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Curves on a Hilbert modular surface

Theorem

The cusps of  `every’ geodesic curve  V on XK

coincide with  .ℙ1(K)

Let .XK = ℍ × ℍ/SL2(𝒪 ⊕ 𝒪∨)

Assume K is a real quadratic field.

False for dim XK > 2.

Cor

There is `no’ compact geodesic curve V on a


Hilbert modular surface.

Heights

Valuations

v=2,3,5,…∞ for K=Q

∏
v

|x |v = 1
|pe |p = 1/pe

|a/b|∞ = |a/b|

K = number field degree g over Q
OK = ring of integers in K
v = a place of K
|x|v = valuation of x in K

∏
v|p

|x |v = |x |p



Heights on K and OK

H(a) =
Y

v|1

max(1, |a|v)
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a in OK

x in K

H(x) = H(1 : x) =
Y

v

max(1, |x|v)

<latexit sha1_base64="RnRSAmY+XlKoZferI3SS7G5j9cQ="></latexit>

Algebraic integers

a in OK a′  Galois conjugates

Theorem (Dmitrov):  max
|a′￼|>1

|a′￼|g > 21/4

 H(a)g = ∏
|a′￼|>1

|a′￼|

Conjecture:  ∏
|a′￼|>1

|a′￼| ≥ λ10 = 1.17628…

(if not root of 1) 

Classical height  on Pn(K)  

For example, if v is an real place of K, and ⇢ : K ! Kv = R is the associated
completion, then

|x|v = |⇢(x)|1/g.

Heights on projective space. The absolute multiplicative height on
P
n(K) is given by

H(x) = H(x0 : x1 : · · · : xn) =
Y

v

max
i

|xi|v.

It is well–defined by the product formula, which also implies that H(x) � 1.
Our normalizations were chosen so that H(x) remains constant under finite
extensions.

A closely related height can be defined by

eH(x) = inf
a

Y

v|1

max
i

|ai|v, (2.1)

where the infimum is taken over vectors of integers a 2 O
n+1 such that

[a0 : · · · : an] = [x]. This height is comparable to the standard one; indeed,
using finiteness of the class number, one can show that

H(x)  eH(x)  C(K, n)H(x)

for all x, and equality holds when O is a UFD.

Abelian varieties. Let A be a polarized Abelian variety of dimension g.
We can naturally identify A with the quotient space

A = ⌦(A)⇤/H1(A,Z),

where ⌦(A) ⇠= C
g is the space of holomorphic 1–forms on A, and its paring

with H1(A,Z) ⇠= Z
2g is given by hC, !i =

R
C !.

The polarization of A is recorded by a positive–definite Hermitian inner
product on ⌦(A)⇤, with the property that the symplectic form

[C, D] = � ImhC, Di (2.2)

takes integral values on H1(A,Z). We denote the associated Hodge norm on
H1(A,R) by kCkA = hC, Ci

1/2. The polarization also determines a norm
and inner product on ⌦(A), via duality.

11

For example, if v is an real place of K, and ⇢ : K ! Kv = R is the associated
completion, then

|x|v = |⇢(x)|1/g.

Heights on projective space. The absolute multiplicative height on
P
n(K) is given by

H(x) = H(x0 : x1 : · · · : xn) =
Y

v

max
i

|xi|v.

It is well–defined by the product formula, which also implies that H(x) � 1.
Our normalizations were chosen so that H(x) remains constant under finite
extensions.

A closely related height can be defined by

eH(x) = inf
a

Y

v|1

max
i

|ai|v, (2.1)

where the infimum is taken over vectors of integers a 2 O
n+1 such that

[a0 : · · · : an] = [x]. This height is comparable to the standard one; indeed,
using finiteness of the class number, one can show that

H(x)  eH(x)  C(K, n)H(x)

for all x, and equality holds when O is a UFD.

Abelian varieties. Let A be a polarized Abelian variety of dimension g.
We can naturally identify A with the quotient space

A = ⌦(A)⇤/H1(A,Z),

where ⌦(A) ⇠= C
g is the space of holomorphic 1–forms on A, and its paring

with H1(A,Z) ⇠= Z
2g is given by hC, !i =

R
C !.

The polarization of A is recorded by a positive–definite Hermitian inner
product on ⌦(A)⇤, with the property that the symplectic form

[C, D] = � ImhC, Di (2.2)

takes integral values on H1(A,Z). We denote the associated Hodge norm on
H1(A,R) by kCkA = hC, Ci

1/2. The polarization also determines a norm
and inner product on ⌦(A), via duality.

