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Slogan: Taylor-Zhu’s A-deformation of celestial Lwy ., via
Ward’s A-extension of Penrose’s nonlinear graviton.



Holography from null infinity, via light-cones

e Newman '70’s: tries to rebuild 7

space-time from ‘cuts’ of .#.
* Yields instead ‘¥-space’ a v—u=z"F,
complex self-dual space-time. LN

® Penrose: ~» asymptotic Twistor
space PT & nonlinear graviton.
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® Penrose: ~» asymptotic Twistor ot
space PT & nonlinear graviton.

Applies beyond asymptotically flat sector.
Embodies integrability of SD sector.

~» hierarchies of hidden symmetries.
gives Noether charges via twistor actions.

+> Celestial Holography construction from
soft OPEs of S-matrix?



Celestial symmetries and their deformations

[Strominger, Guevara,Himwich, Pate, ]
e Postulate amplitudes are correlators in a celestial CFT.
M(ki, ko,...) = (O(k1)O(kz) . ..)

e Set kj = wi(1 + |22, Rz;, 3z, 1 — |zi|?) soft expansion

O(k) = wPHP(z,2)
p



Celestial symmetries and their deformations

[Strominger, Guevara,Himwich, Pate, ]

e Postulate amplitudes are correlators in a celestial CFT.
M(ki, ko,...) = (O(k1)O(kz) . ..)
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p
¢ Collinear limits in amplitudes lead to ‘splitting functions’

Mk, ko, ks, . ) "V Split(ky , ko, ke + ko) M(Ks + ko, Ka, . . )

e Splitting functions define OPE coefficients
CP1P2

HP: (z, 2)HP2(0, ) 229 TR HP(0,2) + ...
e Mode expansion ~» Lwj ., = Lham(C?):

(M0 B ) = (m(q — 1) = n(p — 1)HEI9 2 .



Celestial symmetries and their deformations

e Assume amplitudes given as correlators in a celestial CFT.
M(ki, ko, ...) = (O(k)O(kz) .. .)
e Set kj = wi(1 + |zi?, Rz;, 32,1 — |z|?) and expand

O(k) = wPHP(z,2)
p

¢ Collinear limits in amplitudes lead to ‘splitting functions’

Mk, ko, kg, . ) M Split(ky , ko, ko + ko) M (Ks + ko, Ka, - . )

e Splitting functions define OPE
P1 P2

. . C .
HP! (z, 2)HP2(0, 2) 229 “2HP(0,2) + ...
e For AdS amplitudes get A—deformation: rrayior-zhu, cf Alday, et.al

[hfe’@ hg,b]/\ =(m(g—1)—n(p— 1))hP+q*2

m+n,a+b

~Na(g —2) — b(p—2))n %]

m+n,a+b >



Outline

© AdS symmetries in twistor space and their hierarchy.

® Higher symmetries «» gravitons via Ward’s extension of
Penrose’s nonlinear graviton.

@ Twistor action for Einstein gravity.
@ Noether charges, and Hamiltonians.
@ Recursion operators and hierarchies.



Symmetries in twistor space

Recall 4d spinors: SO(4,C) = SL(2C) x SL(2,C)/Z,,
we 1V [(t4+2z2 Xx+1iy B C A
X _\/§<X—Iy t—Z)’ a—0,1,a—0,1.

Nonprojective twistor space T = C* 5 ZA = (\,, 1),
e Conformal group

S0(6) = SL co_ (R T
(6) = SL(4)/Z2 > C4 = Ky RP)



Symmetries in twistor space

Recall 4d spinors: SO(4,C) = SL(2C) x SL(2,C)/Z,,

g 1 t+z x+iy B C A
X _\/§<X—Iy t—Z)’ a—0,1,a—0,1.

Nonprojective twistor space T = C* 5 ZA = (\,, 1),
e Conformal group

S0(6) = SL co_ (R T
(6) = SL(4)/Z2 > Cf = Ky RP)

* (Anti-) de Sitter groups preserve skew forms {8, /).

1
A CcD AC I\ A
/AB = EEABCD//\ 5 //\ /BC = /\55 .

e ~ spin group of (A)dS group SO(5) = SP(2).
e The I"B, |5 are Infinity twistors as they give location of .#
via embedding formalism.



Infinity twistors embedding formalism

* Points X in space-time « lines Lx C PT joining Z{, Z4§!
Lx = {1 Z{ + 0228} +— X"B = ZVZ),
e Complex compactified Minkowski space CM* ¢ CP°

CM = {X"B € CP® X - X := eagcpX*BXCP = 0.}



Infinity twistors embedding formalism

Points X in space-time « lines Lx C PT joining Z{, Z4!
Ly = {01 Zf + 0228} +— XAB = Z1ZZ
Complex compactified Minkowski space CM* ¢ CP°
CM = {X?B € CP% X - X := eagcpX*BXP = 0.}
Choice of infinity twistor /45 gives
7= {XeCM|X =0}

In Lorentz signature /- | = 4A < AdS/dS.
& is then timelike/spacelike.
If I-1=0, "B cCM, .7 is null and < reduce to Poincaré.



