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Holography from null infinity, via light-cones

• Newman ’70’s: tries to rebuild
space-time from ‘cuts’ of I .
• Yields instead ‘H-space’ a

complex self-dual space-time.
• Penrose: ; asymptotic Twistor

space PT & nonlinear graviton.

• Applies beyond asymptotically flat sector.
• Embodies integrability of SD sector.
• ; hierarchies of hidden symmetries.
• gives Noether charges via twistor actions.
• ↔ Celestial Holography construction from

soft OPEs of S-matrix?
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Celestial symmetries and their deformations
[Strominger, Guevara,Himwich, Pate, ]

• Postulate amplitudes are correlators in a celestial CFT.

M(k1, k2, . . .) = ⟨O(k1)O(k2) . . .⟩
• Set ki = ωi(1 + |zi |2,ℜzi ,ℑzi ,1− |zi |2) soft expansion

O(k) =
∑

p

ωpHp(z, z̃)

• Collinear limits in amplitudes lead to ‘splitting functions’

M(k1, k2, k3, . . .)
k1∥k2−→ Split(k1, k2, k1 +k2)M(k1 +k2, k3, . . .)

• Splitting functions define OPE coefficients

Hp1(z, z̃)Hp2(0, z̃) z→0−→
Cp1p2

p3

z
Hp3(0, z̃) + . . .

• Mode expansion ; Lw1+∞ = Lham(C2):

[hp
m,a,h

q
n,b] = (m(q − 1)− n(p − 1))hp+q−2

m+n,a+b .
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Celestial symmetries and their deformations
• Assume amplitudes given as correlators in a celestial CFT.

M(k1, k2, . . .) = ⟨O(k1)O(k2) . . .⟩
• Set ki = ωi(1 + |zi |2,ℜzi ,ℑzi ,1− |zi |2) and expand

O(k) =
∑

p

ωpHp(z, z̃)

• Collinear limits in amplitudes lead to ‘splitting functions’

M(k1, k2, k3, . . .)
k1∥k2−→ Split(k1, k2, k1 +k2)M(k1 +k2, k3, . . .)

• Splitting functions define OPE

Hp1(z, z̃)Hp2(0, z̃) z→0−→
Cp1p2

p3

z
Hp3(0, z̃) + . . .

• For AdS amplitudes get Λ−deformation: [Taylor-Zhu, cf Alday, et.al.]

[hp
m,a,h

q
n,b]Λ = (m(q − 1)− n(p − 1))hp+q−2

m+n,a+b

− Λ(a(q − 2)− b(p − 2))hp+q−1
m+n,a+b ,



Outline

1 AdS symmetries in twistor space and their hierarchy.
2 Higher symmetries↔ gravitons via Ward’s extension of

Penrose’s nonlinear graviton.
3 Twistor action for Einstein gravity.
4 Noether charges, and Hamiltonians.
5 Recursion operators and hierarchies.



Symmetries in twistor space

Recall 4d spinors: SO(4,C) = SL(2C)× SL(2,C)/Z2,

xαα̇ =
1√
2

(
t + z x + iy
x − iy t − z

)
, α = 0,1, α̇ = 0̇, 1̇.

Nonprojective twistor space T = C4 ∋ Z A = (λα, µ
α̇),

• Conformal group

SO(6) = SL(4)/Z2 ∋ CB
A =

(
R−α
β Tαβ̇

Kα̇β R+β̇
α̇

)
.

• (Anti-) de Sitter groups preserve skew forms IAB
Λ , IΛAB:

IΛAB =
1

2
εABCDICD

Λ , IAC
Λ IΛBC = ΛδA

B .

• ; spin group of (A)dS group SO(5) = SP(2).
• The IAB, IAB are Infinity twistors as they give location of I

via embedding formalism.
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Infinity twistors embedding formalism

• Points X in space-time↔ lines LX ⊂ PT joining Z A
1 ,Z

A
2

LX = {σ1Z A
1 + σ2Z A

2 } ←→ X AB = Z [A
1 Z B]

2 ,

• Complex compactified Minkowski space CM4 ⊂ CP5

CM = {X AB ∈ CP5|X · X := εABCDX ABX CD = 0.}

• Choice of infinity twistor IAB gives

I := {X ∈ CM|X · I = 0}

• In Lorentz signature I · I = 4Λ↔ AdS/dS.
• I is then timelike/spacelike.
• If I · I = 0, IAB ∈ CM, I is null and↔ reduce to Poincaré.
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Twistor Poisson structure for Poincaré ball
• Lines LX ⊂ PT with Z A = (λα, µ

α̇) given by:

µα̇ = x α̇αλα .