11

 ai integers

comparable to

only requires knowledge of integers  
and infinite places of K

𝒪K
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Abelian varieties



Abelian varieties

Hodge norm:

∥C∥2

A = ⟨C, C⟩ on H1(X, ℝ) .

Polarization  = Hermitian inner product on

     such that





gives integral symplectic form on 

Ω(A)* ≅ H1(X, ℝ)
[C, D] = − Im ⟨C, D⟩

H1(X, ℤ) .

A = Ω(A)*/H1(A, ℤ) ≅ ℂg/L

Example:  The Jacobian

X  compact Riemann surface, genus g
Ω(X) = space of holomorphic 1-forms, ≃ ℂg .

A = Jac(X) =   Ω(X)*/H1(X, ℤ) .

h!1,!2i =
i

2

Z

X
!1 ^ !2.

<latexit sha1_base64="LL7JddP3bNMkv7To5izrKAppfeE="></latexit>

Polarization:

[C,D] = usual intersection form on H1(X,Z)

<latexit sha1_base64="sjSUnLIbzAbfqb4UKuZVqKGwUX4=">AAACJHicbZBLS8NAFIUnrY8aX60u3QSLUEFCIhVdFt10WcHWQhPKZDpth84jzEykMfRnuNWdv8aduHDjb3H6ELT1wMDhnHuZyxfFlCjteZ9WLr+2vrFZ2LK3d3b39oulg5YSiUS4iQQVsh1BhSnhuKmJprgdSwxZRPF9NLqZ9vcPWCoi+J1OYxwyOOCkTxDUJurUu36lfRY84t5pt1j2XG8mZ9X4C1MGCzW6JSsf9ARKGOYaUahUx/diHWZQaoIonthBonAM0QgOcMdYDhlWYTa7eeKcmKTn9IU0j2tnlv7eyCBTKmWRmWRQD9VyNw3/6zqJ7l+FGeFxojFH84/6CXW0cKYAnB6RGGmaGgORJOZWBw2hhEgbTHYwW8yYqYRykWBM8MlPOk6NHacinrLLIKUT2zbY/GVIq6Z17vpV9+K2Wq5dLwAWwBE4BhXgg0tQA3XQAE2AgABP4Bm8WK/Wm/VufcxHc9Zi5xD8kfX1DZsuo90=</latexit>

kCkX = sup

⇢����
Z

C
!

���� : h!,!i = 1

�
.

<latexit sha1_base64="zjVkTri+Ei9vrkZuBu41qajnL9c="></latexit>

Hodge norm:

Real multiplication

Real multiplication

A has real multiplication by K if we are given a map


,


and Tk is self-adjoint for all k in K.

T : K ⟶ End(A) ⊗ ℚ

A = a polarized abelian variety

K = totally real number field


deg(K) = dim(A) = g

Get an orthonormal basis of eigenforms

{ωv : v |∞} ⊂ Ω(A)



Real multiplication

                            Examples:


* Any elliptic curve A has RM by .


* If  is an automorphism of order n, 

then  is self-adjoint, and

  has RM by K = . 

K = ℚ

U : X ⟶ X
T = U + U−1

A = Jac(X) ℚ(ζn + ζ−1
n )

The projective line ℙ1
A(K)

Definition

 = space of K-lines in ℙ1

A(K) H1(X, ℚ)

A has real multiplication by K


⟹ H1(A, ℚ) ≅ K2

Hodge height

Hodge valuation at an infinite place of K

Diagonalize K acting on H1(A,R)

H1(A,R) = �vSv

<latexit sha1_base64="CQLQ/Agcg7f8OxNdGg54E5DvocQ="></latexit>

Sv

<latexit sha1_base64="deQ30Wf41OanZS/Vc77FyUtUbcE=">AAACHHicbVDLSgMxFM20Pur4anXpJlgEV2VGFF0W3bis1D6gLSWTpm1oHkOSKR2GfoJb3fk17sSt4N+YaUfQ1gOBwzn3cG9OEDKqjed9Obn8xubWdmHH3d3bPzgslo6aWkYKkwaWTKp2gDRhVJCGoYaRdqgI4gEjrWByl/qtKVGaSvFo4pD0OBoJOqQYGSvV6/1pv1j2Kt4CcJ34GSmDDLV+ycl3BxJHnAiDGdK643uh6SVIGYoZmbvdSJMQ4QkakY6lAnGie8ni1jk8s8oADqWyTxi4UH8nEsS1jnlgJzkyY73qpeJ/Xicyw5teQkUYGSLwctEwYtBImH4cDqgi2LDYEoQVtbdCPEYKYWPrcbuLYMKtJXUFS86lmP+os9jSWSzDtLMEMTZ3XVubv1rSOmleVPzLytXDZbl6mxVYACfgFJwDH1yDKrgHNdAAGIzAE3gGL86r8+a8Ox/L0ZyTZY7BHzif37mJoWk=</latexit>

