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Holography for the MHV sector

‣ Gluon MHV leaf amplitudes in ℝ1,3

‣ Leaf CFT 

- Current algebra 

- Negative weight fermion 

- Liouville

‣ Analytic continuation to ℝ2,2

‣ Reconstruction of MHV celestial amplitudes
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‣ Dictionary: Tree-level gluon MHV sector.

Celestial amplitude =  leaf amplitude δ(β) ∑

Leaf amplitude = ⟨O−
1 O−

2 O+
3 ⋯O+

n ⟩

‣ Leafwise decomposition:

(2π)4 δ4(P) = ∫ℝ1,3

d4X eiP⋅X

wedges

= ∫
∞

0
dτ τ3 (∫ ̂x2=−1

d3 ̂x + ∫ ̂x2=1
d3 ̂x) eiτP⋅ ̂x

H3
+ ∪ H3

− dS3

Xμ = τ ̂xμ
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z4
12

z12z23⋯zn1 ∫
∞

0

n

∏
i=1

dωi ω2hi−1
i e−ϵωi δ4(P)

P = ω1 ̂p1 + ⋯ + ωn ̂pn

̂pμ
i = εi ( 1 + |zi |

2

2
, Re zi , Im zi ,

1 − |zi |
2

2 )

[Pasterski, Shao, Strominger ’17]

εi = ± zi ∈ S2 hi =
Δi + Ji

2
hi =

Δi − Ji

2
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z4
12

z12z23⋯zn1 ∫H3
+

d3 ̂x
n

∏
i=1

Γ(2hi)
(ϵ − i ̂pi ⋅ ̂x)2hi

Contact Witten diagram Dh1,⋯,hnLH3
−

= LH3
+ ̂pi↦− ̂pi
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How to build your own Leaf CFT

‣ Planar limit of level 1, rank N current algebra

            Ja =
1
2

𝔱ij
a ψi ψj ψi(z) ψj(0) ∼

1
z

δij

‣ Free fermion  carrying weights         [Casali, Bu ’22]η (h, h) = (−
3
2

, 0)
‣ Semiclassical limit of Liouville theory         (see also [Stieberger, Taylor, Zhu ’22, ’23]) 

[Witten ’03][Nair ’88]
[Costello, Paquette, AS ’22]
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Holographic dictionary

O+
a = Ja 𝒱h

O−
a = Ja 𝒱h

Ja =
1
2

𝔱a(ψ, ψ) Ja = η∂ηJa

Vertex operators from Liouville

Main idea: ⟨J(z1) J(z2) J(z3)⋯J(zn)⟩ =
z4
12

z12z23⋯zn1

⟨𝒱h1
(z1, z1)⋯𝒱hn

(zn, zn)⟩ = Dh1,⋯,hn

Generated by integral over 
the four zero modes of η

[Melton, AS, Strominger, Wang ’24]
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Recap: Liouville

‣ Semiclassical limit:    b → 0

‣ Heavy operators (change the classical saddle)

V(α) = exp( ηϕ
b2 ) α =

η
b

∼ O(b−1)  as  b → 0

‣ Light operators (sample the background saddle)

V(α) = exp(σϕ) α = σ b ∼ O(b)  as  b → 0

‣ We will set:   𝒱h ∼ V(α = bh)
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Light operator correlators

𝒱h = Γ(2h) e−iπεh ehϕ

⟨
n

∏
i=1

ehiϕ(zi,zi)⟩ = ∑
saddles

e−SL

n

∏
i=1

ehiϕ(zi,zi)
saddle

We need the semiclassical correlator:

What are the saddles of Liouville?
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Saddles of Liouville

‣ EOM for metric  :    g = eϕ dz dz R = − 8Λ

‣ On , . Keep  by using  signature & complex saddles!S2 R > 0 Λ > 0 ( − − )