• IAB, IAB define Poisson and contact structures

{f ,g}Λ = IAB
Λ

∂f
∂Z A

∂g
∂Z B , τ = IΛABZ AdZ B .

• Defines infinity by

I = {x ∈ CM| τ |Lx = 0} .
• Ball representation H4 = {x ∈ R4|x2 < −2/Λ}:

τ = µα̇dµα̇ + Λλαdλα ; I =

{
x | x2 =

−2
Λ

}
• Associated Poisson bracket

{f ,g}Λ = εα̇β̇
∂f
∂µα̇

∂g
∂µβ̇

+ Λεαβ
∂f
∂λα

∂g
∂λβ

.

Note: could also do upper-half-space.
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Higher symmetries

• The Lie algebra of the (anti-) de Sitter group

sp(2) = {hAB = h(AB)} .

• Acts via Hamiltonians vector fields for {, }Λ with

h(Z ) = hABZ AZ B ∈ Γ(PT,O(2)) .

• Locally extends to∞-diml Poisson symmetries i.e.

hp
m,a =

(µ0̇)p+m−1(µ1̇)p−m−1

2λp−2−a
0 λp+a−2

1

∈ Γ(U,O(2)).

• Poisson algebra is that found by Taylor-Zhu

{hp
m,a,h

q
n,b}Λ = (m(q − 1)− n(p − 1))hp+q−2

m+n,a+b−

Λ(a(q − 2)− b(p − 2))hp+q−1
m+n,a+b ,

• Reduces to celestial Lw1+∞ for Λ = 0.
• What role do these play?
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Twistor construction for self-dual space-times with Λ

Deform flat twistor space: PT = CP3, projectively in hgs coords:

Z = (λα, µ
α̇) ∈ T, Z ∼ aZ ,a ̸= 0 .

with Poisson bracket:

{f ,g}Λ = IAB ∂f
∂Z A

∂g
∂Z B = εα̇β̇

∂f
∂µα̇

∂g
∂µβ̇

+ Λεαβ
∂f
∂λα

∂g
∂λβ

.

Theorem (Ward 1980 after Penrose 1976)
There is a 1 : 1 correspondence between:
• SD Einstein metrics with Λ on regions in C4, and
• deformations PT of region λα ̸= 0 in twistor space PT

preserving Poisson structure {, }Λ on O(2).



Patching functions for deformations

SD metrics↔ deformations PT→ PT ↔ Patching functions
• Cover PT− CP1 by coord patches Z on U and Z̃ on Ũ:

U = {λ0 ̸= 0} , Ũ = {λ1 ̸= 0}
• to preserve {, }Λ, exponentiate Hamiltonian vector field

Xh = IAB ∂h
∂Z A

∂

∂Z B , h ∈ Γ(U ∩ Ũ,O(2)) .

• on U ∩ Ũ ‘Patch:’ Z̃ = Z̃ (Z ) = exp(Xh)Z
• infinitesimally, gravitons↔ such h(Z ).

Patching twistor space

?



Patching functions and symmetries

Proposition
Space of (linearized) SD Einstein metrics ≃ hamΛ(C2 × C∗),
coords (µα̇.λ1)/λ0, group of Poisson diffeos.

• Gravitons h can be expanded in

hp
m,a =

(µ0̇)p−m−1(µ1̇)p+m−1

λp−2−a
0 λp−2+a

1

, p ±m ∈ N, p ± a ∈ Z .

• When p − 2− a < 0 ; a coord transformations on U
or, when p − 2 + a < 0, on Ũ.
• hamΛ(C2 × C∗) acts on SD Einstein metrics + coord

choices on U, Ũ.
• Reduces to Lham(C2) at Λ = 0



The self-dual space-time from holomorphic curves

To reconstruct self-dual space-time

(M4,g) = { Holomorphic degree-1 CP1s in PT }

• Parametrize the CP1
x ,σ ⊂ PT , with coords σ, Z = Z (x , σ)

Correspondence with space-time 

Dolbeault version: deform ∂̄-operator with Poisson compatible
Beltrami differential ; d-bar eq for C-curves in deformed PT :

∂̄σZ A = {H,Z A}Λ , H ∈ Ω0,1(2) .
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SD Twistor action
Holomorphic Poisson Chern-Simons action [M. & Wolf 2007]

To go off-shell, use Dolbeault framework:
• Gravitational data, SD: H ∈ Ω0,1(2), ASD: G ∈ Ω0,1(−6),

H(aZ ) = a2H(Z ), G(aZ ) = a−6G(Z ) , H = HĀdZ̄ Ā etc..

