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Background

NEURAL NETWORKS
Generic methods for nonlinear approximation
[Cybenko, 1989]

Efficient for incorporating prior knowledge from big
databases

X Black-box, empirical approaches
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NEURAL NETWORKS
Generic methods for nonlinear approximation
[Cybenko, 1989]

Efficient for incorporating prior knowledge from big
databases

X Black-box, empirical approaches

Objective

Show that optimization concepts are not only useful to train
NNs, but also to analyze them
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Feedforward NNs

by bm

z—> W, —)@—) R, > e = W, —>®—> R,, [>Tz

NEURAL NETWORK MODEL
Let m > 1 be an integer and let (H;)o<i<m be nonzero real Hilbert

spaces.
T= ﬂn [ OTl

where (V’L € {17 e ,m}) T;:Hi—1 > H;: z— RZ(Wlm + bi),

W;: H,_1 — H; is a bounded linear (weight), operator

b; is a (bias) vector in H;,

and R;: H; — H; is an «;-averaged (activation) operator with o; €
10, 1], i.e. there exists a nonexpansive operator @; such that

R, = (1 — OéZ)Id + alQl



Motivation NNs and prox Characterization of NNs Asymptotic behavior
000 00 0000 0000000

517

NNs and prox




Motivation NNs and prox Characterization of NNs Asymptotic behavior
000 oe 0000 0000000

6/17

Standard activation operators

Most of them are proximity operators (1/2-averaged)
e Rectified linear unit (ReLU)

0:R—=R: & & !f £>0;
0, if £€<0.
Then, ¢ = projg 4 o|-
e Parametric ReLU
i )
0:R-R: & & I §>0’, a €]0,1].
af, if£<0
Then o = prox, where
if £>0;

0,
p:R—=R: & {(l/a— Deta if <o,
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Standard activation operators

Most of them are proximity operators (1/2-averaged)
e Unimodal sigmoid

1 1

1+et 2

0 R—=R:

Then ¢ = prox, where

(€+1/2) (€ +1/2) + (12 ) n(1/2— ) — 5(2+ 1/4) it 6] <1/

¢ & 4 —1/4, if €] =1/2;
+00, it ¢l > 1/2.
e Elliot function ¢
R R: & .
0 et ear

We have o = prox,, where

—lel ~In(1 - [¢)) = &, if |¢ < 1;

¢:R_>]_°°’+°°]:§H{+oo, it ¢ > 1.
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Standard activation operators

Most of them are proximity operators (1/2-averaged)
e Softmax

N
R:RY 5 RY: (&) 1<hen — (exp(&) Zexp(ﬁj)) —u,
j=1

1<k<N

where u = (1,...,1)/N € RV,
Then R = prox,, where ¢ = (- +u) + (- | u) and

¥: RY =] — 00, +0]
N 52
Do (Gné - 5’“) if (&)1<ien € 0,17
k=1
N
(Ek)1<hsn and 3 g = 1.
k=1

00, otherwise.
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Standard activation operators

Most of them are proximity operators (1/2-averaged)
e Squashing function used in capsnets

N _ = 3
(V$ S R ) Rx = T“’P prox¢o”,”ac, o= ﬁ’
where
parctan |- AT - & i 1€l <
¢ & = .
e b, it [¢] = p

~+o00, otherwise.
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Standard activation operators

————— +oo
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[ Characterization of NNs ]
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Averageness result

GOAL
Characterize properties of compositions of linear operators
and firmly nonexpansive mappings

DIFFICULTY

22U x22Ux3 22 x224x64

112x[112x 128

51 56 x 256

74 28 % 28 % 512 X512

7x
512
14 % 14x 512 1%1x4096_1x1x1000

‘7 =

5 convolution+ReLU
‘_11 max pooling
fully connected+ReLU

! softmax
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Averageness result

[Combettes, Pesquet, 2018]

(Leta € [1/2,1]. Let W = Wi 0 --- 0o Wi, let u = inf,epy, =1 (W | 2), and let

Om = [W]|
—1

m
+ > > [[Wim o0 W;, 41lllWj, 0---0W;, _ qall---[[Wj o0 Wl
£=1 0<j1<---<jg<m—1

If one of the following conditions is satisfied:

i) IW =271 — )l || - [W]| + 26m < 27a;

(i) a#1,foreveryk e {1,...,m} Wy # 0, and there exists € [0, a/((1— )0y, )]
such that

Om < 2™
afm + (1 = a)(ld = gW || = n|W[)(m — [W]) <27 (2a — 1) + (1 — a)u,

kthen T=Rmo(Wm-+bm)o---0Rgo(Wp-+bo) is a-averaged.

917
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Open issue 1: more general conditions

POSITIVE RESULTS

0,,/2™ ! is a Lipschitz constant of T [Combettes, Pesquet, 2019]
When a = 1, conditions (i) or (ii) reduces to

O, /2m 1 < 1.

