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In the vast majority of cases, superconducting transition takes place
at exponentially low temperature T. out of the Fermi liquid regime:
BCS (effective) theory.

At the level of (effective) weakly interacting theory, the (emergent) BCS physics
is perfectly captured by Feynman diagrammatics.

The goal: To utilize Feynman diagrammatics to bridge the (emergent) long-wave
BCS physics with (strongly correlated) ultraviolet microscopics.



Cooper instability via linear response: diagrammatic language

Modify the Hamiltonian: H — H+ (7712 v, + H.C.)
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Diagrammatically:
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Singular response: eigenvector-eigenvalue problem
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Response diverges (i.e., the critical temperature is reached),
when the following eigenvalue becomes equal 1.
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Corresponding eigenvector defines the pairing channel.



Emergent BCS regime: long-wave effective theory
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In this regime:
k
Green'’s function has a Fermi-liquid form GKk,o ) = - f( ) =
(close to the Fermi surface): i —v, (k) [k—Kk, (k)]

The effective four-pole vertex T is small and
independent of temperature and frequency.

The eigenvector is temperature and frequency independent.

Temperature dependence of /T is essentially due to the Green'’s function factor:
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Can we deal with the fully microscopic description?



Eigenvalue-eigenvector problem for the gap function A
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A crucial obstacle for the (otherwise straightforward) DiagMC:
In the majority of interesting cases, the diagrammatic series for I"
is well beyond the convergence radius at 7 ~T .

How about extrapolating A(T") from T >T ?

Works with A(T) but not with A(T) !

(Simple math—and deep physics—associated with this fact will be discussed later.)



Renormalization of the interaction in the Cooper channel

/\ —

—
T = (0| + |-T|| ||T
—

\/\

excluding the low-energy part

Not doable because of the “curse of multivariableness.”

However, I(T ) can be extracted from a modified eigenvalue-eigenvector problem
based on bare 1 .




A few preliminary steps

matrix-vector notation:

—

A

—AA, A= A(p,m)

Introduce low- and high-energy parts with respect to a certain characteristic energy scale Qc ;

_ ~ . (1) _ 2 2 2 _
A= AD L AD AV(p,w)=0 at &+ >€Q_  low-energy part

AP(p,w)=0 at & +w* <Q]  high-energy part
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/18(1) — _2(11)8(1) _ 2(12)8(2)

A AP =—4PPAP — 42DAD (So far, it is just an identical rewriting.)



Implicit-renormalization formulation

Replace with:
13(1) — _A(ll)g(l) _ A(12)£(2) Z&(l) — —A(“)A(l) _ A(12)£(2)
y) 3(2) — _A(22)8(2) _ A(21)A(1) 8(2) — _A(ZZ)A(2) _ A(21)A(1)
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Let us see that A and (new) A" exactly correspond to the renormalized theory.

Substituting A® =—[] + A®PT 4®YAY (implied by the second equation)
into the first equation, we get:

This is exactly the kernel
of the effective theory.
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lllustrative examples: Models with
momentum-independent vertices
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G,, =1/(iw,~ S,) with linear dispersion

Integrating over momentum:
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Rietschel-Sham model

_ _ _ _ two-parametric piecewise-constant eigenvector:
Most simple model capturing all the essential physics

of BCS s-wave regime with all-repulsive bare interaction. | A =[af0( @, |-Q)+s0(Q—|w, N]O(E —|o, )

) 0, if |@ |>E, orl® [>E. The problem reduces to an algebraic one:
© ] g-gf0(Q-|w,)0(Q-|w, |) otherwise As=—gla—g(1—f)Ls

Ja=-gla—gL
g>0, 0<f<l = V. .20 ¢ gla—gls
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|l |a Non-linear dependence of 4 on L !

E Implicit-renormalization formulation:
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Case1: Case 2:

Cooper instability is present Cooper instability is absent
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Behavior of A at not very large LT proves very misleading!



Less idealized model
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Concluding remarks

A protocol for extrapolating numerical data towards 1, from higher temperatures
—applicable to first-principle description of real metals, as well as strongly
interacting models—has to adequately capture the physics of the emergent
weakly-interacting effective theory.

 Implicit renormalization protocol provides a simple, efficient, and unbiased way of
solving the extrapolation problem. The scheme has a built-in tool of controlling
the systematic error of extrapolation—the only systematics of the otherwise
numerically exact method.

« The implicit renormalization approach is perfectly compatible with the DiagMC.
One can solve the corresponding eigenvalue problem without invoking the matrix
inversion or even explicitly calculating the four-point vertex function .

« The implicit renormalization protocol also allows one to obtain the correct gap
function immediately below T .