⇡v

<latexit sha1_base64="njGHBb2Fa/ToGDvMinBW+H+znYY=">AAACHnicbVDLSsNAFJ20Pmp8tbp0EyyCq5CIosuiG5cV7APaUibTSTt0HmFmUhpCvsGt7vwad+JW/8ZpGkFbDwwczrmHe+cEESVKe96XVSpvbG5tV3bs3b39g8Nq7aitRCwRbiFBhewGUGFKOG5poinuRhJDFlDcCaZ3C78zw1IRwR91EuEBg2NOQoKgNlKrH5HhbFite66Xw1knfkHqoEBzWLPK/ZFAMcNcIwqV6vlepAcplJogijO7HyscQTSFY9wzlEOG1SDNr82cM6OMnFBI87h2cvV3IoVMqYQFZpJBPVGr3kL8z+vFOrwZpIRHscYcLReFMXW0cBZfd0ZEYqRpYghEkphbHTSBEiJtCrL7eTBlxhLKRYIxwbMfdZ4YOk9EtGgthZRmtm1q81dLWiftC9e/dK8eLuuN26LACjgBp+Ac+OAaNMA9aIIWQICAJ/AMXqxX6816tz6WoyWryByDP7A+vwGJdaJf</latexit>

kCkv = k⇡v(C)kA

<latexit sha1_base64="cPnGXYLHRyTlHyf16YlujQsYx3o="></latexit>

=

����
Z

C
!v

����

<latexit sha1_base64="34mpc0o6Lae8lCgiOLFaYYjtOVk="></latexit>

`Hodge valuation’|C|v = kCk1/gv

<latexit sha1_base64="YOW4zl0yTnYZwtWBko8/jf4sehk="></latexit>



H(x) = inf
C

Y

v|1

|C|v

<latexit sha1_base64="lVKHQHKV656JTXcba//MGRkp+Yo="></latexit>

A
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Hodge height on ℙ1
A(K)

x 2 P1
A(K)

<latexit sha1_base64="oFCP1ijM+aEVhY3h5S0b10r6HQs="></latexit>

[x] = [C]

<latexit sha1_base64="AsKX0c2lRH9HqbUDURFc5dGz2lc=">AAACInicbVDLSgMxFM20Pur4anXpJlgEV2VGFN0IxW5cVrAPmQ4lk6ZtaB5DkpEOQ7/Cre78GnfiSvBjTB+Cth4IHM65h3tzophRbTzv08nl19Y3Ngtb7vbO7t5+sXTQ1DJRmDSwZFK1I6QJo4I0DDWMtGNFEI8YaUWj2tRvPRKlqRT3Jo1JyNFA0D7FyFjpIRiH8BoGtbBbLHsVbwa4SvwFKYMF6t2Sk+/0JE44EQYzpHXge7EJM6QMxYxM3E6iSYzwCA1IYKlAnOgwm108gSdW6cG+VPYJA2fq70SGuNYpj+wkR2aol72p+J8XJKZ/FWZUxIkhAs8X9RMGjYTT78MeVQQbllqCsKL2VoiHSCFsbEluZxbMuLWkrmDJuRSTH3WcWjpOZTxtLkOMTVzX1uYvl7RKmmcV/7xycXdert4sCiyAI3AMToEPLkEV3II6aAAMOHgCz+DFeXXenHfnYz6acxaZQ/AHztc3M7WjJQ==</latexit>

C 2 H1(A,Z)

<latexit sha1_base64="nJKs0CwlrVL1uT/J859qfEFj6vI="></latexit>

on given K line

integral point

Why a height?

eH(x) = inf
a

Y

v|1

max
i

|ai|v

<latexit sha1_base64="C58TjfnIuHdxwH3GjqN8l98tis8="></latexit>

Theorem.  Given a linear isomorphism 

◆ : P1
A(K) ! P1(K)

<latexit sha1_base64="csZLLm/BwJMx1nQJ/h9xG7xeYZI="></latexit>

H(◆(x)) ⇣ HA(x)