• To guarantee compatibility with {, }, deform ∂̄-operator by

∂̄H f (Z , Z̄ ) := ∂̄0f + {H, f}

• Need integrability ∂̄2
H = 0 ; SD field equations

∂̄0H +
1
2
{H,H} = 0 , ∂̄HG = 0 .

• Follow from action, with D3Z = 1
24εABCDZ AdZ B ∧ . . .∧ dZ D,

S[G,H] :=

∫
PT

G ∧ (∂̄H +
1
2
{H,H}) ∧ D3Z .



Hamiltonians for symmetries

Noether analysis ; local symmetries = (g,h) ∈ (O(−6),O(2)).

δ(G,H) = (∂̄Hg + {h,G}, ∂̄Hh)

So [G] ∈ H1(PT ,O(−6)) and H a nonlinear H1(PT ,O(2)).
• h↔ generators of smooth local Poisson diffeos.
• g ↔ gauge for G ∈ cohomology class.
• Action ; symplectic form

Ω(δ1, δ2) =

∫
Σ5

δ1G ∧ δ2H ∧ D3Z + (1↔ 2) .

• Gauge generated by Hamiltonians

Hg,h =

∫
Σ5
(∂̄Hh ∧G + (∂̄0g +

1
2
{H,g}) ∧ H) ∧ D3Z

• We can compute the commutators

{Hg1,h1 ,Hg2,h2}Ω = H{h1,g2}Λ−{h2,g1}Λ,{h1,h2}Λ .



Algebra of charges

• ‘Large’ gauge transformations are only symmetries if
holomorphic at ∂Σ ⊂ ∞’, ∂̄Hh = 0 = ∂̄Hg.
• On-shell, Hamiltonians given by boundary charges

Qg,h =

∫
∂Σ5

hG + gH D3Z .

Here ∂Σ5 = CP1 × S for M ⊃ S, some 2-surface at∞.
• This represents the gauge algebra

{Qg1,h1 ,Qg2,h2}Ω = Q{h1,g2}Λ−{h2,g1}Λ,{h1,h2}Λ .

• Here to be symmetries, (g,h) are holomorphic near ∂Σ.
• If global on ∂Σ5, then h = quadratic↔ AdS symmetries,

but g = 0.
• For hamΛ(C2 × C∗), need (G,H) = 0 near λ0 = 0 & λ1 = 0.



Recursion operators
Integrable hierarchies [M. & Woodhouse 1996], [Dunajski, M. 2002,3]

• hamΛ(C2 × C∗) etc. arises from AdS symmetries by
multiplication by ζ = λ1/λ0 etc..
• For scalar field standard Penrose transform gives

ϕ0(x) =
∮

f (x0α̇ + x1α̇ζ, ζ)
dζ
ζ

• Define recursion operator R by ϕ→ Rϕ when f → ζf .
• Laurent expand f (x0α̇ + x1α̇ζ, ζ) =

∑∞
i=−∞ ϕi(x)ζ−i .

• Clearly ϕ0 agrees with above and ϕi+1 = Rϕi .
• It follows from ζ ∂f

∂x0α̇ − ∂f
∂x1α̇ = 0 that can define R by

∂Rϕi

∂x0α̇ :=
∂ϕi+1

∂x0α̇ =
∂ϕi

∂x1α̇ .

Extends to SDYM [M. & Woodhouse 1996] and SD gravity [Dunajski & M. 2001/2]
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Conclusions & discussion

Conclusions:
• Ward’s extension of Penrose’s nonlinear graviton realizes:
{space of SD gravitons with Λ} = {hamΛ(C2 × C∗)}.
• Underpins Taylor-Zhu Λ-extension of Lham(C2) at Λ = 0.
• Twistor action yields charge & charge algebra.
; recursion operator and hierarchies for SD sector.

SD sector gives canonical treatment at I wip [Kmec, M., Ruzziconi, Yelleshpur]

• At Λ = 0 via Penrose’s asymptotic twistor spaces.
• For Λ ̸= 0 use ‘Heaven on earth construction [Lebrun 1983].
• Beyond SD need full twistor actions cf. [M.,Boels, Sharma, Skinner].

Further questions:
• Connections with conventional AdS|4/CFT3 e.g., ABJM?
• Space-time formulations cf [Friedel, Pranzetti, Raclariu].
• Connections with worldsheet methods?
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Thank You!