Necessary condition: |[W,, o--- o Wy | < 1.
Sufficient condition: T, ||[W;| < 1.
~ Less restrictive than imposing

(Vie{l,...,m}) |[W;] <1.
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Open issue 1: more general conditions

NEGATIVE RESULTS

CasewhenH;=...=H,andW;=...=W,, =1d.
e Condition (i): a =1 — 55
e Condition (ii): o = 25—

® [Combettes, Yamada, 2015]: @ = miﬂ
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Open issue 1: more general conditions
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" Foreveryie {1,...,m}, set

i—1

L;: Ho X e X Hi_]_ — Hi: (wk)Osksi—l — Z (Wz 0---0 Wk:-f—l)mk-

k=0

For every x = (xi)Ogigm—l € Hp x -+ x Hp—1 such that

1, if =0
|1 Li(zo, ... @iz1)||, if ¢>1,

(Vi€ {0,...m=1}) faill < {

then

[Lmz — 2™ (1 — a)aol| + [ Lma|| < 2™ allzo]|-
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Asymptotic behavior




Motivation NNs and prox Characterization of NNs
000 00 0000

Investigated model

MODEL
Let zp € Hand let {\, }nen C ]0, +00[. Iterate

forn=0,1,...
Tin = Rl,n(Wl,n-rn + bl,n)
T2.n = RQ,n(WQ,nxl,n + bQ,n)

Tmn = Rm,n(Wm,nxm—l,n + bm,n)

Tpil = Tp + )\n(xm,n - xn)

Asymptotic behavior
0000000

12/17

o (VneN)(Vie{l,...,m}) Wi,: Hi_1 — H; is a bounded

linear operator, b; , € H;, and R; ,,: H; — H;
¢ (H;)o<i<m Nonzero real Hilbert spaces such that

Hyn = Ho = H.
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Investigated model

~— MODEL \
Let zp € Hand let {\, }nen C ]0, +00[. Iterate

forn=0,1,...
Tin = Rl,n(Wl,nfEn + bl,n)
€T2n = R2,n(W2,nl'1,n + b2,n)

Tmn = Rm,n(Wm,nxm—l,n + bm,n)
Tptl = Tn + An(xm,n - xn)'

REMARK
(An)nen ~ Skip connections
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Static analysis

ASSUMPTIONS
b Ri,n =R, Wi,n =W, bi,n =10
o (Vie{l,...,m}) R; = prox,, for some ¢; € I'o(H;) with
©i(0) = inf ¢;(H;).

NOTATION

e Foreveryic {l,...,m}), T;: Hi_1 — H;: z — R;(W;x + b;)
e F=FixTwithT =T,,0---01T7.
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Static analysis

— VARIATIONAL INEQUALITY PROBLEM —_—
Findz, € Hy,..., T, € H,;, such that
by € Ty — WiZy, + 01 (fl)
by € Tog — WoT1 + (9()02(52) (1)

by € Ty — WinTm—1 + 84Pm(jm)~

,

e The set of solutions to (1) is
F ={(T'Zm, (T2 0 T\)Tm; ..., (Tm—1 0+ 0 T1)Tm, Trm) | Tmm € F}.

e Suppose that (W;)i1<i<m Satisfies averageness conditions
for some « € [1/2,1]. Then F is closed and convex.
e In addition, if one of the following holds:
(a) ran (T,,, o --- o T7) is bounded.

(b) There exists j € {1,...,m} such that domy; is
bounded.
Then F and F are nonempty.
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Static analysis

VARIATIONAL INEQUALITY PROBLEM
Findz, € Hy,..., T, € H,, such that

b ety — Wiz, + (9(,01 (Tl)

by € To — WoTy + 02 (T2) ™)

b, € Trn — WinTim—1 + 00 (Trm).

: A solution to (1) usually does not solve a minimization
problem.
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Asymptotic analysis
" Suppose that the following hold:
(a) F #@.
(b) (W;)1<i<m Satisfies averageness conditions with parameter
(6

(c) One of the following is satisfied:
(i) \p=1/a=1land Tx, — z, — 0.
(i) (An)nen liesin]0,1/afand }° - An(1 — al,) = +oo.

Then (z,),en converges weakly to a point z,, € F and
| (Tlfm, (T2 o Tl)fm, ceey (Tm—l 0---0 Tl)fm,fm) solves (1).
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Suppose that the following hold:

(a) F #@.
(b) (W;)1<i<m Satisfies averageness conditions with parameter
.
(c) One of the following is satisfied:
(i) \p=1/a=1land Tx, — z, — 0.
(i) (An)nen liesin]0,1/afand }° - An(1 — al,) = +oo.
Then (z,)nen converges weakly to a point z7,, € F and
(Tlfm, (T2 o Tl)fm, RN (Tm—l 0-::0 Tl)fm,fm) solves (1).
: Suppose that (W;)1<i<m Satisfies averageness
conditions with a € [1/2,1], (Ay)nen liesin [, (1/a) — €], for
some ¢ € ]0,1/2[, and F' = @. Then ||z, | — +oc.
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Open issue 2: analysis of aperiodic networks

There exist (wn)nen € €4, (pn)nen € L4, (Mn)nen € €4, and
(Vn)neN € E}F for which the following hold, for every
ie{l,...,m}:
e There exists a bounded linear operator W;: H,_; — H;
such that (Vn € N) ||W; ,, — W;|| < wp.
e There exists a proximal activation operator R;H; — H; such
e There exists b; € H; such that (Vn € N) ||b;,, — b;|| < vy

What about more general networks ?
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