<latexit sha1_base64="T1cdcrHE/toAln+X+OpK2Z3m9fc="></latexit>

we have

H(x) = inf
C

Y

v|1

|C|v

<latexit sha1_base64="lVKHQHKV656JTXcba//MGRkp+Yo="></latexit>

A

<latexit sha1_base64="F7eoiDocQEvANtySk2UjPAeoqJk=">AAACHHicbVDLSgMxFM20Pur4anXpJlgEV8OMVHRZdeOyoq2FtpRMmmlD8xiSjHQY6h+41Z1f407cCv6N6UPQ1gOBwzn3cG9OGDOqje9/Obn8yuraemHD3dza3tktlvYaWiYKkzqWTKpmiDRhVJC6oYaRZqwI4iEj9+HwauLfPxClqRR3Jo1Jh6O+oBHFyFjp9rF70S2Wfc+fAi6TYE7KYI5at+Tk2z2JE06EwQxp3Qr82HQypAzFjIzddqJJjPAQ9UnLUoE40Z1seusYHlmlByOp7BMGTtXfiQxxrVMe2kmOzEAvehPxP6+VmOi8k1ERJ4YIPFsUJQwaCScfhz2qCDYstQRhRe2tEA+QQtjYetz2NJhxa0ntYcm5FOMfdZRaOkplPOksQ4yNXdfWFiyWtEwaJ15Q8U5vKuXq5bzAAjgAh+AYBOAMVME1qIE6wKAPnsAzeHFenTfn3fmYjeaceWYf/IHz+Q2ow6Ff</latexit>

Corollary

The Hodge height for a given A is bounded below:

δ(A) = inf
x

HA(x) > 0.

 measures how close A is to infinity in XK.δ(A)

Hilbert modular varieties



How to make A with RM by K?

O = ring of integers in K ⌧ = (⌧1, . . . , ⌧g) 2 H
g

<latexit sha1_base64="qSRUzFkYhtk19VFfeQsbbZBCiT0="></latexit>

Tk(z) = (kizi)

<latexit sha1_base64="87iCM8rhucRknCDAGfdSdtmWOis="></latexit>

(a, b) 7! (ai + bi⌧i)

<latexit sha1_base64="1pupJzlKQ8mzawPhLAyMaSUfgSs="></latexit>

A = ℂg/𝒪 ⊕ 𝒪∨τ

Polarization:  natural symplectic form on  𝒪 ⊕ 𝒪∨

Eigenforms:   ωi = dzi

Hilbert modular variety XK

XK = ℍg/SL(𝒪 ⊕ 𝒪∨) ⟶ 𝒜g

Sweeps out all Abelian varieties

  


with real multiplication by K.
A = ℂg/𝒪 ⊕ 𝒪∨τ

Hodge height, revisited

�(⌧) = inf
x

H⌧ (x) > 0

<latexit sha1_base64="n0TVIsIArMXsSPMAmeQHH2q7Syc="></latexit>

descends to a proper function on XK.

Hτ(x) = inf
x=a/b (∏

i

|ai + biτi |
2

Im τi )
1/2g

Case of a torus

A = C/Z� Z⌧

<latexit sha1_base64="6tptk376kWH2P3SOCq6Mnq8cVn4="></latexit>

H1(A,Z) ⇠= Z2

<latexit sha1_base64="0Gy3RKO5S5Vxwu8ernsHMvrINws="></latexit>

Hτ(x) = length of geodesic on A with slope x = a/b

kCk2A =

����
Z

C
!

����
2

=
|a+ b⌧ |2

Im ⌧

<latexit sha1_base64="qWYQYAgtzhP49ZTWZhkpnaz0hOU="></latexit>

Hodge norm

length of shortest geodesic on A δ(τ) =

τ ∈ ℍXℚ = ℍ/SL2(ℤ)



Hτ(a/b) = const.

a/b

Level sets of height are horocycles in ℍ

ℙ1
τ(ℚ)

τ

Descent for SL2Z

a/b

γ(s)

Proof.

Consider τ = γ(s) →a/b.

Theorem

Every  a/b is a cusp of SL2Z.

Hτ(a/b) decreases like 

exp(-s) along γ.


⇒ γ goes to ∞ in XQ


⇒ a/b is a cusp.

Geodesic curves

Curves on a Hilbert modular surface

Theorem

The cusps of  `every’ geodesic curve V=H/Δ on XK

coincide with   , and satisfy quadratic

height bounds.

