812.11503 (2018)

verified at higher T
with 144-site DCA

U=3.8U=3.4U=2.0
n(k)
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Crossover signatures 
in momentum distribudon

difference between self-energies 
at the two lowest Matsubara frequencies
(our criterion for metal vs. insulator)
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Crossover diagram for charge and spin correlations:
controlled results in the thermodynamic limit
(using CDet + resummations)

Can be measured in cold-atom experiments

separation of crossover temperature scales

Kim, Šimkovic, EK, arXiv:1905.13337 (2019)
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earlier work:
Werner, Parcollet, Georges, Hassan 2005

Same qualitadve behavior in 3D above Néel temperature
(EK, Burovski, Scarola, Troyer 2013)

Kim, Šimkovic, EK 2019

Crossover signatures in charge and spin correlations:
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Crossover signatures in charge and spin correlations:
crossover diagram
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• Determinantal Diagrammatic Monte Carlo for the self-energy (ΣDDMC)                                        
+ resummations works well in the strongly correlated regime (e.g. U=7t, T=0.2, 6% doping).

•Controlled description of the metal to insulator crossover in 2D Hubbard model

• Extended nature of the crossover with a transitional non-Fermi-liquid regime

• Signatures in charge and spin correlations 
with controlled accuracy 
in an experimentally accessible regime 

• Pronounced separation of crossover scales 

• Entropy and equations of state of the doped Hubbard model

Conclusions

Šimkovic, LeBlanc, Kim, Deng, Prokof’ev, Svistunov, EK, arXiv:1812.11503
Kim , Šimkovic, EK, arXiv:1905.13337
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