‣ “Canonical” saddle: stereographic metric

ϕ = − 2 log(1 + |z |2 ) − log Λ + iπ

‣  transformations and shifts by  generate all complex saddlesSL2(ℂ) 2πi

ϕg,n = 2πin − 2 log( |αz + β |2 + |γz + δ |2 ) − log Λ + iπ

[Harlow, Maltz, Witten ’11]

g = (α β
γ δ) ∈ SL2(ℂ)
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Light operator correlators

Semiclassical correlator:

⟨
n

∏
i=1

ehiϕ(zi,zi)⟩ = 𝒩(Λ, b) ∫SL2(ℂ)
dg

n

∏
i=1

1
( |αzi + β |2 + |γzi + δ |2 )2hi

Proposition (Freidel, Krasnov, Livine ’10)

∫SL2(ℂ)
dg

n

∏
i=1

Γ(2hi) e−iπεihi

( |αzi + β |2 + |γzi + δ |2 )2hi
= 2π2 Dh1,⋯,hn
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‣ Proof.    Set λ = (z
1)

‣ Notice that gλ = (αz + β
γz + δ)

‣ ∥gλ∥2 = |αz + β |2 + |γz + δ |2

‣ Hence

∫SL2(ℂ)
dg

n

∏
i=1

Γ(2hi) e−iπεihi

( |αzi + β |2 + |γzi + δ |2 )2hi
= ∫SL2(ℂ)

dg
n

∏
i=1

Γ(2hi) e−iπεihi

(∥gλ∥2)2hi
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‣  through the Iwasawa decompositionSL2(ℂ) ≃ H3 × SU(2)

g = h (ρ−1/2 0
0 ρ1/2) (1 −y

0 1 )
‣ Here , and ,  are coordinates on h ∈ SU(2) ρ > 0 y ∈ ℂ H3

‣  drops out of  because h ∥gλ∥2 = λ†g†gλ h†h = 1

‣ This reduces our integral to

vol(SU(2))∫H3

dρ dy dy
ρ3

n

∏
i=1

Γ(2hi) e−iπεihi ( ρ
ρ2 + |y − zi |

2 )
2hi

= 2π2 Dh1,⋯,hn
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‣ Complicated to compute  leaf amplitudes.dS3

‣ Easier to go to  signature, where  are on equal footing.(2, 2) ̂x2 = ± 1

‣Klein space:   ds2 = − dX2
0 − dX2

1 + dX2
2 + dX2

3

‣ Foliated by Lorentzian  slices.AdS3/ℤ [Atanasov, Ball, Melton, Raclariu, Strominger ’23]
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‣  analytically continue to a timelike leaf amplitudeLH3
+

+ LH3
−

L+
AdS3/ℤ =

z4
12

z12z23⋯zn1 ∫AdS3/ℤ
d3 ̂x

n

∏
i=1

Γ(2hi)
(ϵ − i ̂pi ⋅ ̂x)2hi

‣ Now  become real and independent variables.zi, zi

‣  continues to a spacelike leaf amplitude . LdS3
L−

AdS3/ℤ

‣ This gets determined by  by exchanging L+
AdS3/ℤ ( ̂x0, ̂x1) ↔ ( ̂x2, ̂x3)

L−
AdS3/ℤ(εi, zi, zi) = L+

AdS3/ℤ(εi, zi, −zi)
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Amplitudes at last!

AMHV =
δ(β)
(2π)3 (L+

AdS3/ℤ + L−
AdS3/ℤ)

Summary of steps:

‣ Compute  from Liouville on LH3±
S2

‣ Analytically continue LH3
+

+ LH3
−

↦ L+
AdS3/ℤ

‣ Reassemble the wedges into  AMHV

[Melton, AS, Strominger ’23]
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Future directions

‣ Build a first principles definition of leaf amplitudes—alpha vacua?

‣ Find a purely Minkowski description—requires understanding de Sitter 
leaves.

‣ Use the dual to compute NMHV amplitudes.

‣ Repeat for gravity.

‣ Find a string embedding? Or “understand” why Liouville?

[Melton, Niewinski, Strominger, Wang ’23]

Thanks!