ℙ1(K)

Assuming K is quadratic:



Hilbert modular surfaces

 real quadratic fieldK

XK = ℍ2/SL(𝒪 ⊕ 𝒪∨)

XK ⟶ 𝒜2

Geodesic curves on XK

   : a Kobayashi geodesic curveV = ℍ/Δ ⟶ XK

t 7! ⌧ = (⌧1, ⌧2) = (t, F (t))

<latexit sha1_base64="HL07jMmo+Yfjq1v/dPo0fSkQINg="></latexit>

specified by F : H ! H

<latexit sha1_base64="IY4M7ne3iwVssMASeQ0LmRGZRD8=">AAACMXicbVDLSgMxFM34dny1Cm7cBIvgqsxIRXElCuJSwarQKeVOmmlD8xiSjHYY+zNudefXuBO3/oTpQ/B1IHByzj3c5MQpZ8YGwas3NT0zOze/sOgvLa+srpXK69dGZZrQOlFc6dsYDOVM0rplltPbVFMQMac3ce906N/cUW2Yklc2T2lTQEeyhBGwTmqVNs/wEY66wBMcgdbqfnxplSpBNRgB/yXhhFTQBBetsjcdtRXJBJWWcDCmEQapbRagLSOcDvwoMzQF0oMObTgqQVDTLEYfGOAdp7RxorQ70uKR+j1RgDAmF7GbFGC75rc3FP/zGplNDpsFk2lmqSTjRUnGsVV42AZuM02J5bkjQDRzb8WkCxqIdZ350ShYCGcpUyVKCCUHX2o/d7Sfq3RYZAGcD3zf1Rb+Lukvud6rhrXq/mWtcnwyKXABbaFttItCdICO0Tm6QHVE0AN6RE/o2XvxXr037308OuVNMhvoB7yPTwlJqKU=</latexit>

F (g · t) = g0 · F (t)

<latexit sha1_base64="b3WXUjfbcecTsFKsLRTjhu32Krk="></latexit>

eV = H ! H⇥H = eXK

<latexit sha1_base64="WejoXHw3cwC+MQ2iHlH1lRmc8d4="></latexit>

Δ ⊂ SL(𝒪 ⊕ 𝒪∨)

Descent in ℍ × ℍ

a/b

γ

a´/b´

F(γ)

Descent in ℍ × ℍ

Hτ(x)4 ≤
|a + bt |2

Im t
⋅

|a′￼+ b′￼F(t) |2

Im F(t)
Can drive first term to zero like exp(-s) 


along a geodesic γ ⊂ ℍ

Second term grows slower than exp(s) along F(γ) ⊂ ℍ

Thus:  every x in P1(K) is a cusp of V 

                          (with quadratic height bounds).  QED

Schwarz lemma

⟹ Hτ(x) → 0 ⟹ γ → ∞ in V and XK



Billiards and triangle groups

Applications

A dense set of slopes are periodic.

Billiards in a regular pentagon

How do the periodic trajectories behave?

Which ones?

Lengths:  Experiments

L(s) = 5 L(4s) = 469 L(20s) = 2338

L(6765s) = 1.734 x 1025

Lengths and heights

s = tan(2pi/5)

Theorem

The periodic slopes coincide with 

, and

 .


ℚ( 5)s
log L(xs) = O(h(x)2)

exponent 2 is sharp

h(n) = log(n)

can have L(10n) ∼ 10n2



Continued fractions
1. The cusps of �(2, 5,1) coincide with Q(�) [ {1} (see Figure 1).

2. Every s 2 Q(�) can be expanded as a finite golden continued fraction,

s = [a1, a2, a3, . . . , aN ] = a1� +
1

a2� +
1

a3� + · · ·
1

aN�

with ai 2 Z.

3. Every s 2 Q(�) can be expressed as a golden fraction s = a/c, charac-
terized by the property that

�
a b
c d

�
2 � for some b, d. This expression

is unique up to a sign change, s = (�a)/(�c).

Let us elaborate the last point. Since K has class number one, we can
certainly write s = A/B as a ratio of relatively integers A, B 2 Z[�]. In
fact, since � is a unit, there are many such expressions: we also have s =
(�kA)/(�kB) for any k 2 Z.

The golden fraction expression s = a/c uses the thin group � to pick out
a particular value of k. The complexity of this expression is controlled by
the height bounds in Theorem 1.1; in this case, they yield:

Corollary 1.3 The height of any nonzero golden fraction s = a/c satisfies

h(a) + h(c) = O(h(s)2). (1.1)

Here h(x) is the absolute logarithmic height on K = Q�Q�; it satisfies

h((p/q) + (r/s)�) ⇣ log max{1, |p|, |q|, |r|, |s|}.