Twistor Poisson structure for Poincaré ball

Lines Ly C PT with Z4 = (\,, u®) given by:
Md — Xéza)\a )
IAB |45 define Poisson and contact structures

of 9dg
A _ |AB _ N _7A 7B
(ot =\ os578 7= lAgZ"dZ®.
Defines infinity by

S ={x e CM|r|, =0}.

Ball representation H* = {x € R4|x? < —2/A}:

: -2
T = pedu® + AXdNy ~ I = {x|x2 — A}



Twistor Poisson structure for Poincaré ball

Lines Ly C PT with Z4 = (\,, u®) given by:

Md — Xéza)\a )

IAB |45 define Poisson and contact structures

g Of Og

{f, g}/\ = I/\ ﬁ@7 T = /I/L\\BZAdZB

Defines infinity by
7 = {x € CM| 7|, = 0} .
Ball representation H* = {x € R4|x? < —2/A}:

: -2
T = pedu® + AXdNy ~ I = {x|x2 — A}

Associated Poisson bracket
.5 Of 0g of 9dg
f — 0167.7_ /\ aB Aav AL
g = 5 T o aag
Note: could also do upper-half-space.



Higher symmetries
e The Lie algebra of the (anti-) de Sitter group
sp(2) = {hag = hag)} -
¢ Acts via Hamiltonians vector fields for {, }A with
h(Z) = hagZ”Z8B € T(PT, O(2)).
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Higher symmetries

The Lie algebra of the (anti-) de Sitter group
sp(2) = {has = has)} -
Acts via Hamiltonians vector fields for {, }x with
h(Z) = hagZ”Z8B € T(PT, O(2)).
Locally extends to co-diml Poisson symmetries i.e.

R T
p—2—a\p+a-2
N5 AN

h'/%,a =

e [(U,0(2)).

Poisson algebra is that found by Taylor-Zhu

{Ahpa h?ptn = (m(g—1) — n(p — )WL 2 -
Aa(q —2) — b(p - 2))m 5]

m+n,a+b >’
Reduces to celestial Lwy ., for A = 0.
What role do these play?



Twistor construction for self-dual space-times with A

Deform flat twistor space: PT = CP?, projectively in hgs coords:
Z =N\, €T, Z~aZ,a#0.

with Poisson bracket:

of 0g .3 Of 0g of 0g
— 1B R Ay Ry
g =1y A 5z8 == gy PR WY

Theorem (Ward 1980 after Penrose 1976)
There is a1 : 1 correspondence between:
e SD Einstein metrics with A on regions in C*, and

e deformations PT of region \, # 0 in twistor space PT
preserving Poisson structure {, }n on O(2).



Patching functions for deformations

SD metrics <> deformations PT — PT <« Patching functions
e Cover PT — CP' by coord patches Z on U and Z on U:
U={0#0}, U={\#0}
¢ to preserve {, }a, exponentiate Hamiltonian vector field
oh 0
8ZA9Z8°
e on Un U'Patch? Z = Z(Z) = exp(Xp)Z
¢ infinitesimally, gravitons <> such h(Z).

Xy = "B her(UnU, 0(2)).

Patching twistor space



Patching functions and symmetries

Proposition
Space of (linearized) SD Einstein metrics ~ ham,(C2 x C*),
coords (u.\)/ )Xo, group of Poisson diffeos.

e Gravitons h can be expanded in

0yp—m—1(,,1\p+m—1
hl,’n,a:(” ))\p_z_ai’;_)2+a , ptmeN, ptaclZ.
0 1

® When p —2 — a < 0~ acoord transformations on U
or, whenp—-2+a<0,on U.

* ham,(C2? x C*) acts on SD Einstein metrics + coord

choices on U, U.
¢ Reduces to Lham(C?) at A =0



The self-dual space-time from holomorphic curves

To reconstruct self-dual space-time
(M*, 9) = { Holomorphic degree-1 CP's in PT}

e Parametrize the CP} , C PT, with coords o, Z = Z(x, o)

Correspondence with space-time




The self-dual space-time from holomorphic curves

To reconstruct self-dual space-time
(M*, 9) = { Holomorphic degree-1 CP's in PT}

e Parametrize the CP} , C PT, with coords o, Z = Z(x, o)

Correspondence with space-time

G=nrz® T z4,50

Dolbeault version: deform d-operator with Poisson compatible
Beltrami differential ~» d-bar eq for C-curves in deformed PT:

0,2 ={H,Z"}n, HeQ%(2).



SD Twistor action

Holomorphic Poisson Chern-Simons action [M. & Wolf 2007]

To go off-shell, use Dolbeault framework:
e Gravitational data, SD: H € Q%'(2), ASD: G € Q%'(-6),

H(aZ) = &H(Z), G(aZ)=a®G(Z), H=HzdZ” etc..
e To guarantee compatibility with {, }, deform 9-operator by
Onf(Z,2Z) := Oof + {H, f}
¢ Need integrability 63 = 0 ~» SD field equations
50H+%{H,H} _0.  34G=0.

e Follow from action, with D3Z = J;eagcpZ?dZB A ... A dZP,

S[G, H] = /m G A (H + %{H, HY) A D°Z.



Hamiltonians for symmetries
Noether analysis ~ local symmetries = (g, h) € (O(—6), 0(2)).
5(Ga H) = (éHg + {hv G}7 5Hh)

So [G] € H'(PT,0(-6)) and H a nonlinear H'(PT,0(2)).
® h <+ generators of smooth local Poisson diffeos.
® g+ gauge for G € cohomology class.
¢ Action ~» symplectic form

Q(61,02) = /2551GA52H/\ D*Z+(1+2).
e Gauge generated by Hamiltonians
Hgpn= /zs(a,m G + (0og + %{H, 9y AH)AD3Z
e We can compute the commutators

{HQMH ) ngvhz}ﬂ = H{’H 92 n—{h2,g1}n,{h1,h2}n



Algebra of charges

‘Large’ gauge transformations are only symmetries if
holomorphic at 0% C o0’, dyh = 0 = 0xg.

On-shell, Hamiltonians given by boundary charges
Qgh = / hG+gHD®Z.
ox5

Here 9% = CP' x S for M O S, some 2-surface at cc.
This represents the gauge algebra

{091,h1 ) ng,hz}Q = Q{h1 92 n—{h2,91 }a,{ b1 he}a -

Here to be symmetries, (g, h) are holomorphic near 0%

If global on 9%, then h = quadratic +» AdS symmetries,
but g = 0.

For ham,(C? x C*), need (G, H) =0 near \g =0 & A\ = 0.



Recursion operators

Integrable hierarchies M. & Woodhouse 1996], [Dunajski, M. 2002,3]

® ham,(C? x C*) etc. arises from AdS symmetries by
multiplication by ¢ = A1/ etc..

¢ For scalar field standard Penrose transform gives

0(x) = x5+ x%of

e Define recursion operator R by ¢ — R¢ when f — (f.



Recursion operators

Integrable hierarchies M. & Woodhouse 1996], [Dunajski, M. 2002,3]

ham,(C? x C*) etc. arises from AdS symmetries by
multiplication by ¢ = A1/ etc..

For scalar field standard Penrose transform gives

d¢
<
Define recursion operator R by ¢ — R¢ when f — (f.
Laurent expand f(x%% + x14¢, ) =32 di(x)¢" .
Clearly ¢g agrees with above and ¢;.1 = R¢;.

It follows from ¢ ;25 — -2 = 0 that can define R by

ORdi _ 0%iy1 _ 09
Ix0&  x0&  pxla

= j{ F(x%% + x19¢,¢)

Extends to SDYM m. & woodhouse 1995 and SD gravity punajski & M. 200172]



Conclusions & discussion

Conclusions:

e Ward’s extension of Penrose’s nonlinear graviton realizes:
{space of SD gravitons with A} = {ham,(C? x C*)}.

e Underpins Taylor-Zhu A-extension of Lham(C?) at A = 0.

e Twistor action yields charge & charge algebra.
~> recursion operator and hierarchies for SD sector.
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SD sector gives canonical treatment at .7 wip (mec, M., Ruzziconi, Yelleshpur]
e At A = 0 via Penrose’s asymptotic twistor spaces.
e For A £ 0 use ‘Heaven on earth construction iLebrun 1983).
e Beyond SD need full twistor actions ct. m. goels, sharma, skinner.



Conclusions & discussion

Conclusions:

e Ward’s extension of Penrose’s nonlinear graviton realizes:
{space of SD gravitons with A} = {ham,(C? x C*)}.

e Underpins Taylor-Zhu A-extension of Lham(C?) at A = 0.

e Twistor action yields charge & charge algebra.
~> recursion operator and hierarchies for SD sector.

SD sector gives canonical treatment at .7 wip (mec, M., Ruzziconi, Yelleshpur]

e At A = 0 via Penrose’s asymptotic twistor spaces.

e For A £ 0 use ‘Heaven on earth construction iLebrun 1983).

e Beyond SD need full twistor actions ct. m. goels, sharma, skinner.
Further questions:

¢ Connections with conventional AdS|4/CFT3 e.g., ABUM?

e Space-time formulations o Friedel, Pranzett, Raclariu.

e Connections with worldsheet methods?



Thank You!