One can readily verify that for k � 0 the denominator of the golden
fraction for s = �2k is c = �k2�k+1, so the exponent 2 in equation (1.1) is
sharp. We will also see that the length of the golden continued fraction for
s satisfies N = O(h(s)).

Matrix coe�cients. Let M ⇢ Z[�] denote the set of all matrix entries
that occur in �. The discussion of golden fractions above shows that

Z[�] =
[

k

�kM.

As noted by Leutbecher in the 1970s [Le], there is no known characteri-
zation of the elements of M . The next result gives a qualitative description
of M and also reveals its hidden multiplicative structure.

3

Height bounds:  length N and ai are O(1+h(s)) .

γ = (1 + 5)/2

Golden Fractions


Corollary

Every x in K= Q(√5) can be written uniquely 

as a `golden fraction’  x = a/c, up to sign.

a,c in Z[ ]   relatively prime

(a,c) column of a matrix in Δ5

γ

Quadratic height bounds:  h(a)+h(c) = O(1+h(x)2) .

γ0 11/γ 2γ

The cusps of  coincide with K = Q(√5) ∪ {∞}.Δ(2,5,∞)

Leutbecher, 1970s

5 packing

Cusps
 Renormalization

Theorem (Veech)

The periodic slopes for billiards in a regular 


pentagon correspond to the cusps of 

the triangle group .Δ(2,5,∞)



Power of renormalization

( Up to renormalization:

There is only 1 type of


periodic billiard in a pentagon )
(unique cusp of )V = ℍ/Δ(2,5,∞)

2

5

cusp

Theorem

The quotient  naturally embeds as


a geodesic curve on XK, K = Q(√5).
V = ℍ/Δ(2,5,∞)

Geodesic curve


Corollary

The cusps of  coincide with


K, and satisfy quadratic height bounds.
Δ(2,5,∞)

Corollary

Results on billiard and continued fractions follow.

Holomorphic pentagon-to-star map

Holomorphic pentagon-to-star map

F

Δ = Δ(2,5,∞) Δ′￼

V ⟶ XK  covered by H ⟶ HxH

via   x ⟶ (x,F(x)).

1

1�

<latexit sha1_base64="9FK2Il/H0P4Byx47hspd81Kc8YY=">AAACH3icbVDLSgMxFM20Pur4anXpZrAIrsqMFHRZdOOygn1AW8qdNG1j8xiSjHQY+g9udefXuBO3/RszbQVtPRA4nHMP9+aEEaPa+P7cyeW3tnd2C3vu/sHh0XGxdNLUMlaYNLBkUrVD0IRRQRqGGkbakSLAQ0Za4eQu81vPRGkqxaNJItLjMBJ0SDEYKzW7I+Ac+sWyX/EX8DZJsCJltEK9X3Ly3YHEMSfCYAZadwI/Mr0UlKGYkZnbjTWJAE9gRDqWCuBE99LFuTPvwioDbyiVfcJ4C/V3IgWudcJDO8nBjPW6l4n/eZ3YDG96KRVRbIjAy0XDmHlGetnfvQFVBBuWWAJYUXurh8egABvbkNtdBFNuLakrWHIuxexHnSaWThMZZbWlwNjMdW1twXpJm6R5VQmqlepDtVy7XRVYQGfoHF2iAF2jGrpHddRAGD2hF/SK3px358P5dL6WozlnlTlFf+DMvwFBn6K9</latexit>
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Figure 3. Long periodic billiard paths, each with over 200 segments, with
initial slopes 5 and 8

p
3 respectively.

Computer experimental quickly reveal that even small, rational slopes
lead to very long trajectories in P ; for example, L(5) ⇡ 479, while L(6765)
is on the order of 1025. This suggest that the exponent 2 in (1.2) is sharp,
and indeed this is the case.

The 1–form associated to this polygon satisfies SL(X, !) = �(2, 5,1).
Using this connection, we will give a simple dynamical proof that

a + b� 2 M =) ab � 0

and hence
���2

 m0/m  1 (1.3)

for all matrix entries m 6= 0 in �(2, 5,1). Equality arises is when m = 1
and m = �.

Example 2. The golden arrow. A second lattice polygon, also based on
the golden ratio, is shown at the right in Figure 3; its internal angles are
⇡(1, 1, 2, 8)/6, and its periodic slopes are given by S(P ) =

p
3 ·Q(�)[ {1}.

Both examples belong to infinite families, discussed in [Mc1, §9] and
[EMMO, §8] respectively, and their side lengths can be varied to produce
infinitely many di↵erent quadratic trace fields.

6

Applies to almost

all families of optimal billiards

…since these are also quadratic:     Eskin - Filip - Wright



Heights and descent

Classical:  To show the `continued fraction’ for x in P1(K)

                  terminates, show a suitable height H(x)

                  decreases at each step.


Modern  :  To show a geodesic  in V ⊂ XK heads towards 

                  a cusp at x in P1(K), show HA(x) → 0

                  as A ∈ XK  moves along .         

γ

γ

discrete, clever H

continuous, natural H

Undecidability?

CUSP(n) = Given s = a/b in K, decide if

                   s is a cusp of Δ(2,n, ∞)

Question

Is there an n = 7, 9, 11, … such that


CUSP(n) is undecidable?

beyond quadratic fields…

 L(1)=7,  L(1+14 ) ≈ 1040.ζ7

Open already for n=7

How long must we wait for continued fraction to terminate?
No known way to test for periodicity of billiards.

K = a cubic number field
Complément


A spectral gap for 
triangles



Triangle groups
Δ(2,3,7)  ⊂ SL2(R)           

2
3

7

Suitable triangle groups → geodesic curves on 

                                                   Hilbert modular varieties

Moduli space of all triangles
A = (R/2Z)3    ≃   (S1)3


a = (a1,a2,a3) gives angles (πai)

Triangle T(a) may be spherical, Euclidean or hyperbolic

Galois orbit:  When a in A is torsion of order n,  

Gal(a) = (Z/n)*∙a. ai roots of 1

Spectral gap
Ramification density:  

#(b in Gal(a) : T(b) is spherical)

#Gal(a)
ρ(a) = 

Theorem

There exist constants 0 < ρH < ρS < 1, such that


ρ(a) ∈ {0,1} ∪ [ρH , ρS].

— Probably  [ρH , ρS]= [1/12,4/5].

— Usually ρ(a) ≈ 1/3.

— Cases ρ(a) = 0 or 1 understood, modulo finite set

Proof of spectral gap

— Equidistribution:

     m(a) = uniform measure on Gal(a)

     m(an) → m(B) = uniform measure on torus translates

     critical:  an is in B for all n ≫ 0.

— Geometry:

     Find possibilities for B

     Moving tablecloth game





Cor (Takeuchi)

There are only finitely many arithmetic triangle groups.

Cor (Waterman—Maclachlan) 

There are only finitely many totally hyperbolic triangle groups.

Theorem 

For all but finitely many Δ(p,q,r), 


# spherical and # hyperbolic places are about the same.

Spectral gap — encore 76 cocompact arithmetic triangle groups

418 13. Appendices 

13.3 Arithmetic Fuchsian Thiangle Groups 

In the following table, all arithmetic triangle groups are listed in their 19 
commensurability dasses, determined by the defining field and the set of 
primes which are ramified in the defining quaternion algebra. Here we as-
sume that the quaternion algebra is ramified at all real places except one, 
so that, since the defining fields here are all Galois extensions of Q, the set 
of finite ramified primes uniquely determines the commensurability dass. 
(See §4,9, §8.3, §8.4 and §11.3). 

I Field I Ram 

1 (2,3,00),(2,4,00),(2,6,00), (2,00,00), Q 0 
(3,3,00), (3, 00, 00), (4,4,00), 
(6,6,00),(00,00,00) 

2 (2,4,6),(2,6,6), (3,4,4), (3,6,6) Q 2,3 
3 (2,3,8),(2,4,8),(2,6,8),(2,8,8),(3,3,4), Q(V2) P2 

(3,8,8),(4,4,4), (4,6,6), (4,8,8) 
4 (2,3,12),(2,6,12),(3,3,6), (3,4, 12), Q(v'3) P2 

(3,12,12),(6,6,6) 
5 (2,4,12),(2,12,12),(4,4,6),(6,12,12) Q(v'3) P3 
6 (2,4,5),(2,4,10),(2,5,5),(2,10,10), Q(J5) P2 

(4,4,5),(5,10,10) 
7 (2,5,6),(3,5,5) Q(J5) P3 
8 (2,3,10),(2,5,10), (3,3,5),(5,5,5) Q(J5) P5 
9 (3,4,6) Q(V6) P2 

10 (2,3,7),(2,3,14),(2,4,7),(2,7,7), Q(cos7r/7) 0 
(2,7,14),(3,3,7),(7,7,7) 

11 (2,3,9),(2,3,18),(2,9,18),(3,3,9), Q(cos7r/9) 0 
(3,6,18),(9,9,9) 

12 (2,4,18),(2,18,18), (4,4,9), (9,18, 18) Q(cos7r/9) P2,P3 
13 (2,3,16), (2,8,16), (3,3,8), Q(cos7r/8) P2 

(4,16,16),(8,8,8) 
14 (2,5,20),(5,5,10) Q(cos7r/lO) P2 
15 (2,3,24),(2,12,24),(3,3,12),(3,8,24), Q( cos 7r /12) P2 

(6,24,24),(12,12,12) 
16 (2,5,30),(5,5,15) Q( cos 7r /15) P3 
17 (2,3,30),(2,15,30),(3,3,15), Q(cos7r/15) P5 

(3,10,30),(15,15,15) 
18 (2,5,8), (4,5,5) Q(V2,J5) P2 
19 (2,3,11) Q(cos7r/11) 0 

Takeuchi 

Maclachlan-Reid

(2,4,6) (2,6,6) (3,4,4) (3,6,6)

(2,6,10) (3,10,10) (5,6,6) (6,10,15)

(4,6,12) (6,9,18) (14,21,42)

Figure 1. Hyperbolic tilings defined by groups in the Hilbert series.

1 Introduction

The classical hyperbolic triangle groups

�(p, q, r) ⇢ SL2(R)

are uniquely determined, up to conjugacy, by triples of positive integers
satisfying 1/p+ 1/q + 1/r < 1. They are readily described geometrically as
subgroups of index two in the reflection groups associated to the triangles
T (p, q, r) ⇢ H with internal angles (⇡/p,⇡/q,⇡/r).

Algebraic models. One can also approach triangle groups from an alge-
braic perspective. Let us say � = �(p, q, r) has a matrix model (or simply

1

11 known totally hyperbolic triangle groups

M, Maclachlan-Waterman

ρ(a) = 0. Problem


Are there more examples of totally

hyperbolic triangle groups?




There are no other purely hyperbolic triangle groups

with (p,q,r) < 5000.

Recently verified using 5,000 cores running in parallel

from 1-30 mins. 

Total execution time 587 hours

Experimental Evidence

2 4 6 8 10 12
0

50000

100000

150000
Number of Galois conjugates


(out of 109)

examined to find a spherical triangle.

Randomized

The importance of being 
(14,21,42) 

Motivation

Theorem (Veech)

Every geodesic curve  V → Mg has a cusp.

Theorem

`Every’ geodesic curve  V →  XK has a cusp,


provided dim(XK)=2

most cases

What happens when dim(XK) > 2?

What happens if dim XK > 2?

V = ℍ/Δ′￼→ XK,

Theorem

There exists a compact geodesic curve


V on a 6D Hilbert modular variety,

such that there is no compact Shimura variety with

V ⊂ S ⊂ XK.

( )Δ′￼ is Zariski dense in SL2(𝒪K)



Matrix models
Δ = Δ(p,q,r) ⊂ SL2(R)

 K  = Q(traces of elements in Δ)

Δ can be realized as a subgroup of SL2(K)

⇔ quaternion algebra B = Q(Δ) splits over K

⇒ Δ is totally hyperbolic (B splits at all v|∞)

Fallacy Correction

Theorem

Among the 11 known totally hyperbolic cocompact 
triangle groups, only 


Δ(14,21,42) 

is also split at all finite places.

K = Q(cos π/21) degree 6

Corollary

Δ(14,21,42) embeds in SL2(K).

From the group theory: 

Δ(14,21,42) ⊂ ,


we obtain a geodesic curve

.

SL2(𝒪K)

V = ℍ/Δ′￼ → XK

Special to triangles!


Theorem (Cohen-Wolfart)
 Start with Δ(14,21,42)

21

14

42



Pass to Δ′ of index 2

V = H/Δ′

Construct 6 maps H to H

from 6 real places of K

↺ (uses Riemann mapping theorem)
Δ′

Resulting map H→ H6 covers exotic V → XK

↺ Conclusion

V gives an exotic compact geodesic curve on XK, dim=6.

(exotic because Δ′ ⊂  is Zariski dense,

so V is contained in no Shimura subvariety)


SL2(𝒪K)



Conjecture
 Δ(14,21,42) is the only triangle group


whose invariant quaternion algebra splits.


Problem

Are there more examples of exotic curves?


For example, with dim XK = 3?

How to construct more geodesic curves?

merci viel mal!
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